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hwong I. HAM SO LUONG GIAC
PHUGNG TRINH LUQNG GIAC

§1. Ham sd luong gidc
A. KIEN THUC CAN NHO
1. Ham sé sin
Ham s6 y = sinx c¢6 tp xdc dinh [a R va
~-1<sinx £ 1], Vx € R.
y = sinx 12 ham s6 18.
y = sinx 13 him s6 tudn hoan véi chu ki 27, -

Ham s6 y = sinx nhan céc gi4 tri dac biét :

e sinx =0 khi x =kmn, k € Z.
) ) T
Osmx=1kh1x=—2-+k21t,keZ.

e sinx = -1 khix=;g+k2n,keZ.

D6 thi ham 6 y = sinx (H.1) :

Hinh 1



2. Ham sd codsin
Ham s y = cosx ¢6 tap xédc dinh 1a R va

-1<cosx <1, Vx e R,
y = cos x la ham s& chan.

y = cosx la ham s6 tudn hoan véi chu ki 2.

Ham s6 y = cosx nhan cédc gia tri dac biét :

e cosx =0 khix=g+k1r,keZ.

e cosx =1khi x=k2n, k € Z.
e cosx = -1 khi x =Rk +Dm, k € Z.
D6 thi ham s6 y = cosx (H.2)

Hinh 2

3. Ham sé tang

S sinx ., ..
Hamsé y = tanx = c6 tap xéc dinh 1a
COS X

D=R\{g+kn,kez}.
y = tan x 12 ham s6 18.

y = tanx la ham s6 tudn hoan véi chu ki =.

Ham s6 iy = tar x nhan cdc gia tri dac biét :

e tanx =0 khi x =kn, k € Z.



o tanx =1 khi x=§+-kn, kel

o tanx = —1 khix=—§+kn,kez.

D4 thi ham s6 y = tanx (H.3) :
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Hinh 3

4. Ham sé cétang

Ham s6 y = cotx = CF)SX c6 tap xac dinh la
sinx
D =R\ {kn, k € Z}.
y = cotx 12 ham s6 I&. |
y = cotx la ham s6 tudn hoan véi chu ki n.

Ham s6 y = cot x nhan céc gi4 tri dac biet :

ocotx=0khix=12c-+'k1c,keZ.

ocotx=1khix=%+k1c, kelZ.

ocotx=—1khix=—%+kn, keZ.



D6 thi ham s6 y = cotx (H.4):
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. Hinh 4
B. Vi DU
e Vidul
Tim tap xac dinh cta cic ham s6
) 2
a) y =sin3x ; b) y =cos—;
‘ .‘ 1+x
c) y=cosvx ; d) y = sin <
Gidi

a) Dat r = 3x, ta dugc ham s6 y = sint c6 tap xac dinh 1a D = R. Mat khéc,
teRe xzé € Rnéntépxécdinhcﬁahénﬁ s6 y=sin3x [aR.’

b) Ta cé % e. R < x = 0. Vay tap xac dinh cia ham s6 y = cos—i— la
D =R\ {0}.

c) Ta co Jx eRe x>0 Vay tap xéc dinh clia ham s6 y = cosvx 1a
D =1[0; +w).



d) Tacd

L+ x eRe 1+)CZO<:>—1S)C<1.
1-x 1-x
e e s . l+x
Vay tap xdc dinh clia ham s6 y = sin = laD=[-1;1).
e Vidu2
Tim tap xéc dinh cla cic ham s6
3 - " r
a) y= Teosx _ b) y—cot[Zx—Z) >
C') _cotx d) y = fs'mx+2
Y= osx 1" Y=\ cosx+1°
Giai
a)Hams6 y = 3 xécdinhkhivﬁchikhicosx¢0hay-x¢£+kn,keZ.
-2cosx : 2 .

Vay tap xéc dinh clia ham s6 1a

D=R\{g+kn,keZ}.

b) Ham s6 y =cot(2x—%) xéc dinh khi va chi khi 2x —'%;t kn, k € Z
hay x¢£+k£,keZ.

8 2

Vay tap xac dinh cia ham s6 y = cot(Zx - %) 1a

T T :
=R\ {= + k= ,
D=R {8+k2,keZ}
' sinx 0 zkn keZ
c)Héms6y=ﬂxécdinh<:> nx XFELEE
cosx —1 cosx # 1 x#k2n ke Z.



Tap {k2n, k e Z] 12 tap con cua tap :krc) ke 17,} (g v6i cdc gid tri k
cotx .

— la

cosx~—1 -

D =R\ {kn, k e Z}.

chan). Vay tap xac dinh clia ham s6

2 . sinx+2
d) Biéu thic —
cosx +1

cosx # —1. Vay ta phai ¢c6 x # 2k + ), k € Z, do d6 tap xéac dinh clia

inx + 2
hmns6y==J%£5%:Tla

D=R\{Q2k+Dn keZ.

luén khong am va né c6 nghia khi cosx + 1 # 0, hay

eVidu3 :
Tim gid tri 16n nhat va gia tri nho nhat clia cdc ham s6 :
a) y=2+3cosx ;- b) y=3—4sin2xcoszx ;
1+ 4cos’ x .

dyy= 2sin® x ~ cos2x.

c)y

3 ’

Gidi
a) Vi -1 <cosx <1nén -3 <3cosx <3, dod6 -1<2+ 3c;osx <5.
Vay gid tri 16n nh4t cha ham s6 1a 5, dat dugc khi cosx - 1
< x =2km, k € Z.
Gid tri nho nhat cia ham s6 1a -1, dat duge khi cosx = -1

< x=QRk+ D, ke Z.

b) y=3- 4sin’ xcos? x. =3 — (2sinxcos x)* = 3 —sin? 2x.

Tacé 0 <sin®2x <1 nén -1 < —sinZ2x < 0.

Vay 2<y<3. -



Gi4 tri nhé nhét ciia ham s6 1a 2, dat duoc khi sin® 2x = 1

@sin2x=i1®2x=¢12‘-+k2n,kez®x=i§+kn,kez.

Gié tri 16n nhat cla y la 3, dat dugce khi sin?2x =0

@sin2x=0<:>2x=kn,keZ<:>x=-kg,keZ.

1+4cos X
3

2

¢c)ViO<cos“x <1 nén

wlu:

Gia tri nho nhit ciia y 1a =, dat duge khi cosx =0 <& x = g +km, k€ Z.

3,

Gié tri I6n nhit ciia yla %, dat dugc khi cos® x =1

S cosx=xl o x=kn, ke Z.

d) y= 2sin? x —cos2x = 1-2cos2x.

Vi -1<cos2x <1nén -2 < —2cos2x £ 2,

dodd —1<1-2cos2x < 3. _

Gia tri nh6 nhat cua y 1a -1, dat duge khi cos2x =1
S 2x=2knm,keZ < x=kn ke Z.

Gi4 tri 16n nhat cha y 1a 3, dat duge khi cos2x = —

<:>2x—(2k+1)1t,keZ <:>x=—+k1t kel

2
oeVidu4
Xéc dinh tinh chin, 1€ cia céc ham s6

1+ cosx
= xcos3x ; b)) y=———;

8) y = xcos3x . )y 1—-cosx
3 . ' x° —sinx

c) y=xsin2x ; dyy="—-———

cos2x
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a) Ki hiéu f(x) = xcos3x. Ham s6 ¢6 tap xac dinh D = R.

Tacovéix e Dthi—xe Dva

f(=x) = (=x)cos3(—x) = —xcos3x = — f(x).

Vay y = xcos3x 1a ham s6 1é.

1+ cosx

b) Biéu thic f(x) = T cosx

xac dinh khi va chi khi

cosx#1 < x#2kn ke Z.

Vay tap x4c dinh cia ham s@ y = i

Vé6ix e Dthi-x e Dva f(-x) = f(x).

Do d6 ham s6 da cho la hém s6 chan.

1+ cosx

la D =R\ {2kn, k € Z}.

c) Tap xdc,dinh D =R, do d6 v6i x € D thi —x € D. Ta cé

f(=x) = (=x)’sin2(=x) = X>sin2x = f(x).

Vay y = x°sin2x 12 ham s6 chén.

- sin x

d) Biéu thitc f(x) = oI

c6 nghia khi va chi khi cos2x = 0

<:>2x¢£+kn,keZ<:>x¢§+k£,keZ.

2
Vay tap xac dinh cua ham s6 la

2

T s
D—]R\{Z+k§,keZ}.
. x> +sinx
Véi x € D thi —x € D va f(-x) = = —f(x), do d6 ham s&
cos2x



eVidus
d

3 vOi moi s6 nguyén k. Tir d6

a) Ching minh ring’ cos%(x + 4km) = cos

~ A « N P X
vé d6 thi ham s6 y = cos 5

X
COS—|.

b) Dua vao d6 thi ham s6 y = cos%, hdy v& d6 thi ham s6 y = >

Giai

a) Tacod cos%(x + 4km) = cos(% + 2k1t) = cos% véi moi k € Z, do d6 ham

X

s0 y = cos3

tudn hoan véi chu ki 47, Vi vay ta chi cdn vé d6 thi cha ham s6

x ' . e e e .
y = cosE trén mot doan c6 do dai 4w, r6i tinh ti€n song song véi truc Ox cac

doan c6 d¢ dai 4r ta s€ dugc d6 thi ham s6 y = cos%.

-~ ~ x ~ ~ < = 2 N - ~. ~ - N “ 2z
Hon nifa, vi y = cos—2— la ham s6 chan, nén ta chi can v€ do thi ham s6 do
e

trén doan [0 ; 2x] r6i ldy d6i xdng qua truc tung, sé& duogc d6 thi ham s&
trén doan [-27 ; 2m]. '

‘D6 thi ham s6 dugc biéu dién trén hinh 5.

| y =cosZ

Hinh 5
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X . A
cos—z—, néu cosi >0
b) Ta co

X

Cos—

2 —cos=, néu cos= <0
2’ 2

Vi vay, tir 46 thi ham s6 y = cos% ta gilt nguyén nhitng phdn d6 thi nim

phia trén truc hoanh va 14y d6i xing qua truc hoanh nhitng phén d6 thi ndm

(H.6).

Con s ; X
phia duéi truc hoanh, ta dugc d6 thi ham s6 y = cos

y y =|cos%

WW
%
“ K .
s /
~, s

0 T RN, 3 2r x
5 " 7“ 3n
________ »
Hinh 6
C. BAITAP
1.1. Tim tap xdc dinh cia cdc ham s6

a) y = cos ; b) y = tanﬁ ;
r= x=1" y= 3’
) 1

c) y=cot2x ; d) y =sin 3 .

x° -1

1.2, Tim tap xdc dinh cia cac ham s8

a) y=+cosx+1; b)y=;;

~sin? x — cos? x

2

Q)y=——-—"—+
. Y COS X — COs3x

d) y=tanx +cot x.

~

1.3. Tim gid tri 16n nhat va gia tri nho nhat cua cdc ham s6

a) y =3-2[sinx| ; b) y = cosx +cos(x —gj :
)

12



c) y = cos® x + 2cos2x ; . dyy= V5 = Zcos? xsin” x.

1.4. V6i nhitng gi4 tri ndo cla x, ta c6 mbi dang thic sau ?

i 1
a) =cotx ; b) — = cos® x ;
tanx 1+ tan® x
1 2
<) =1+cotx ; d) tanx + cot x = — .
sin x sin2x

1.5. Xac dinh tinh chdn 1é cia cidc ham s6

a)y=coi2x.; b) y=x-—sinx ;
c) y=+1-cosx ; d)y=1+ cosxsin(:%n— 2x].

1.6. a) Chl’mg minh ring cos2(x + k) = cos2x, k € Z. Tt d6 vé& d6 thi ham so
y = cos2x.
b) Tir d6 thi ham s6 y = cos2x, hdy vé dé thi hAm s6 y = |cos2x].

1.7. Hay v& d6 thi clia cdc ham s6

a) y=1+sinx ; b) y=cosx—1;
c)ys= sin(x - %) ; ’d) y= cos(x + %)
1.8. Hay vé dé thi clia cdc ham s&
s s
a) y—tan[x+zj, b)y—cot(x—gj.

§2. Phuong trinh luong gidc co bén

A. KIEN THUC CAN NHO

1. Phuong trinh sinx = a - (1)

e |al > 1 : phuong trinh (1) v6 nghiém.

-
Al
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eld <1 goi & la 1Yt cung thoi man sine = a. iKhi 46 phuong trinh (1)
c6 cdc nghiém la

x=a+k2n, keZ
va x =T —a+ k2m, ke Z.
Néu ¢ thoa man diéu kién —g <a< g va sina = a thi ta vi€t ¢ = arcsina.
Khi d6 cdc nghiém clia phuong trinh (1) 1a
x = arcsina + k2m, keZ
va x = 7 — arcsina + k2m, kel
Phuong trinh sinx = sin #° c6 cic nghiém la

x = B° + k360°, keZ

va x =180° — B° + k360°, ke Z.

Chua y. Trong mét cong thitc nghiém, khong dugc dung dbng thdi hai don vi do va radian.
Phuong trinh cosx = a (2)

e |al > 1 : phrong trinh (2) vo nghiém.

e lal <1 : goi ala mot cung thod mén cose = a. Khi d6 phuong trinh (2)
c6 cac nghiém la

x=xa+k2n, k € Z.

Néu « thoa man diéu kién 0 < o < 1 vA cosa = a thi ta viét & = arccosa.
Khi d6 nghiém cta phuong trinh (2) 12

x = tarccosa + k2w, k € Z.
Phuong trinh cosx = cos ° ¢6 céc nghiém la

x=%6° +k360° k € Z.



3. Phuong trink tanx =« (3)

Diéu kién ciia phuong trinh (3) : x = g+ kr, k € Z.

’ U, i T R :
Néu ¢ thoa man diéu kién ~3 <a< 0 va tana = a thita viét ¢ = arctana.

Lic d6 nghiém cta phuong trinh (3) 1a

x = arctana + kx, k € Z.

Phuong trinh tanx = tan 8° ¢6 céc nghiém 1a

x= B° +k180°, k € Z.

4. Phuong trinh cotx = a (4)

Diéu kién cia phuong trinh (4) 1a x # kr, k € Z.

Néu o thoa man diéu kién 0 < @ < m va cota = a thi ta viét a = arccota.

Lic d6 nghiém cta phuong trinh (4) 1a

x = arccota + km, k € Z.

Phuong trinh cot x = cot #° ¢6 cac nghiém la

x=° +k180°, k € Z.
B. ViDY

o Vidul

Giai cdc phuong trinh

. 3
a) sinx = — ;

c) sin(x — 60°) = % ;

B =

b) sinx = - ;

d) sin2x = —1.

15



3 ( nj .
a)V‘l—T—sm ~3 nén

sinx———3<:>sinx—s' ( RJ
= = sin 3 )

Vay phuong trinh c6 cdc nghiém la

x:—§+k2n,keZ

4n

3 +k2n, ke Z. .

va x = n—(—£)+2kn =
3
b) Phuong trinh sinx = % ¢6 céc nghiém la

X

arcsinl + 2km, k € Z

4
va x = n—arcsin%+'k2n, kelZ.
I
C)Taco§=sm30,nén

sin(x — 60°) = % & sin(x — 60°) = sin30°.

x—=60° =30° + k360°, ke Z
x—60° =180° —30° + k360°, k€ Z
Vay phuong trinh c6 cac nghiém la
x =90° + k360°, k € Z

va x = 210° + k360°, k € Z.

d) Tacé
sin2x = —1 (gia tri dac biét).
Phuong trinh c6 nghiém la
3n

2x:7+k2n,keZ

hay x=%+kn,keZ.



o Vidu?2

Giai cac phuong trinh
T 2 ' 2
a) cos(3; - Ej =-5 b) cos(x —2) = 55
¢) cos(2x + 50°) = % ; d) 1+ 2cosx)(3—-cosx) =0.

a) Vi —g = cos3—7t nén cos(3x —Ej = —ﬁ

4

( n} 3n
& cos 3x—g = COS—

T 3n
—_ =4
< 3x c _4+k2n,keZ_
T 3
=4+
< 3x 6_4+k27t,keZ
3x=%§+kb@kez x=%%+k%lkez
. 7 7 2 )
s s s
3x———12+k27t,keZ x—~—36+k7,keZ.v

b) cos(x —2) = % =
<

1 o 4
c) Vi 5= cos60” nén

cos(2x + 50°) = %

2. BT DS&GT 11- A

Giai

6

4

x—-2 =iarccos%+k27t, kelZ

X = 2iarccos%+k27t, ke Z.

& cos(2x + 50°) = cos60°

< 2x +50° = +60° + k360°, k € Z

2x = =50° + 60° + k360°, k ¢ Z
| 2x = -50° - 60° + k360°, k € Z

[x = 5° + k180°, k € Z
| x = —55° + k180°, k € Z.

L

17



d) Tacé

l1+2cosx =0 cosx=—l

(1 +2cosx)(3—cosx) =0 < o 2
3—cosx=0 '
cosx = 3.

1 .
Phuong trinh cosx = o) c6 cdc nghiém la

x:izTn+k2n, keZ,
con phuong trinh cosx = 3 v6 nghiém.
Vay cdc nghiém cta phuong trinh di cho la

x:i%t+k2n, ke Z.

o Vidu3
Giai céc phuong trinh

V3

a) tan2x = tan27Tc ; | b) tan(3x — 30°) = —3

c) cot[4x—%} =3 ; o d) (cotﬁ— lj(cot—{+lj = 0.

3 2

Gidi

a) tan2x=tang71£<:>2x=27n+kn,keZ

T T
==+ k=, k .
o ox 7+ > eZ

b) tan(3x — 30°) = —g <> tan(3x — 30°) = tan(-30°)
& 3x-30°=-30° +k180°, ke Z
< 3x =k180°, ke Z

< x=k60°, k € Z.

18 2.BTDS&GT 11-8



<) cot(4x - —J \/—3 & cot L4x - %J

6

O\(A

cax-2_ ke

6 6

<:>4x—§+kn keZ <:>x_——-+k— kelZ.

12 4’

d) Diéu kién : sin% #0 va sin% # 0. Khi d6 ta cé

X X
(cotg - 1)(c0t—2— + lj =0

c0t§—1=0 c0t§=1

& &
X X

Lcot5+1—0 coti——l

§=§+kn,kez =%"+k3n ke
= =

X T s

_5-—Z+kn,keZ x——§+k.27t,keZ..

Céc gia tri nay thoa man diéu kién.

Vay phuong trinh da cho ¢6 céc nghiém la

3n

=T+k3n keZ

va 'x=—g+k2n,kez.

eVidud

Giai cac phuong trinh
a) sin2xcotx =0 ;

¢) (Btanx +/3)2sinx — 1) =

b) tan(x — 30°)cos(2x — 150°) = 0

19
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g
a) Diéu kién clia phuong trinh sin2xcotx =0 (D
l1a sinx # 0.
Ta bién ddi phuong trinh di cho
(N & 25inxcosx.cf)8)C =0
sin x

& 2c0s’x =0

<:>cosx£0:>x:g+kn,keZ.

Céc gid tri nay thod min diéu kién cha phwong trinh. Vay nghiém cila
phuong trinh 12

e

x=£+kn,keZ.

2
b) Diéu kién cla phuong trinh
tan(x — 30°)cos(2x —150°) = 0 (2)

12 cos(x —30°) # 0.
Ta bién déi phuong trinh da cho

- _2n°
o sin(x — 30”)

2) .cos(2x —150°) =0

cos(x —30°)
[ sin(x — 30°) = 0 x—30° = k180°, k € Z

= -
| cos(2x = 150°) = 0 2x — 150° = +90° + k360°, k € Z
[ x = 30° + kK180°, k € Z x =30° +k180°, k € Z

= | 2x =240° + k360°, k€ Z = | x =120° + kI80° k € Z
| 2x = 60° + k360°, k € Z x =30° + k180°, k e Z.

Khi thay vao diéu kién cos(x —30°) # 0, ta thay gid tri x = 120° + k180°

khong thod man, con gid tri x =30° + k180° thoa man. Vay nghiém cha
phuong trinh da cho 1a

x =30° + k180°, k € Z.
¢) biéu kién cua phuong trinh
Gtanx + V3)2sinx ~1) = 0 (3)

la cosx #0. Tacd



x=§£+kn,keZ
3 )
tanx = ——— .
3) = 3 = x=€+k2n,keZ
) 1
sinx = —
2 x:5—n+k2n,keZ.
L 6

Céc gia tri nay déu thod man di€u kién clia phuong trinh, trong d6 tap cac
gia tri {5%: + k27, k € Z; la tp con cla tap cdc gid tri {% +in,l e Z}
(img vdi cac gia tri [ chan).

Vay nghiém cua phuong trinh (3) la X = %t +km, keZ

va x=%+k2n,keZ.

eVidus
Véi nhitg gi4 tri ndo cla x thi gié tri cia cdc ham s6 tuong ing sau bang
nhau ?
. . . s
a) y = sin3x va y=sm(x+zj ;

b) y = cos(2x + 1) va y=cos(x—-2);

c) y = tan3x va y=tan(§—2xj.

Gidi
Trudc hét, md rong cong thic nghiém cla cic phuong trinh lugng giac co
ban, ta c6 cac cong thic sau. VGi u(x) va v(x) 1a hai biéu thic cua x thi

, i [u(x) =v(x)+k2n, ke Z
e sinu(x) = sinv(x) < :
u(x) =m—v(x)+ k2n, k € Z.
e cosu(x) = cosv(x) < u(x) = v(x) + k2m, k € Z.
e tanu(x) = tanv(x) = w(x) = v(x) + km, k € Z.
e cotu(x) = cotv(x) = u(x) = v(x) + km, k € Z.

21
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Ap dung céc céug iz Mo rong aay “ho cic bi todn ‘reng Vidu 5,taco:
3x=x+£+k21t,keZ

a) sin3x = sin(x +%j = 4 ,

3x:n—(x+%)+k2n,kez

2x=g+k2n,kez x:%+kn,keZ
T TC T
4x ——4—+k27'[ keZ x—ﬁ+k§,keZ.

Vay véi x =%+ kn hodc x = f—’6‘+ k%, k € Z thi gia tri cha hai ham s6
y =sin3x va y = sin(x + %j bing nhau.

b) cos2x+1) =cos(x—2) ©2x+1=2(x-2)+k2m, ke Z

2x+1=x-2+k2n, ke Z x=-3+km kel
And 1 27
2x+1=—x+2+k2n, ke Z x=§+kT,keZ.
Vay v6i x = -3 + k2% hoac x=%+k2?n, k € Z thi gia tri cua hai ham s6

y =cos(2x + 1) va y = cos(x — 2) bang nhau.

¢) Diéu kién : cos3x # 0 va cos(g - 2xJ #0 . Khi do

tan3x=tan(§—2x]<:>3x =§—2x+kn,keZ

:>5x——3—+k1t keZ:x——E+k5 k e Z.

Céc gia tri nay thoa man diéu kién dit ra.

Vay véi x = ~ k%,k €Z thi gi4 tri cia hai ham s6 y = tan3x va

y= tan(—- - 2vj bang nhau.



2.1. Giai cac phuong trinh

\3 V2

a) sin3x = e b) sin(x -15°) = -

c) sin(%+ IOOJ L d) sindx = =.

2 k4
2.2. Giai cic phuong trinh

(SSTS)

a) cos(x +3) = % ; b) cos(3x — 45°) = g ;

c) cos(2x + g—j = —% ; d) (2 + cosx)(3cos2x—1) =0.
2.3. Giai cdc phuong trinh

a) tan(2x + 45°) = —1 ; b) cot(x + %] =3 ;

X 7)ok XL o). W3

c)tan(2 4J--tang, d)cot[3+20j— 3

2.4. Giai cac phuong trinh
sin3x o
m—-o N b) cos2xcot(x—zj—0 ;
¢) tan(2x + 60°)cos(x +75°) =0 ; d) (cotx + Dsin3x = 0.

2.5. Tim nhitng gi4 tri cta x dé gi4 tri clia c4c ham s tuong ng sau bing nhau
a) y = cos(2x - Ej va y= cos(E - xj ;
3 4
b) y=sin(3x—§—j va y=sin(x+%j ;
c) y=tan(2x+gj va y=tan[%—xj ;

d) y = cot3x va y= cot(x + gj

2.6. Giai cac phuong trinh
a) cos3x —sin2x =0 ; b) tanxtan2x = —1 ;
¢) sin3x +sinS5x =0 ; d) cot2xcot3x = 1.
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§3. M6t s6 phucing inn iugng gide thudng gap

A. KIEN THUC CAN NHG

1. Phuong trinh bac nhat déi vai mot ham sé ludng giac
Cac phuong trinh dang at + b =0 (a # 0), v6i ¢ 14 mot trong cdc ham sg
luong gidc, 1a nhitng phuong trinh bac nhat d6i v6i mot ham sd luong giac.
St dung cdc phép bién déi luong giac, c6 thé dua nhiéu phuong trinh luong
gidc vé phuong trinh bac nhét d6i véi mot ham s6 lugng giac.

2. Phuong trinh bac hai déi véi mot ham sé lugng giac
Cac phuong trinh dang at> +bt+c¢=0 (a=0), v4i t 1a mot trong cic ham s6
lugng giac, 1a nhitng phuong trinh bac hai d6i véi mét ham s6 lugng giéc.

C6 nhiéu phuong trinh lugng gidc c6 thé dua vé phuong trinh bac hai déi
v6i mot ham s6 luogng gidc biang cdc phép bién ddi lugng gidc. Mot s6 dang
chinh s€ dugc néu trong vi du.

3. Phuong trinh béac nhat déi vdi sinx va cosx

Xét phuong trinh
asinx + bcosx = c. )

Bién ddi vé& trai cia phuong trinh (1) vé dang

asinx + beosx = Va® + b? sin(x + ),
b

a )
COSQA = ———, SINQA = ————,
\/a2 + b? Va? + b2

ta dua phuong trinh (1) vé phuong trinh bac nhat d6i v4i mét ham s6
luong giac. '

trong d6
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eVidul
Giai céc phuong trinh
a) sin2x —2cosx =0 ; b) 8cos2xsin2xcos4x=\/§ ;
¢) tan2x —2tanx =0 ; d) 2cos? x + cos2x = 2.
Gidi
a) Tacé

sin2x —2cosx =0 <> 2sinxcosx —2cosx =0 < 2cosx(sinx —1) =0

T
[cosx:O x=—2—+kn,keZ

sinx =1 x=g+k2n,keZ.

‘Tap {g + k2, k € Z} la tap con cua tap {g +kn, k € Z}.

Vay nghiém cha phuong trinh da cho 14 x = g +kn ke Z.
b) Ta c6

8cos2xsin2xcosdx = V2 < 4sindxcosdx = 2

& 2sin8x=\/§ & sin8x=g

8x=§+k2n,kez x=312+k§,kez

< 3 3
T T T

8x—T+k2n,keZ x—3—2+k2,keZ.

Vay nghiém cua phuong trinh la
T T 3n i
x_3—2+kz,ke véx.—3—2+kz,keZ.
c¢) Diéu kién : cos2x # 0 va cosx # 0.
Taco
tan2x—2tanx=0<:>2t;m;—2tanx=0c> 2tanx(;2—lJ=0
1—tan" x 1—tan” x

o 2tan’x =0 < tanx =0 = x = km, k € Z.
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Céc gi4 tri nay thoa man diéu kién cia phureny trinh.,
Vay nghiém cta phuong trinh la x = kn, k € Z.

d) Tacé

2c0s?x +cos2x =2 < 1+2c0s2x =2 < cos2x = %

T T
IS 2x=i—é—+k21t,keZ IS x=ig+kn,keZ.

Vay nghiém cua phuong trinh 1a x = i% + km, k € Z.
oeVidu?2

Giai cac phuong trinh

a) cos3x —cosdx +cosSx =0 ; b) sin7x —sin3x = cos5x ;

c) cos? x — sin® x = sin3x + cos4x ; d) cos2x —cosx = 2sin237x.

Gidi
a) cos3x —cosdx + cos5x =0 < cos3x + cosSx = cosdx

& 2cosdxcosx = cosdx
& cosd4x(cosx-1)=0

[cosdx =0 4x=—72£+k1t,keZ

Vay phuong trinh c6 cdc nghiém la

x=22k v x=+liionkez
8 4 3
b) Ta c6 _
sin7x —sin3x —~cos5x =0 < 2cosS5xsin2x —cosSx =0

< cosSx(2sin2x-1)=0



Sx=—+km, kelZ

2
cos5x =0 .

& 1] © |2x==+KnkeZ
sin2x =3 6

2x=%+k21t,keZ.

Vay phuong trinh ¢6 cic nghiém 1a x = % + klst-, keZ ; x= 112 + km va

5n
=—+k .
X 12+ T keZ

¢) Tacéd

2 x —sin® x = sin3x + cosdx & c0s2x —cosdx —sin3x =0

< —2sin3xsin(-x) —sin3x =0 < sin3x(2sinx-1) =0

cOs

(3x=kn, keZ
sin3x =0 -
= ] 1 & x=€+k21t,keZ
sinx = =
2 5n
x=F+k21t,keZ.
Vay cic nghiém ctia phuong trinh 1a
x=k£,keZ;x=£+k2nvéx=5—n+k2n,keZ.
3 6 6
d) Ta cé
cos2x — cosx = 2sin > et 2sm2sm2 2sin > =0
. 3x{ . ox . 3x . 3x . X
I —2sm7(sm5+ smTJ =0 & —2sm7.2smxcosi =0
r r
. 3x 3x
sm—2——0 T—kn,keZ
I sinx=0 & |x=knkeZ
X X = '
_0055—0 _5—5+kn,keZ
§ B
x=k2—n,keZ
3
& |\x=knmkeZ
| X =7+ k2, k € Z.
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Tap {n + k2m, ke Z} lawp con cuz ubp {k;c, k& Z,

. C 11 2n . '
Vay cac nghiém cua phuong trinh la x = k=l va x = km, k € Z.

e Vidu3
Giai cac phuong trinh
a) 2cos’2x +3sin®x =2 ; b) cos2x + 2cosx = 25'1n2-1\—f ;
2 . 4 . 4 4 1 .
c)2—-cos“x =sin x ; d) sin” x + cos x=55m2x.
Gidi
a) Tacod
- 2
2cos?2x +3sin?x =2 < 2cos’ 2x + 3.ﬂ =2
cos2x =1
& 4cos?2x —3cos2x -1 =0 1
cos2x = ——
4
2x =k2m, ke Z
o 1 _
2x = iarccos(—z] +k2n, ke Z
(x =km ke Z
o

x = ilarccos —lj + km, k e Z.
i 2 4
Vay cac nghiém cua phuong trinh 12

x=kn, k € Z va x=i%arccos[—%]+kn, ke lZ.
b) Tacé

. X
cos2x + 2cosx = 2sm2§ o 2cos’x—1+ 2cosx =1—-cosx

< 2cos® x + 3cosx — 2 =0

COsSx =

DO | =

Cosx = —2.



| 1 ,
Phuong trinh cosx = —2 vé nghiém, con phuong trinh cosx = 5 ¢6 nghiém
s
x:i§+k2n, keZ.

Vay nghiém cta phuong trinh 12 x = -_Fg + k27, k e Z.

c) Taco
2-cos’x = sin*x & 2—(1—sin2x) = sin® x
_ & sin*x —sin?x -1 =0.
Dat ¢ = sin’ x, v6i diéu kién 0 <t <1, ta dugc phuong trinh ?-t-1=0.

1-+/5 1++5
2

Phuong trinh nay c6 hai nghiém ¢ =

y I = .
2 9

Vi t; <0, ¢t >1 nén hai gid tri nay khong thoa man diéu kién.
Vay phuong trinh da cho v6 nghiém. '

d) Tacéd
sin® x + cos® x = %sin 2x & (sin2 x + cos? x)2 — 2sin® xcos® x = %sin 2x
sin? 2x. 2
o 1-2. =Esin2x¢:> sin“2x +sin2x—-2=0
sin2x =1
sin2x = -2,

Phuong trinh sin2x = -2 v6 nghiém, con phuong trinh sin2x =1 c¢6

nghiém 2x = I + k2n, k € Z.
2

Vay nghiém cua phuong trinh 1a x = % + kn, k € Z.

e Vidu4
Giai cac phuong trinh

.2
a)3tanx+\/—3-cotx—3-\/§=0; b) 2sm 2x 22 =tan2x;
sin“2x - 4cos” x

c) 2tanx + cotx = 2sin2x + — .
sin2x
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Gigi
a) 3tanx + 3cotx -3 -+3=0 )

Diéu kién cta phuong trinh (1) 1a cosx # 0 va sinx = 0.

(1) < 3tanx+ V3 ~3-3=0
tan x

o 3tan?x - 3+ B tanx +/3 =0

tanx = 1 x=likn kel
= @ = 4
3

tan x = x=—2—+kn,keZ.

Céc gia tri ndy thoa man diéu kién cla phuong trinh (1). Vay cdc nghiém
ctia phuong trinh (1) 1a

x=£+k1t véx=£+,k1t,keZ.
4 6

b) o 2x 22 — tan? x. | Q)
sin“2x — 4cos” x

Diéu kién cha phuong trinh (2) 12 cosx # 0 va sin®2x — 4cos? x # 0.
Taco

2 2 2 2

sin®2x — 4cos® x = 4sin’ xcos x — 4cos” x

= 4cos® x(sin2 x—-1) = —4cos? x.
Vi vay sin?2x —4cos? x = 0 < cosx = 0.
Do dé6 diéu kién clia phuong trinh (2) 1a cosx # 0. Theo bién ddi trén, ta c¢6
sin2x~2  sin’x 2 2

2 < Y — & sin? 2x — 2 = —4cos? xsin® x
—4cos” x cos“ x

& 2sin?2x =2 & sin2x =+1 < cos2x =0

T T
2153

Ciac gid tri nay thod man diéu kién chia phuong trinh (2). Vay nghiém cla

:>2x=—12£+k1t:>x= , kel

phuong trinh (2) 1a x = g + kg, kelZ.



(3)

¢) 2tanx + cotx = 2sin2x +

sin2x’
Diéu kién cha phuong trinh (3) 12 sinx # 0 va cosx # 0. Ta c6

2sinx cosx
2tanx + cot x +

cosx  sinx

2

2sin’ x + cos’ x _ sin?

x+1

sin xcos x 1.
E sin2x

Do d6
2Asin®x +1) _ 2sin®2x +1
sin2x _ sin2x

& 2sin®2x —2sinx-1=0 < 2(1—c0522x)—(1—c052x)-1 =0

Gr=

& ~2c0s% 2x + c0s2x = 0 < cos2x(l ~ 2cos2x) =0

cos2x =0 2x=§+kn,keZ
= N N
cosex =7 2x=i§+k2n,kez
x=21kl kez
N 2

x=ig+kn,keZ.

C4c gia tri ndy déu thoa man diéu kién cia phuong trinh (3). Vay cic

nghiém ciia phuong trinh (3) Ia x = % + kg, keZvax= ig +kn, ke Z.

eVidus
Giai cac phuong trinh
2 . .2
a) 4cos” x +3sinxcosx —sin“ x =3 ;
.2 . 2 _ .
b) 2sin”“ x —sinxcosx —cos“ x =2 ;

2

<) 4sin% x — 4sinxcosx + 3cos> x = 1.
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Gidi

a) VGi cosx =0 thi v€ trdi bang —1 con v€ phéi bing 3 nén cosx =0
khong thoa man phuong trinh. V@i cosx # 0, chia hai v€ cia phuong trinh

cho cos’ x ta duoc
4 +3tanx - tan® x = 3(1 + tan® x) < 4tan’ x — 3tanx —1 =0
L
tanx =1 x:Z+kn,keZ

= 1 & |
tanx=—z x=arctan(—ZJ+k1t,keZ.

Vay cdc nghiém cua phuong trinh 1a

x=g+kn, keZva x=arctan(—%}+kn, kelZ.

b) V6i cosx = 0 ta thdy cd hai v&€ clia phuong trinh bang 2. Vay cosx =0

thoa man phuong trinh, hay x = g + kmt, k € Z 1a nghiém.

Vi cos # 0, chia ca hai vé ciia phuong trinh cho cos? x ta duoc
2tan’® x — tanx — 1 = 2(1 + tan® x)
& tanx =-3 & x =arctan(-3) +km, k € Z
Vay céc nghiém cua phuong trinh 1a

x:§+kn,keZ va x = arctan(=3) + k=, k € Z.

c) V6i cosx =0 thi v&€ trdi bing 4, con v€ phai bing 1, nén cosx =0

khong thoé mén phuong trinh. Véi cosx # 0, chia hai vé€ clia phuong trinh
cho cos® x ta dugc
4tan®x — 4tanx + 3 = 1 + tan® x

<  3tan’x—4tanx +2 = 0.
Phuong trinh nay v6 nghiém. Vay phuong trinh da cho vo nghiém.



oVidué
Giai cac phuong trinh

a) J3cosx +sinx = -2 ; g b) cos3x —sin3x =1 ;

¢) 4sinx + 3cosx = 4(1 + tan x) — .
COs X

Gidi

a) Tacod

\/gcosx fsinx =2 & %cosx + %sinx =-1

. T T . ) 1
& sin—cosx +cos—sinx =—-1 < sin| x+—|=-1
3 3 - 3
®x+§=—-’23+k2n,kez @x:—%+k2n,kez.

Vay nghiém cta phuong trinh 1a x = —%t + k27, k € Z.

b) Ta co

2

cos3x—-sin3x =1 < \/E(Tcosiix —?sini&x} =1

T LT
= coszcos3x —smzsm3x =

2
= cos[3x+§} =cos— <3x+—=+t—+k2n
27
3x =k2n, k € Z x=k—, kel
= T = 3
3x=—=+k2n, ke Z T 27
2 x=—g+k?,k€Z.
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3.1.

3.2.

34

Vay cédc nghidm ¢l pivrang uink 12

27 2

x=kZ kezvax=-244kT kez
3 6

¢) Diéu kién ctia phuong trinh 1a cosx # 0.
Ta cé

4sinx + 3cosx = 4(1 + tanx) —
: cosx

&> cosx(4sinx + 3cosx) = 4(sinx + cosx) — 1
&> cosx(4sinx + 3cosx) —cosx = 4sinx + 3cosx — 1
&> cosx(dsinx +3cosx —1) = 4sinx + 3cosx — 1

& (cosx — 1)(4sinx +3cosx —1) =0
x=k2n kelZ
{cosx =1

. =4 . 3 1
4sinx + 3cosx =1 —sm,r+—cosx=g.
P . s 4 3
Ki hiéu «1a cung ma sina =-g, cosa = 3 ta dugc

2) & cos(x—a) = %

S x—a = iarccos%+ Rn ox=a iarccos%+ k2.

Vay céc nghiém ctia phuong trinh (1) 12

x=k2m, k € Z.VE\I x=aiarccos%+k2n, k € Z, trong 36 a = arccosi.

C. BAI TAP

Gidi cdc phuong trinh sau (3.1 —3.7) :

a) cos2x —sinx—-1=0;

¢) 4sinxcosxcos2x = -1 ; d) tanx = 3cot x.

a) sinx + 2sin3x = —sinSx ;

) ) : I ) 1
¢) sinxsin2xsin3x = Zsm4x ; d) sin x + cos* x = ~—cos? 2x.

b) cosSxcosx = cosdx ;

(M

2

D b) cosxcos2x =1+ sinxsin2x ;

3.BT DS&GT 11-B



3.3.2) 3cos?x —2sinx+2 =0 ; b) Ssin®x + 3cosx +3 =10 ;

. 1 )
<) sin® x + cos® x = 4cos? 2x ; d) 2 + sin® x = cos® x.

34.a) 2tanx —3cotx -2 =0 ; b) cos’ x = 3sin2x + 3 ;
c) cotx —cot2x =tanx + 1.

3.5. a) cos? x + 2sinxco§x +5sin?x =2 ;
b) .3coszx —2sin2x +sin x = 1 ;
<) 4cos® x — 3sinxcosx + 3sin® x = 1.

3.6. a) 2cosx —sinx =2 ; b) sin5x + cosS5x = -1 ;

6

c) 8cos* x — 4cos2x + sindx —4 =0 ; d) sin® x + cos® x + %sin4x = 0.

3.7. a) 1 +sinx —cosx —sin2x + 2cos2x =0 ;

. 1
- = sm2 X - 2 )
Sin x sin“ x

b) sinx —

¢) cosxtan3x = sinSx ;

d) 2tan® x + 3tanx + 2cot® x + 3cotx + 2 = 0.

Bai tap 6n chuong |

1. Tim tap xac dinh cia cac ham s6

2-cosx b) _ tanx +cotx

a) y= ; Yy =
)Y [ nJ Y 1-sin2x
1 + tan X—E

2. Xadc dinh tinh chén 1é cua cdc ham s6

. 3 cosx+cot2x '
a) y=sin"x —tanx ; b)) y=—"———.
sin x
3. Chia cdc doan sau thanh hai doan, trén mét doan ham s6 y = sinx tang,
con trén doan kia ham s6 d6 giam :

a) [g ; 24 ; b) [-=; 0]; c) [-2n ; —7).
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4. Tim gid tri 16n akat va gia te nhé nhit cua cac ham s¢
a) y=3-4sinx ; b) y =2 —+/cosx.
5. Veé d6 thi cha cic ham s6

a) y=sin2x+1 ; b)y=cos(x—%}.

" Gidi cdc phuong trinh sau (6 —15) :
6. sin®x - cos’ x = cos4x.
7. cos3x —cos5x = sinx.
8. 3sin’x +4cosx —2 = 0.
-9, sin® x + sin® 2x = sin® 3x.
10. 2tanx_;+ 3cotx = 4.

11. 2cos? x — 3sin2x + sin”x = 1.

12. 2sin? x + sinxcosx — cos® x = 3.
13. 3sinx — 4cosx = 1.

14. 4sin3x + sin5x — 2sinxcos2x = 0.

15. 2tan® x — 3tanx + 2cot® x + 3cotx — 3 = 0.

LSI GIAI - HUONG DAN — DAP SO CHUONG |

§1.

1.1.a) D=R\ {1}.
b) cos£¢0<:>£¢£+kn <:>x¢3—n+k3n,keZ.
3 3 2 2
vayD=]R\{37“'+ k3n,keZ}.
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1.2.

1.3.

c) sin2x¢_0<:>2x¢kn<:>x¢k%,ke;l.
|,w
VayD=R\{k5,keZ}.

d)D=R\{-1;1}.
’
a) cosx+120, Vx e R.Vay D =R.
N

b) sin® x — ¢os® x = —cos2x # 0 < 2x¢g+kn, keZ

o xr 2+ ki keZ. VayD=R\{Z+ kL kez!.
4" 2 4 72

¢) cosx — cos3x = —2sin2xsin(—x) = 4sin? xcos x.

Do dé cosx —cos3x #0 < sinx #0 vacosx #0

o x #kn vax¢g+kn,kez.vayD=R\{kg, keZ}.

d) tanx va cotx cd nghia khi sinx # 0 va cosx #0.

Viy tap xac dinh nhu trong céu c).
a) 0< |sinx| <1 nén -2< —2|sinx| <0.

Vay gi4 tri 16n nhét ciia y = 3 - 2|sin x| la 3, dat dugc khi sinx =0 ; gié tri
nho nhét cta y 1a 1, dat dugce khi sinx = +1.

b) cosx + cos x—Z | = 2cos x—Zlcost = 3 cos x-Z .
3 6 6 . 6

Vay gi4 tri nho nhat cta y la 3, dat dugc chang han, tai x = 7% ; gia tri

16n nhét ciia y 1a +/3, dat dugc chéng han, tai x = g

c¢) Tacod

cos” x + 2cos2x = l+%Szx+2cos2x = %
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Vi —1 < cos2x <1 n%n gid tri Jén phit cha y 12 3, det duge khi x = 0.
gi4 tri nho nhét ciia y 1a -2, dat duoc khi x = g

: 1.
dHD: 5- 2cos” xsin’x = 5 — Esm2 2x.

32

Vi 0 < sin?2x <1 nén —%s—%smzzxso:TSys\/E.

e a4 ets N2
Suy ra gia tri 16n nhét cta y 12 J5 tai x= k%, gia tri nho nhét 1a — tai

nT :
X=—++ k— .
4 2
1.4. a) Dang thifc xay ra khi c4c biéu thic & hai v€ c6 nghia, tic la sinx # 0 va

cosx # 0. Vay dang thic xay ra khi x # k%, k e Z.
b) Déng thitc x4y ra khi cosx # 0, tic 1a khi x # -;— + km, k € Z.
¢) Déng thic xay ra khi sinx = 0, tic 1a x # k=, k € Z.

d) Déng thic xay ra khi sinx = 0 va cosx # 0, titc la x # k%, kelZ.

cos2x

1.5.a) y = 12 ham sd 1€.

b) y = x — sinx la ham s6 1é.

c) y = V1 —cosx 1a ham s6 chan.

d)y=1+ cosxsin(?)—zn— - ZxJ =1 - cosxcos2x 1a ham s6 chan.

1.6. a) cos2(x + km) = cos(2x + k2m) = cos2x, k € Z Vay ham s6 y = cos2x

12 ham s6 chéin, tudn hoan, cé chu ki 1a n (H.7).
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Hinh 8
b) D6 thi ham s6 y = |cos 2x| (H.8).

1.7. a) D6 thi ham s6 y =1+ sinx thu dugc tir d6 thi ham s6 y = sinx bang
cach tinh ti€n song song v&i truc tung 1én phia trén mot don vi (H.9).

Hinh 9
b) D6 thi ham s6 y = cosx -1 thu dugc tir d6 thi ham s6 y = cosx bang
cach tinh ti€n song song vdi truc tung xuéng phia dudi }th don vi (ban doc
tu v€ hinh). -

¢) D6 thi ham s6 y = sin ('x - gj thu dugc tir d6 thi ham s6 y = sinx bang

céch tinh tién song song vdi truc hoanh sang phai mot doan bing % (H.10).

y = sinx | y=sinee-)

Hinh 10
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/ y AN
d) D6 thi ham s6 y = cosLx + éJ thu dugc tr d6 thi ham s6 y = cosx

N e g . . s T
bang céch tinh ti€n song song véi truc hoanh sang trdi mot doan bang P3

(ban doc tu v€ hinh).

1.8. a) D6 thi ham s6 y = tan(x + gj thu dugc tir d6 thi ham s6 y = tanx

bang cédch tinh tién song song Vvéi truc hoanh sang trdi mot doan bang g
b) D6 thi ham s6 y = cot(x - —gj thu dugc tir d6 thi ham s§ y = cotx béng

. . v . N ae 3 T
cach tinh ti€n song song v4i truc hoanh sang phai mot doan bang I

§2.

2l xe "k kezZvax= k2 ke
9 "3 9 3

b) x =30° + k180°, k=2 va x = 75° + k180°, k Z.

c) x = —80° + k720°, k € Z va x = 400° + k720°, k'e Z.
d) x = larcsing+k3, keZva x= E-—larcsin—2—+k1[—, ke Z.
© 4 3 2 4 4 3 2
22.a) x=-3¢ arccos% + k2w, k e Z.
b) x = 25% + k120°, x = 5° + k120°, k € Z.
c)x=£+k7t, x=—£+kn,keZ.
6 2

d) x = i—%arccos% +km ke Z.
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23.2) x = —45° + k90°, k € Z. b) x = —% +km, ke Z.

c)x=%r+k21r,keZ. d) x =300° + k540°, k € Z.

2.4. a) Di€u kién : cos3x # 1. Tacé

sin3x = 0 = 3x = kn. Do diéu kién, cé4c gia tri k = 2m, m € Z bi loai, nén
3x =2m+ )n, m € Z. Vay nghiém cua phuong trinh 1a x = 2m + 1)—;5,
me Z.

b) Diéu kién : sin [x - %) # 0. Bi&n d6i phuong trinh

cost.cot[x - gj =0 > cos2x.cos(x - —Z—j =0

cos2x =0 x=£+k£,keZ
= ) _o = 3
I S A x=Z 4 knkeZ
4
Do diéu kién, cac gia tri x = % + 2m12r—, m € Z bi loai. Vay nghiém cha

phuong trinh 1a

x=iomi ) meZvax=T1kn kel
4 2 4

" ¢) biéu kién : cos(2x + 60°) = 0. Ta c
tan (2x + 60%cos(x + 75% =0
= sin(2x + 60°) cos(x + 75°) =0
. sin(2x +60°) =0 2x+60° = k180°, ke Z

= =
cos(x+75°)=0 x+75°=90°+k180°, keZ
x=-30°+490° ke Z

=
x =15° + k180°, ke Z.
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Do diéu kién & wrén, céc gia ui x = 157+ k188°, k€ Z bi loai.
Vay nghiém cta phuong trinh 12 x = -30° + k90°, ke Z.

d) Piéu kién : sinx # 0. Ta co

, [cotx =—1

(cotx+Dsin3x=0 |
[sin3x =0

x=—§+kn, keZ

_x=k§,kez.

Do diéu kién sinx # 0 nén nhimg gid tri x = kg véi k=3m, meZ bi

loai. Vay nghiém cta phuong trinh 12 -

x=—£+kn ; x=g+kn va x=2§t—+kn,keZ.

4
T T
2.5, a) cos {2x - §J = COosS (Z - xJ
2x—%=%—x+k2n,keZ 3x :Z—;+k2n kel
o o
T T
2x—§——z+x+k2n,keZ —1—2+k21t keZ.

Vay cdc gid tri cdn fim 3 x = 2F 4+ k2% ke Z vi x= " 4 k2n. ke Z
.y g . 36 3 _12 > .
. T ) 4

b) sm(3x - ZJ = sin [x + gj

3x—%:x+g+k2n,keZ
o
s s
_3x—z—n—x—.g+k2n,keZ
(2 :f—;+k2n keZ ng—Z+k1t,keZ
< 13 < 13
s s
= — k— k \
_4 B +k2n, ke Z x= 8 A Z.
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S keZvax=F i vez
24 RS g Ty rEs

<) tan(2x+%} = tan(%—x}

cos(2x + gj #0va cos(E - xj 0 )
o ,

Vaycécgidtricantim la x =

5

2x+£:£—x+kn,keZ. )
5 5
. .
2) <:>x=k§,keZ.
Céc gi4 tri nay thoa man diéu kién (1). Vay tacé x = kg— ke Z.

d) cot3x =cot (x + EJ

3
sin3x # 0 va sin(x+gj¢0 3)
Lol
3x=x+§+kn,kez. @)
@) x=§+kg, keZ.

Néu k =2m + 1, m € Z thi cdc gié tri nay khong thoa man diéu kién (3).

N 13
Suy ra cdc gid tri cAn tim 1a x = €+ mr,me Z.
2.6. a) cos3x—sin2x =0

& cos3x =sin2x < cos3x = cos[g - 2x]
L
o 3x=i(§—2xJ+k2n,k ceZ

5x=g-+k21t,keZ

0

x=—32‘-+k2n,kez.
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Vay nghiém pnuaung it 1a x -—--1%+k%',/< €Zva x =—g+k2n,k € Z.

b) Diéu kién cua phuong trinh : cosx #0 va cos2x = 0.
tanx tan2x = —1 = sinxsin2x = —cosxcos2x

= cos2xcosx + sin2xsinx = 0 = cosx = 0.
Két hop v6i di€u kién, ta thdy phuong trinh v6 nghiém.
¢) sin3x+sin5x =0

sindx=0 Adx=kmn keZ

< 2sindxcosx =0 & = n
cosx =0 x=§+kn,keZ.

Vay nghiém cla phuong trinh la x=k§,k € Z va x=g+kn,k € Z.

d) Diéu kién : sin2x # 0 va sin3x = 0.
cot2xcot3x =1 = cos2xcos3x =sin2xsin3x
= c0s2xcos3x —sin2xsin3x =0

= cosSx=0 :>5x=g+k1t,keZ

T T
:>x—1—0—+k§,keZ.

V6i k=2+5m, meZ thi
T 21 T

T T
x_m+(2+5m)§_ﬁ+?+mn =5 tmn,me Z.

Lic d6 sin2x = sin(n + 2mmn) = 0, khong thoa man diéu kién.

Céthésuyranghiémphuongtﬁnhléx=%+k%,ke Zvak#2+5m,melZ.

§3.

3.1.a) cos2x—-sinx—-1=0
& 1-2sin®x—-sinx—-1=0 < sinx(2sinx+1)=0

x=kmn, keZ
sinx =0 n
< 1 & x:—g+k2n,keZ
sinx = ——
2 n
x=?+k2n,keZ.
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3.2,

b) cosxcos2x = i+ sin xSini 24

& cosxcos2x —sinxsin2x =1

<:>cos3x:1<:>3x=k21t<:>x=k27n,keZ.

_C) 4sinxcosxcos2x =—-1 << 2sin2xcos2x =-1

c>sin4x=—1<£>4x=——12£+k2n,keZ <:>x=—%+k12t—,keZ.

d) tanx =3cotx. Diéukién: cosx =0 va sinx # 0.

) 3
Ta céd tanx:EQtanzx=3<:>tanx=i\/§ >x=t—+kn,k e Z.
X

r
3
Céc gia tri nady thod man diéu kién cia phuong trinh nén 1a nghiém cla
phuong trinh da cho.

a) sinx +2sin3x = —sinS5x << sinSx+sinx+2sin3x=0

& 2sin3xcos2x +2sin3x =0

& 2sin3x(cos2x+1)=0 & 4sin3xcos’ x =0

sin3x = 0 3x=kn, ke Z x_kg,keZ
& _0<:> I Z<:>
CosSXx = x—5+k7r,_ke x=12t—+k1r,ke'Z.

b) cosSxcosx = cosdx
= %(cos6x + cos4x) = cosdx

&> cosbx =cosdx & 6x=Hx+k2n, ke Z
2x=k2m, ke Z o x=km keZ

&
10x = k21, k € Z x=k§,kez.

Tap {kn, k € Z} chia trong tap {l% le Z} (ing va&i cac gid'tri /12 boi s6

ctia 5) nén nghiém cua phuong trinh 1a x = k—75E ke Z.
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. . \ 1l ; ! . I1.
¢) sinxsin2xsin3x = —sin4x < sinxsin2xsin3x = —2—sm 2xcos2x

4
&> sin2x(cos2x —2sinxsin3x) =0 < sin2x.cos4x =0
Csin2x = 0 2x=kn, kel
= = n
| cosdx =0 4x=5+kn,keZ
x= k%, keZ
o ,
_x=—g+k%,keZ.
d) sin* x + cos* x =—%cos2 2x
= (sin2 x + cos? x)2 ~2sin® xcos® x = —%cos2 2x

1 .2 1 2 _
| 2sm 2x+2cos 2x=0

& 1+%cos4x =0 < cosdx=-2.
Phuong trinh v6 nghiém.

> cha y. Cé thé nhan xét : V& phai khéng dudng vdi moi x trong khi vé trai duang véi
moi x nén phuong trinh da cho vé nghiém.

3.3.2) 3cos?x—2sinx+2=0 < 3(1-sin®x)—2sinx+2 =0

& 3sin?x+2sinx-5=0 < (sinx—1)(Bsinx +5)=0

it sinx=1<:>x=g+k2n,keZ.

b) Ssin® x+3cosx+3=0 = 5(1—cos2x)+3cosx+3=0

< 5cos? x—3cosx—8=0

& (cosx+1)(5cosx—8)=0

Scosx=-1x=QRk+Dn, k € Z.
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6

c) sin® x + cos® x = 4 cos? 2x

o (sin2 x + cos? x)3 ~3sin® xcos? x(sin2 x + cos® X) = dcos?2x

=1 1—%sin2 2x =4cos?2x & 1—%(1 — cos? 2x) = 4cos®2x

13 o, 1 1+cosdx)
<~ TCOS 2x _Z <~ 13(7] =1
2 11
— & cos4x——ﬁ

& 1+ cosdx =

13
11
S 4x = iarccos[—ﬁj+k2n, keZ

| 11 T
=+— _ ke
& ox _4arccos( 13J+k2,keZ.

2
1 .2 4 1 1-cos2x (1+cos2x
d) 4+sm x—gosxc> 4+ > —[ > J

& —1+2-2cos2x =1+2cos2x+ cos> 2x
& cos?2x+4cos2x =0
cos2x=0
[cos 2x =—4(v6 nghiém) 2

- T T
C>x—2+k§-,k€Z.

3.4.2) 2tanx —3cotx —2 = 0. Diéu kién : cosx # 0 va sinx # 0.

Tacd 2tanx — -2=0

tan x

17

& 2tan’ x—2tanx—-3=0 < tanx =

2
X = arctan{l—zﬁJ+kn, keZ
-
X = arctan[1 _2ﬁ] +kn, keZ.

C4c gia tri nay thoa man diéu kién nén la nghiém cta phuong trinh.

<:>2x=£+k1t,ke
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b) cos® x = 3sin2.: 3.
Ta thdy cosx =0 khong thoa man phuong trinh. V&i cosx # 0, chia hai v&

cuia phuong trinh cho cos’x ta duoc

1=6tanx +3(1+tan® x)<> 3tan’ x + 6tanx +2 = 0

—3+43
3

x=arctan[ ]+kn,keZ

V3

&
I+

< tanx =

3

3-43
3

x=arctan[ ]+kn,keZ.

c) cotx—cot2x =tanx+1. )]
Diéu kién : sinx # 0 va cosx = 0. Khi d¢,

cosx Ccos2x sinx

- —— = +1
sinx sin2x cosx

(1)

& 2c0s? x —cos2x = 2sin® x + sin2x
2 . 2 e
<> 2(cos” x —sin“ x) —cos2x =sin2x

< cos2x =sin2x < tan2x =1

T T T
= 2x—Z+k7t,keZ = x—§+k§, kelZ.

Céc gia tri nay thoa man diéu kién nén 1a nghiém caa phuong trinh.

3.5.a) cos? x +2sinxcosx + 5sin® x = 2.
R® rang cosx =0 khong thoa man phuong trinh. Véi cosx =0, chia hai v&

cho cos® x ta dugc

1+2tanx+5tan2x=2(1+tan2x)

< 3tan® x+2tanx—1=0

tan x = —1 x=—%+kn,keZ
= | = |
‘a“xzi x=arctan§+k7t,keZ.
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b) 3cos® x — 2sin%x +sin” x = 1.
V6i cosx=0 ta thdy hai v€ déu bang 1. Vay phuong trinh c6 nghiém

x=§+kn,keZ. *

Trudng hop cosx # 0, chia hai vé& cho cos? x ta duoc
3-4tanx+tan% x = 1 + tan® x <:>4tanx=2<:>tanx=%
1
o x=a;ctan5+kn,keZ.

Vay nghiém cua phuong trinh la

x=§+kn,kesz‘i x='arctan%+kn,keZ.

<) 4cos® x - 3sin xcos x + 3sin’ x = 1.
R& rang cosx # 0. Chia hai v€ cua phuong trinh cho cos? x ta duoc
4 -3tanx+3tan® x = 1 + tan® x

& 2tan’ x—3tanx +3=0.

Phuong trinh cudi v6 nghiém (d6i v6i tanx ), do d6 phuong trinh da cho
v nghiém.

3.6.a) 2cosx —sinx =2

{2 1
<:>\/§ ——COsXx ——=sinx | =2.
| (JE_ 5 ]

2 ' 1
Ki hiéu ala géc ma cosa = —=, sina = ——=, ta dugc phuong trinh
J5 J5 -

- . . 2
COS @ COS X + Sina sinx =$

S cos(x—a)=cosa S x—-a=trta+k2n, ke Z

x=2a+k2n, keZ
x=k2n, kel
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. (2 VooE
b) sinSx +cosSx=-1 < x/ELTsin_Sx +Tc055xJ =-1

T . . T \/5 } T AR
& cos—SInSx +sin—cos 5x = ——— < sin| Sx+— | = sin )

4 4 2 4
5x+Z—=——}+k2n,keZ x=—%+k—25£,keZ
< 5 < 2
. T T T s
5x+z—7+k2ﬂ,k€Z x—§+k?,keZ.

c) 8cos* x —4cos2x +sindx—4=0

[1+cos2x
o 8§ —

2
> J —4cos2x+sindx—-4=0

<:>.2(1 +2¢082x + cos> 2x)—4cos2x+sindx—4=0

< 2c08°2x +sindx-2=0 1+cosdx +sindx -2 =0

. . T .7
< cosdx+sindx=1 o sm[4x+—}=sm—

2 2 .
4x+%=%+k2n,keZ x=kg,kez
Lt 3 Lt
T T T T
4x+z—7+k2n,keZ x—§+k—2—,keZ.

6x+lsin4x =0

d) sin® x + cos 2

. . . 1.
o (sm2 x + cos? x)3 —3sin? xcos’ x(sm2 x + cos? x)+=sin4x=0

2x+-1—s'1n4x=0

& 1-3sin® xcos 3

sin2x )’ 1
<:>1—3£ > ]+§sm4x=0

<1 —%sin2 2x +%sin4x =0

4.BTDS&GT 11-B



3.7.

3 1—cosdx 1
<:> 1__'_— —q1 -
| ) +—sindx =0

< 8-3+3cosd4x+4sindx =0
< 3cosdx +4sindx = -5

& %cos4x +%slin4x =-1.

e . 3 4
Ki hiéu a la cung ma sina =3 cosa = 5 ta duoc
sinacosdx +cosasindx = -1

& sin(dx +a) = -1
et 4x+a=37n+_k21t,ke Z

T3t «a T
<:>x—?—z+k5,ke Z.

a) 1+sinx —cosx—sin2x+2cos2x =0.
Tacé :

1-sin2x =(sinx — cosx)2 ;

2cos2x = 2(cos2 x — sin® x) = —2(sinx — cos x)(sin x + cos x).

vay

(1) < (sinx—cosx)(1+sinx—cosx—2sinx—2cosx) =0
& (smx —cosx)(1 —sinx—3cosx) =0

. tanx =1
sinx = cosx

< 3 i 1 =13 cosx + I sin x
CosSx +sinx = —_— — =

- V10 V10 1

x=%+kn,keZ

Lx =aia:ccosL+k2n, kel

Jio

3
trong d6 cosa = —, sing =
8o J10

§|H
e

;ﬂ -

(1)
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b)sinx—.L:sinzx— L . 2)
sin x 24

sin
Piéu kién : sinx # 0. Khi dé,
i 1
2) <::>(sinx—sm2x)+( 3 __L]=0
sinZ x Sinx .
. ) 1 —si
&> sinx(l —sinx) + s;nx =0
: sin“ x '

o (1-sinx)sin® x+1) =0

o -
& s%nx = X =-T—t+k1t, k € Z (thod mian diéu Kién).
sinx = -1 2

¢) cosxtan3x =sinSx. 3)
Diéu kién : cos3x = 0. Khi do,

3) <> cosxsin3x = cos3xsinSx
& %(sin 4x+sin2x) = %,(sin 8x +sin2x)

& sin8x =sm4dx

, T

[8x=4x+k2n,keZ [x=k§,keZ

= .

8x=n-4x+k2n, ke Z _m T
[x—§+k€,k€Z.

K&t hop véi diéu kién ta dugec nghiém ctia phuong trinh la

i i
:k k : = —= - «
x=kn, keZ va x 12+k6,keZ

d) 2t_an2x+3tanx+2cot2x+300tx+2=0. ' 4)
Piéu kién : cosx # 0 va sinx # 0. Khi dé,
(4) & 2(tan2 x + cot? x)+3(tanx+cotx)+2 =0,

et 2[(tanx+cotx)2 —2}+3(tanx+cotx)+2 =0.

bit ¢ = tan x + cot x ta dugc phuong trinh

200 43t-2=0 = t=-2, t=%.



Véit=-2 tacd iamr+cox = =2
& tan’x+2tanx+1=0 = tanx = -1
’11: o ~ R s A
= x=—-—+kn, k € Z (thoa man diéu kién).

” 1 1
Vcnt=§ tacd tanx+cotx=§ & 2tan’ x—tanx +2=0.
Phuong trinh nay v6 nghiém.

Vay nghiém ciia phuong trinh (4) 1a x = —g +kn, k e Z.

Bai tap 6n chuong |
e i R i
1. a)Diéukién: cos[x——?)—J;tO va tan(x—gj;t -1
mTT _ R i T
¢:>x—§¢§+kn,keZvax—§¢—2+kn,keZ .
5—1t+k1t,keZv51x;t1

6 12
Vay tap xac dinh ciia ham s6 1a

5w T
D—R\Hg+kn,keZ}u{E+kn,keZH.

& x# +kn,k e Z.

b) Diéukién: cosx#0 ; sinx #0 va sin2x = 1
@xikg—,keZvé x¢§+kn,keZ.
Vay tap xac dinh ciia ham s6 la

D=R\Hk§,kez}u{g—+kmkeZH.

2. a)y=sin’ x - tanx 12 ham s 1é.

2
cosx+cot”x . . -
b) y=———— laham sd 1é.
sin x

3. a) Ham s6 y =sinx giam trén doan [g : 3771 va tang trén doan [32_n ; 21t:|.
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1 r 1
JJ

. < . 3n| ., . 3n
¢) y =sinx tang trén —211;—3— , glam trén 5T

r
. \A ) T 3 /] E
b) y =sinx giam tién i_— ity - -ZJ , tanLg trén | --

(YRS

4, HD:a) -1<3-4sinx <7,

b) 1<2—+cosx <2.

5. a) D6 thi cia ham s6 y =sin2x+1 thu dugc tir d6 thji ham s6 y =sin2x
bang cach tinh ti€n song song véi truc tung 1én phia trén mot don vi.

b) D6 thi ham s& y = cos (x - %J thu duoc tir 46 thi ham s6 y = cos x bing

céch tinh tién song song véi truc hoanh sang phai mot doan bang %

6. sin® x —cos® x = cosdx <> —cos2x = cosdx < 2cos3xcosx =0
T T
I:COSB-x:O x=€+k§,keZ
& ~0 &
cosx = x=£+kn,keZ.
2
7. cos3x —cosSx =sinx < sinx(1-2sin4x) =0
x=kn,keZ |
sinx =0 o n
o S| \x=—+k=,kecZ
sin4x =% 24 2
5w 18
_x—2—4+k5,keZ.
8. 3sin? x +4cosx—2 =0

2+7
3

& —3cos’x+4cosx+1=0 & cosx =

3 .

& x= ia_rcc_os[ 7]+k2n, ke Z (gia tri 2431 > 1 nén bi loai).
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9.

10.

11.

12.

13.

14.

.2 [\A/, l—cos2x L-c¢osd4x 1-cosbx
X +sin“ 2x = sin“ 3x = 5 + 3 = 3

“sin?

< 1-cos4x +cosbx—cos2x=0 <> 2sin®2x—2sin4xsin2x =0

& 2sin2x(sin2x —sin4x) =0 & 4sin2xcos3xsinx = 0.

, T 3=k
Dépso.x—ki,keZva xf6+k3,keZ.

2tanx +3cotx =4 . Diéukién : cosx #0 va sinx #0. Tacd

2tan® x —4tanx +3 =0. Phuong trinh v6 nghiém d6i v6i tanx, do d6
phuong trinh da cho v6 nghiém.

2

2cos® x —3sin2x +sin® x =1.

e cosx = 0 thoa mén phuong trinh => phuong trinh c6 nghiém x = g+kn,ke Z.
® V3i cosx # 0, chia hai v€ cho cos® x, tim dugc tan x = é

Vay phuong trinh c6 cdc nghiém x = g +kmkeZ va x= arctan% +kn,keZ.

HD : 2sin? x + sinxcosx —cos> x =3 => tan> x —tanx + 4 = 0.
Phuong trinh v6 nghiém.

35inx.—4cosx =] o %sinx—%cosx =—;—

& sin(x —a) == (Vi cosa =%, sina =%)

1
5

x=a+ar<_:sm§+k21t,keZ
= ) _ .

x=a+1t—arcsin§+k2it,keZ.

4sin3x+sinS5x —2sinxcos2x =0
&> 4sin3x + sin5x —sin3x + sinx =0 < 3sin3x+sinSx+sinx=0
& 3sin3x +2sin3xcos2x =0 . © < sin3x(3+2cos2x) =0.
, T l .

Dép s0 : x=_l_c§,ke Z.
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15.

2tan’ x — 3tan ¢4 2cot’ o Jcot w3 0 (H
Diéu kién: cosx#0 va sinx #0.
(1) < 2(tan® x + cot? x) - 3(tan x — cot x) —3 =0

& 2(tanx—cotx)2 —3(tanx—cotx)+1=0.

Dat ¢ = tanx — cot x ta dugc phuong trinh

212 - 3t+1=0= t=1,1=

N =

Véit=1tacd tanx—cotx =1

. +
o tan’x—tanx-1=0 < tan_x=1_2\/g
x=arctan[#]+kn,kez
= i_J5
x=arctan[1_2 5]+kn,keZ.
Véi t—l taco tanx—cotx—l
2 2
+
o 2tan’x—tanx—2=0 < tanx=1_;/ﬁ
x=arctan[1+;/ﬁJ+kn,keZ
= J_
x=arctan[1_417]+kn,keZ.

Céc gi4 tri nay thoa man diéu kién nén ching 13 nghiém cla phuong trinh
da cho.
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huong I.  TO HOP — XAC SUAT

§1. Quy tdc dém

A. KIEN THOC CAN NHO
1. Quy tic cong
Gia sit d6i tugng X c6 m cdch chon khic nhau, d6i tuong ¥ ¢6 n céch chon

khéac nhau v khong ¢6 cach chon dé&i tugng X nao trang v6i mbi cach chon
d6i tugng Y. Khi d6 c6 m + n cdch chon mot trong hai d6i tugng 4y.

Gia st A va B la céc tap hitu han, khong giao nhau. Khi d6é
n(A U B) = n(A) + n(B). ' (1)

> Chu y. Cong thitc (1) c6 thé md réng theo hai hudng :
a) Néu A va B |a hai tap hitu han bat ki thi

n(A u B) = n(A) + n(B) - n(A n B). 2)
b) N&u Ay, ..., A, la cac tap hitu han tuy y, d6i m6t khong giao nhau thi
nA1 VAU .. UAL) =n(Aq) + n(Ag) +... + n(Ap,).

2. Quy tic nhan

Gia st A, B 12 hai tap hitu han. Ki hiéu A x B 12 tap hop tdt ca cdc cap c6
thit tu (a, b), trong dé a € A, b € B. Ta ¢6 quy tic

n(A x B) = n(A) . n(B). 3)
Quy tic trén c6 thé phat biéu nhu sau : |
Gia sir ¢6 hai hanh dong dugc thuc hién lién ti€p. Hanh dong thit nhit c6
m két qua. Ung v6i mdi két qua chia hanh dong thi nhit, hanh dong thtt hai
c6 n két qua. Khi d6é ¢6 m x n k€t qua cua hai hanh dong lién tiép d6.

> Chu y. Quy thc nhan & trén c6 thé mé rong cho nhiéu hanh déng lién tiép.
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B\ DY

e Vidul
Trong mot 16p ¢6 18 ban nam, 12 ban nit. H6i ¢6 bao nhiéu cach chon

\

a) Mot ban phu trach quy 16p ?

b) Hai ban, trong d6 c6 m6t nam va mot nir ?

Gidi
a) Theo quy tic cong, ta c6 18 + 12 = 30 cach chon mot ban phu trich quy
16p (hoac nam hodc nif). '

b) Muén ¢6 hai ban gém mot nam va mot ni, ta phai thuc hién hai hanh
dong lua chon :

— Chon m6t nam : C6 18 céch chon ;
- Khi di ¢6 mot nam réi, ¢6 12 cdch chon mot ban nit.

Vay theo quy tic nhan, ta cé 18 . 12 =216 cach chon mét nam va mot nir.

oVidu?
Trén gi4 sach c6 10 quyén sdch ti€ng Viét khic nhau, 8 quyén ti€ng Anh
kh4c nhau va 6 quyén ti€ng Phap khéc nhau. Hoi ¢6 bao nhiéu cdch chon

a) Mot quyén sach ?
b) Ba quyén sich tiéng khac nhau ?
c) Hai quyén sach tiéng khac nhau ?

Gidi

- a) Theo quy tic cong, c¢6 10 + 8 + 6 = 24 cach chon mot quyén sach.
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b_) Theo quy tic nhan, ¢ 10.8.6 = 480 c4ch chon ba quyén ti€ng khéc nhau.

¢) Theo quy tac nhan, c6 10.8 = 80 cdch chon mot quyén ti€ng Viét va mot
quyén ti€ng Anh ; C6 10.6 = 60 cich chon mot quyén ti€ng Viét va mot
quyén tiéng Phap ; C6 8.6 = 48 cich chon mot quyén ti€ng Anh va mot
quyén ti€ng Phép. Tir d6, theo quy tic cong, ta c6 s6 céch chon hai quyén
sdch ti€ng khic nhau la

80 + 60 + 48 = 188 (cich).



eVidu3
Tircics6 1,2,3,4,5,6,7, 8,9, cé6 bao nhiéu cidch chon mét s§ hoac 1a
s6 chan hoac 12 s6 nguyén t6 ?

Giai
Ki hiéu A 1a tap hop cic s6 chidn (cé 4's6) va B l1a tap hop cdc s6 nguyén to
(c6 4 s6) trong tap s6 da cho. Khi dé, s6 cdch chon cdn tim 1a n(A U B).
Nhung c6 mét s6 nguyén t6 chin duy nhét 1a 2, titc n(A N B) = 1. Vay theo (2),
nAuB)=n(A)+nBy—n(AnB)y=4+4-1=1.

C. BAI TAP

1.1. Nam dén cira hang van phong phdm dé mua qua tang ban. Trong cifta hang c6
ba mat hang : Biit, vd va thudc, trong d6 c6 5 loai biit, 4 loai vd va 3 loai thudc.
Hoi c6 bao nhiéu cdch chon mét mén qua gém mét biit, moét vé va mot thudc ?

1.2. Trong mot doi van nghé c6 8 ban nam va 6 ban nit. Hoi c¢6 bao nhiéu cach
chon mét do6i song ca nam — nit ?

1.3. C6 bao nhiéu s6 tu nhién cé tinh chat’: -
a) La s6 chan va cé hai chit s6 (khong nhit thié€t khac nhau) ;
b) La s6 1 va c6 hai chit s6 (khong nh4t thiét khac nhau) ;
c) La s6 1é va c6 hai chit s6 khdc nhau ;
d) La s6 chidn va c6 hai chit s§ khic nhau.
1.4. C6 10 cap vg chéng di du tiéc. Tinh s6 cdch chon moét ngudi dan 6ng va
mot ngudi dan ba trong bita tiéc dé phat biéu ¥ kién, sao cho
a) Hai nguoi d6 1a vo chdng ;
b) Hai nguoi d6 khong la vg chéng.
1.5. S6 360 c6 bao nhiéu udc nguyén duong ?

1.6. Trong 100 000 s6 nguyén duong ddu tién, c6 bao nhiéu s6 chita mot chir s6 3,
mot chit s6 4 va mot chir s6 5 ?

1.7. Gitta hai thanh phé A va B c6 5 con duong di. Hoi c¢6 bao nhiéu cich di
tir A dén B réi trd vé A ma khong c¢6 dudng nao dugc di hai 14n ?
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1.8. C6 bao nhiéu s& uguyén dvong g3m ibérg quéd ba chv 56 khdc nhau ?

1.9. Mot ngudi vao ctra hang an. Ngudi d6 muén chon thuc don gébm moét mén
an trong 10 mén, mot loai hoa qué trdng miéng trong 5 loai hoa qua va mot
loai nudc uéng trong 4 loai nudc uéng. Hoi cé bao nhiéu céch chon thuc
don cia bita an ?

1.10. Mot 16p c6 40 hoc sinh, dang ki choi it nh4t mét trong hai mén thé thao :
béng dé va cdu long. C6 30 em dang ki mon béng da, 25 em dang ki mon
cdu 16ng. Hoi c¢6 bao nhiéu em dang ki ca hai mon thé thao ?

§2. Hoan vi, chinh hop, t6 hop

A. KIEN THUC CAN NHO
" Cho tap hgp A gébm » phdn tlr (n > 1).

1. Két qua cha su sip x&p n phén tit cia A theo mot tht tu nao d6 duge goi la
mot hodn vi cla tap hgp A.

S6 cdc hoén vi cia A dugc ki higu 1a P, ta c6

P,=n(n-1)..2.1=nl

2. Két qua clia viéc 14y k phén tir ciia A (1 < k < n) va x€p theo mot thi tu nao
dé6 dugc goi la mot chinh hop chap k cha r phan tir.

S6 cac chinh hgp chap k cta n phan tir duge ki hiéu la A,]f ,tacd

n!

k _
-A"_(n—k)!

(& day, quy udc 0! = 1).

3. Mot tap con gbém k phdn tir cha A (1 < k < n) duge goi 1a mot 6 hop chap k
ctia n phan tir. Té hop chap O clia # phén ti 12 tap réng.

S6 céc t6 hop chap k chia n phén tir duge ki hieu 1a C¥, ta ¢6

k _ n!
Cn = k'(n—k)!
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B. ViDUy

e Vidul

C6 bao nhiéu cach x&p bén ban A, B, C, D vao bén chi€c gh€ ké thanh
hang ngang ? ' '

Gidi
M&i cach xé€p cho ta mot hon vi clia bén ban va ngugc lai. Vay s6 cdch
x€p la
P, = 4! =24 (cich).
o Vidu?2

C6 bao nhiéu s6 nguyén duong gébm nam chit s6 khic khong va khéac
nhau (doi1 mot) ?

Gidi
Mbi s6 cdn tim c6 dang a,a,a;a,a5, trong d6 a; # a; Vi i # j va

a e {1,2,..,9)i=1,..,5.
Nhu vay, c6 thé coi méi s6 dang trén 13 mot chinh hgp chap 5 cta 9
(chit s8). Do d6, s6 cac s6 cdn tim la
9!

5
Ay = Tl 9.8.7.6.5 = 15120 (s96).

o Vidu3
Can phan cong ba ban tir mot t6 c6 10 ban d€ lam truc nhat. Hoi ¢6 bao
nhiéu cdch phéan cong khac nhau ?

, Gidi

Két qua clia su phan cong 1a m6t nhém gbém ba ban, titc 14 mot t6 hop chap

3 cta 10 ban. Vay s6 cdch phan cong la

3 100 )
=—— = h).
Clo 3110 = 3)! 120 (cach)

e Vidu4 :
Trong mat phing c6 6 dudng thing song song véi nhau va 8 dudng théng
khdc ciing song song véi nhau déng thai cat 6 dudng thang d4 cho. Hoi
¢6 bao nhiéu hinh binh hanh duoc tao nén bsi 14 dudng thang da cho ?
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Giofi
Ki hi¢u A va B 14n luot la tap hop 6 dudng thing song song v6i nhau va 8
dudng thang song song cat 6 dudng thing di cho.
Méi hinh binh hanh dugc tao boi hai dudng thing cta tap A va hai dudng
thang cta tap B. Vay s6 hinh binh hanh cén tim 12

C?.C2 =15.28 = 420 (hinh).

C. BAI TAP

2.1. Mot cdi khay tron dung banh keo ngay Tét c6 6‘ngz'm hinh quat mau khic
nhau. Hoi c6 bao nhiéu cdch bay 6 loai banh keo vao 6 ngén d6 ?

2.2. C6 bao nhiéu cich x&p 5 ban nam va 5 ban nit vao 10 gh€ dugc ké thanh
hang ngang, sao cho :
a) Nam va nit ngoi xen k& nhau ?
b) Cac ban nam ng6i lién nhau ?

2.3. C6 bao nhiéu céch x€p ché ngdi cho 10 ban, trong d6 c¢6 An va Binh, vao
10 gh€ ké thanh hang ngang, sao cho:
a) Hai ban An'va ‘Binh ng6i canh nhau ?
b) Hai ban An va Binh khong ngéi canh nhau ?

2.4. Thdy gi4o c6 ba quyén sich Todn khac nhau cho ba ban muon (médi ban
mot quyén) Sang tudn sau thdy gido thu lai va tié€p tuc cho ba ban mugn ba

quyén d6. Hoi c6 bao nhiéu céch cho muon sich ma khong ban nao phai
mugn quyén da doc ?

2.5. B6n ngudi dan ong, hai ngudi dan ba va mot dia tré dugc x&€p ngdi vao bay
chiéc gh€ dat quanh mot ban tron. Hoi c6 bao nhiéu cach x&p sao cho :

a) Dia tré ngdi giira hai ngudi dan ba ?
b) Dita tré ngdi giita hai ngudi dan 6ng ?

2.6. Ba qua ciu dugc dat vao ba céi hop khéc nhau (khong nhat thiét h6p nao
cling c6 qua cau) Hoi c6 bao nhiéu cdch dat, néu :

~a) Céc qua ciu giong hét nhau (khong phan biét) ?
b) Céc qua cdu d6i mot khac nhau ? ‘

;

2.7. C6 bao nhiéu cich chia 10 nguoi thanh
a) Hai nhém, mot nhém 7 ngudi, nhom kia 3 nguoi ?
b) Ba nhém tuong ting gém 5, 3, 2 ngudi ?
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2.8. Mot gia sach bda tAng x€p 40 quyda sich <héc nhau, mbi ting x€p 10
quyén. Hoi c6 bao nhiéu cdch chon c4c quyén séch sao cho tir mbi tdng c6

a) Hai quyén sdch ?
b) T4m quyén séch ?

2.9. Co gido chia 4 qua tdo, 3 qua cam va 2 qua chudi cho 9 chdu (méi chau
mot qud). Hoi c6 bao nhiéu cich chia khéac nhau ?

2.10. Mot doan dai biéu gém bén hoc sinh dugc chon tit mot t6 gém 5 nam va
4 nir. Hoi ¢6 bao nhiéu cach chon sao cho trong d6 cé it nh4t mot nam va it
nhét mot nit ?

2.11. C6 bao nhiéu tam 'gidc ma cdc dinh chia ching thuéc tap hop gém 10
diém nim trén dudng tron ? «-

2.12. Mot da giac 16i 20 canh c6 bao nhiéu dudng chéo ?
2.13. C6 bao nhiéu tap con cha tap hop gébm 4 diém phan biét ?

2.14. C6 bao nhiéu ééch‘-xép' ch§:__9ho__4 ban nit va 6 ban nam ngéi vao 10 gh&
ma khong c6 hai ban nt nao ngéi canh nhau, néu

a) Ghé sdp thanh hang ngang ?
b) Ghé€ sdp quanh mot ban tron ?
2.15. Ching minh ring v6i 1 <k < n,

k+l _ ~k o~k k k
C,i=GC, +C,,_1.+...+ Ci +C .

2.16. St dung déng nhit thitc i = C,l + 2C,f dé chitng minh rang

nin+1DQ2n+ 15

n n
2 A2 2 1 2
1“+2°+..+n" = C,+2> C; =

2.17. Mot 16p ¢6 50 hoc sinh. CAn phan cong 4 ban quét san truong va S ban xén cay.
a) Tinh s6 cdch phan cong bing hai phuong phéap dé rit ra dang thic

9 4 _ 4 S
Cs0-Co = Cs0-Cys.-

b) Chitng minh céng thic Niu-ton
CCh=ChCik (n2rzk20).
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2.18. Ching minh réng név » la s6 ngoyén & i véir = 1,2, .., n—1,tacod

C,, chia hét cho n.

2.19. Trong mét da gidc déu bay canh, ké céc dudng chéo. Hoi c6 bao nhiéu

giao diém cta cdc dudng chéo, trir cic dinh ?

2.20. Tim s& cic s6 nguyén duong gém nam chit s§ sao cho méi chit s6 cha s6

d6 16n hon chit s6 & bén phai né.

§3. Nhij thic Niu-ton

1.
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A. KIEN THOC CAN NHO
Khi khai trién nhi thic (a + b)", ta nhan dugc cong thic
(@a+b)" = C%" +Cla" b+ ...+ CI'ab™ ™ + CJY" (1)
(cong thic Nhi thic Niu-ton).

Trong vé& phai cua cong thitc (1) tacé :
a) S6 cic hangttlan+1;

b) S6 hang (hang t&) thit k + 1 1a C¥ &" % b*, k=0, 1,..n (quy wéc a® =1

vdi a = 0). :

c) S6 mil cha a gidm dan t n dén 0, s6 mii cha b tang din tir O dén n,
nhung t8ng c4c s6 mil cha a va b trong mébi hang tir luon béng n.

d) C4c hang tlt cich déu hang tir ddu va hang tir cu6i c6 hé s6 bang nhau.

B. Vi DU

o Vidul

Khai trién (x — a)’ thanh téng céc don thic.

Gidi
Theo céng thic Nhi thitc Niu-ton ta ¢é

(x — a)5 = [x + (.—a)]5 :

2+ 554 (—a) + 1053 (=a)? +10x2(=a)® + 5x(-a)* + (-a)°

X —5x%a+ 10x°a® — 10x%4° + 5xa* - a.



o Vidu?2

. . 6
B Y . . 2 1
Tim s6 hang khong chita x trong khai trién [2x - —2J .
: X

Gidi

S5 hang téng quat trong khai trién 12
LY

k on N6—k
C6 (2X) . {——2j
X
= koS k(pyk X573k

Ta phai tim & sao cho 6 — 3k = 0, nhan duogc k =2.

Vay s6 hang cén tim la C6226_2(—1‘)2 = 240.

C. BAI TAP

3.1. Tim s6 hang thit nam trong khai trién (x + —;jlo, ma trong khai trién dé s6
mil cha x giam d4n.

3.2. Viét khai trién chia (1 + x)°.
a) Dung ba s& hang d4u dé tinh g4n ding 1,015,
b) Ding mdy tinh dé kiém tra két qua trén.

3.3. Biét hé s6 cua x* trong khai trién clia (1 + 3x)" 1a 90. Hay tim n.

3.4. Trong khai trién cla (I + ax)” ta c6 s6 hang du 1a 1, s6 hang thit hai 1a
24x, s6 hang thi ba la 252x2. Hay tim a va n.

3.5. Trong khai trién ctia (x + a)’(x - b)®, he s6 cha x’ 12 -9 va khong c6 so
hang chita x%. Tim a va b.
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§4. Phép thu va bién ¢d

66

A. KIEN THOC CAN NHO

Tap hop moi két qua c6 thé xay ra cia mot phép thir dugc goi 1a khong gian
mdu cha phép thlt va dugc ki hiéu 1a Q. Ta chi xét cdc phép thir véi khong
gian mau Q 1a tap hitu han.

Mai tap con A cha Q duogc goi la bién co. Tap & duge goi la _'.bié'n co
khéng thé, tap Q dugc goi 12 bién cd.chdc chdn. '

Néu khi phép thit dugc tién hanh ma két qua cta no 1a mot phén tir chia A thi ta
noi rang A xay ra, hay phép thi 1a thuan lgi cho A.

Bién c6 A4 = Q\ A duoc goi 1 bién cd d6i clia A.

A va B d6i nhau < A = B.

A xay ra khi va chi khi A khong xay ra.
Bién c6 A U B xay ra khi va chi khi A hoac B xay ra.

‘Biénc6ANB xay ra khi va chi khi A va B cung xay ra.

Néu A N B = thi A va B dugc goi 12 hai bién c6' xung khdc.

B. Vi DU

o Vidul
Gieo mot con stc sic can d6i, ddng chdt va quan st s6 chdm xudt hién.

a) Mo ta khong gian mau.

b) Xac dinh cac bién ¢4 sau :
A :"Xuat hién mat chan chdm" ;,
B : "Xuét hién mat 1é chdm" ; .
C : "Xut hién mat c6 s6 chdm khong nhé hon 3"

c) Trong céc bién ¢4 trén, hiy tim c4c bién c6 xung khic.
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Gidgi
a) Ki hiéu két qua "Con suc sic xudt hién mat k cham" 1a &
(k=1,2, .., 6). Khi d6 khéng gian madula Q = {1, 2, 3,4, 5, 6}.
b) Ta cé A=1{2,4,6}; B=1{1,3,5}; C=1{3,4,5,6}.

¢) Cac bién c¢6 A va B la xung khiac, vi AnB =

o Vidu?2 _
T mot hop chita 3 bi-tring, 2 bi do, 14y nglu nhién dong thoi 2 bi.

a) Xay dung khong gian mau.
b) Xdc dinh cdc biénco:

A : "Hai bi cing mau tféng" ;

B : "Hai bi cung inau do" ;

‘ C : "Hai bi cing mau" ;
D : "Hai bi khic mau".

¢) Trong cac bién cd trén, hdy tim cac bié’n‘c6 xung khic, céc bién c6
d6i nhau. ' .

Gidi
a) Céc bi tring duoc danh s6 1, 2, 3. C4c bi d6 dugc danh s6.4,v5. Khi d6
khong gian miu gém céc t6 hop chap 2 clia 5 (s6). Tic 1a
Q={{1,2}, (1,3}, (1,4}, {1,5), {2, 3}, {2,4}, {2, 5}, {3, 4}, {3,5}, {4, 5}).
b) Tacd '
A=({1,2}, {1,3}, {2, 3}},
B={{4,5})),C=AUB,D=C.

¢)Tacé ANB=D, AnD =3, BAD =@, CAD = 3. Do d6 A va B
xung khéc ; D xung khic véi cic bién c6 A, B, C.

Vi D = C nén C va D 12 hai bién c¢6 d6i nhau.
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C. BAI TAP

4.1. Gieo mot dong tién ba lan va quan sat su xuat hién mat sap (S), mat ngtra (N).
a) Xay dung khong gian mau,
b) Xdc dinh cac bién c§ :

: "Léan gieo dau xuat hién mat sap” ;

: "Ba 1an xuat hién cdc mat nhu nhau" ;

: "Ping hai 1an xuat hién mat sap” ;

O O % o>

. "t nhat mot lan xudt hién mat sap".

4.2. Gieo mot dong tién, sau d6 gieo mét con sdc sic. Quan sat su xuat hién mit
sép (S), mat ngira (N) cua déng tién va s6 chdm xudt hién trén con stic sic.
a) Xay dung khong gian mau.
b) Xdac dinh cic bién c6 sau :
A : "Dong tién xudt hién mat sdp va con stc sic xudt hién mat chin chdm” ;
B : "Dong tién xuat hién mit nglra va con sdc sic xudt hién mat 1é chdm" ;
C : "Mat 6 cham xuat hién".
4.3. Mot con siic sac duoc gieo ba 14n. Quan sét s6 chdm xudt hién.
a) Xay dung khong gian mau.
68 ‘



b) Xéc dinh cac bi€n ¢ sau :
A : "T6ng s6 ch4m trong ba lan gieo 12 6" ;

B : "S6 chdm trong l4n gieo thit nhét bang téng cic s6 cham cla ldn gieo
thi hai va thit ba".
§5. Xéc suét cua bién cd
A. KIEN THUC CAN NHO

1. Neé&u A la bién c6 lién quan dén phép thir chi c6 mot s6 hitu han céc két qua
n(A)
n(€2)

dbéng kha niang xudt hién thi ti s6 P(A) = duoc goi 1a xdc sudt cua

bién c6 A. Xac sudt c¢6 cac tinh chat sau :

a) P(A)>0,VA ; '

b) P(Q) =1;

c) Néu A va B 1a hai bién ¢6 xung khic ciing lién quan dén phép thir thi

P(A L B)=P(A) + P(B)

(cong thitc cong xac suit).
Mo rong : V6i hai bi€n ¢ A va B bat ki cung lién quan dén phép thu thi
P(AU B) = P(A) + P(B) - P(AN B).

2. Hai bién c¢6 A va B duge goi la dgc ldp, néu sy xay ra cha mot trong hai
bién ¢d khong anh hudng dén xdc sudt xay ra cua bién c6 kia.
‘Ngudi ta ching minh duge rang, A va B doc lap khi va chi khi
" P(A n B) = P(A)P(B).

Ngoai ra, A va B doc 1ap < A va B doc 1ap < Ava B doclap <> A va B
doc lap.



e Vidul

L4y ngdu nhién mot thé tir mot hop chita 20 thé duoc danh s6 tir 1 dén 20.
Tim x4c sudt dé thé dugc 1dy ghi s6

a) Chin;
b) Chia hét cho 3 ;
c¢) Lé va chia hét cho 3.

Giai
Khéng gian miu Q = {1, 2, ..., 20}. Ki hiéu A, B, C la cdc bi€n c6 tuong
ttng véi céu a), b), c). Tacd :

a)A={2,4,6,..,20}, n(A) =10, n(Q) =20 = P(A) = % =0,5.

b)B=1{3,6,9,12,15, 18}, P(B) = % =0,3.

3
c)C=1{3,9 15}, P(C)=— =0,15.
) C={ }, P(C) 20 /
e Vidu?2

Mot 16p c6 60 sinh vién trong d6é 40 sinh vién hoc tleng Anh, 30 sinh
vién hoc ti€ng Phdp va 20 sinh vién hoc ca tléng Anh va ti€ng Phép.
Chon ngiu nhién moét sinh vién. Tinh xéac sudt clia cac bién c6 sau

a) A : "Sinh vién dugc chon hoc ti€ng Anh" ;

b) B : "Sinh vién dugc chon chi hoc tiéng Phéap” ;
¢) C : "Sinh vién dugce chon hoc cd ti€ng Anh 1an ti€ng Phép” ;

d) D : "Sinh vién dugc chon khong hoc ti€ng Anh va ti€ng Phip ".

Gidi
RéréngP(A)=4—0=z,P(B)=§9=lvaP(AmB)=§=l,
60 3 60 2 60 3
N 2 1 1.5
TUdOP(AUB):P(A)+P(B)—P(AmB)=§+5—§_g
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A\ 5
va P(D)=P(ANB) = P(Aud)zl—P(AuB)—l——gz

N~

D6 1a x4c sudt chon duoc sinh vién khong hoc ca tiéng Anh 1an ti€éng Phép.

e Vidu3

Gieo mot con suc sic can d6i va dong chét hai ldn. Tinh xédc sudt sao cho
t6ng s6 chdm trong hai 14n gieo 12 s6 chan.

Gidi

Ki hiéu A : "Léan ddu xuét hién mat chdn chdm" ;

B : "Lan thit hai xuit hién mat chan chdm ";

C : "Téng s6 chdm trong hai 14n gieo 12 chan".
Tac6C = AB U AB. Dé thiy AB va A.B xung khic nén

P(C)=P(AB)+P(AB ).
Vi A va B doc 1ap nén AvaB cling doc 1ap, do d6

11 11 1

P(C)=P(A)P(B)+P(4)P(B)=57+5 5=7"

C. BAI TAP

5.1. Mot t6 ¢6 7 nam va 3 nit. Chon ngdu nhién hai ngudi. Tim x4c sudt sao cho
trong hai nguoi dé :

a) Ca hai déu 1a niv ;.
b) Khong cé nit nao ;
¢) [t nh4t mot ngudi 1a nit ;
d) C6 ding mot ngudi la nir.
5.2. Mot hop chita 10 qua céu doé duge ddnh s6 tir 1 dén 10, 20 qua cdu xanh

dugce dénh s6 tir 1 dén 20. L4y nglu nhién mét qua. Tim x4c sudt sao cho
qua duge chon :

a) Ghi s6 chan ;
b) Mau dé ;
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¢) Mau dé va ghi 50 chan,
d) Mau xanh hoac ghi s6 1€.

5.3. C6 5 ban nam va 5 ban nit x€p ngdi ngdu nhién quanh ban tron. Tinh
X4ac sudt sao cho nam, nir ng6i xen k& nhau.

5.4. K&t qua (b, ¢) ctia viéc gieo con stic sic can d6i va dong chat hai 14n, trong
dé6 b 1a s6-chdm xudt hién trong 1an gieo dau, c 1a s6¢ chdm xudt hién & l14n
gieo thit hai, dugc thay vao phuong trinh bac hai

P +bx+c=0.
Tinh x4c suat dé
a) Phuong trinh v6 nghiém ;
b) Phuong trinh ¢6 nghiém kép ;
c¢) Phuong trinh c6 nghiém.

5.5. Mot hop chira 10 qua cdu duge dénh s6 tir 1 dén 10, .d6ng thoi céc qua tir 1
dén 6 dugc son mau do. L4y ngdu nhién moét qua. Ki hiéu A 1a bién c6 :

"Qua 14y ra mau do", B 1a bién ¢4 : "Qua 14y ra ghi s6 chan". Hoi A va B ¢cb
doc lap khong ? :

5.6. Mot con sidc sic can d6i va dong chat duge gieo hai 14n. Tinh x4c sudt
sao cho '
a) Téng s6 chdm cia hai 1dn gieo 12 6.
b) it nhat mot 14n gieo xudt hién mat mot cham.

5.7. Trong ki kiém tra chét lugng & hai khéi 16p, méi khéi c6 25% hoc sinh

trugt Toan, 15% trugt Li va 10% truot ca Toan 14n Li. Tir méi khéi chon
ngau nhién mot hoc sinh. Tinh x4c suat sao cho

a) Hai hoc sinh d6 truot Toan ;
b) Hai hoc sinh dé déu bi trugt mot mén nao dé6 ;
c¢) Hai hoc sinh d6 khong bi trugt moén nao ;-
d) C6 it nhat mot trong hai hoc sinh bi trugt it nhat moét mon.
5.8. Cho A va B la hai bién c6 doc 1ap véi P(A) = 0,6 ; P(B) = 0,3 . Tinh
a) P(A U B);
b) P(AU B).
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5.9. Tr mot ¢ bai ni o ko géra 32 con, 14y nglu ni:ién 140 Juot c6 hoan lai timg

1.

con cho dén khi 14n déu tién 14y duge con 4t thi dimg. Tinh x4c suat sao cho
a) Qud trinh 14y dimg lai & 1an thi hai ;
b) Qua trinh 14y dimg lai sau khong qua hai l4n.

Bai tap 6n chuong I

X&p ngiu nhién ba ngudi dan 6ng, hai ngudi dan ba va maot dita bé vao ngdi
trén 6 cdi gh€ x€p thanh hang ngang. Tinh x4c suit sao cho

a) Dita bé ngo6i giita hai ngudi dan ba ;

b) Dita bé ngdi giira hai ngudi dan 6ng.

Ciing hoi nhu bai 1 nhung 6 gh€ dugc x&p quanh ban tron.

C6 bao nhiéu cich x&p 7 ngudi vao hai day ghé sao cho day gh€ dau c6 4
nguoi va day sau c¢6 3 ngudi.

Chimg minh rang :

a) ™! =%C,’1"_, A<m<n);

b) C m+n = Cr'rnr+n-l +C, m+n—1- (1 < m,n).

Tinh xéac suit sao cho trong 13 con bai ti lo kho duge chia ngiu nhién cho
ban Binh c6 4 con pich, 3 con ré, 3 con co va 3 con nhép.

2 s L A P(AU B)
Gia st A va B la hai bién c6 va P(A) + P(B) a. Ching minh rang
: P(ANB)
VPaerm )y

Hai hop chita cac qué cdu. Hop thd nhat chita 3 qua d6 va 2 qua xanh, h(‘)p

thtt hai chita 4 qua d6é va 6 qua xanh. Ldy ngiu nhién tir moi hop mot qua.
Tinh xdc suét sao cho

a) Ca hai qua déu do ;
b) Hai qua cung mau ;

¢) Hai qua khdc mau.
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LOI GIAY - HIGNG DAM - DAP 53 CHUONG Il

§1.

1.1. Theo quy tac nhan, c6 5 x 4 x 3 = 60 cach chon.
1.2. Ap dung quy tic nhan, c6 '
8 x 6 = 48 cach chon.
1.3. a) C6 5 cich chon chit s6 hang don vi la s6 chan.
C6 9 céch chon chit s6 hang chuc. ‘
Theo quy tic nhan, c6 5 x 9 = 45 s6 chin gém hai chit s6.
b)’C(’> 5 cach chon chit s6 hang don vi 12 s6 1€.
C6 9 cach chon chit s6 hang chuc.
Vay c6 5 x 9 =45 s6 1é gém hai chit s6 (c6 thé giong nhau).
¢) C6 5 cach chon chit s6 hang don vila s6 1€ ;
Cb 8 cach chon chit s6 hang chuc ma khéac chit s6 hang don vi.
Vay c65x8=40s61¢ gobm | hai chit s6 khac nhau.
d) S6 c4c s6 chin c6 hai chit s6, tan cing bang 012 9.
Pé€ tao nén s6 chian khong chéan chuc, ta chon chit s6 hang don vi khéc 0.
C6 4 cach chon. Tié€p theo chon chit s6 hang chuc. C6 8 cach chon. Vay
theo quy tic cong va quy tic nhan, ta cé '
9+8x4=41
s6 chan g6m hai chit s6 khac nhau.
1.4. a) C6 10 céch chon ngudi dan 6ng. Khi da chon ngudi dan ong r6i, chi c6
1 cach chon nguoi dan ba 1a vg cua ngudi dan 6ng d6. Vay cé 10 céch.
b) C6 10 c4ch chon ngudi dan ong. Khi da chon ngudi dan ong réi, cd
9 céch chon nguoi dan ba khong la vg cla nguodi dan 6ng d6. Vay cé
10 x 9 =90 cach chon.

1.5. Phan tich s6 360 thanh tich c4c thira s6 nguyen t6 360 = 2° . 3% . 5. S6 d A

u6c cha 360 phai cé dang d=2" . 3" . ¥ v6i0<m<3,0<n<2,0<p< 1.

~Vay theo quy tic nhan, tacé 3 + 1) (2 + 1) (1 + 1) = 24 uSc nguyén duong
cta 360.
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1.6.

Néu viét 00345 thi 1a hi€u 16 a6 ¢ ba chil 50 345, V6i quy udc nhu vay
ta If Juan nhu sau : T ddy hinh thitc ***** ta ldn lugt thay ddu * boi céic
chit s6. Chit s6 3 ¢6 5 cach dat, khi da dat s6 3, ¢6 4 cach dat s6 4, c6 3
céch dat s6 5. Khi da dit xong cic s6 3, 4, 5 r6i cOn hai chd nita. Ta c¢6 7
cach dat mot trong 7 s6 con lai vao chd ddu * d4u tién tinh tir bén trdi va 7
cach dat chir s6 vao ddu * con lai. Vay theo quy tic nhan,c65.4.3.7.7=2940
s6 nguyén duong khong vugt qua 100000 ma chita mot chit s6 3, mot chit

~ s6 4 vd mot chit s6 5.

1.7.

1.8.

1.9.

C6 5 céch di tir A dén B. Dén B 16i, ¢6 4 cich trg vé A ma khong di qua
con dudng di di tir A dén B. Vay c6 5 . 4 = 20 cdch di tir A dén B rdi trg vé
A ma khong dudng nao di hai 14n.
C6 9 s6 nguyén duong gém mot chit s6 ;
C6 9.9 s6 nguyén duong gém hai chit s6 khic nhau ;
C6 9.9.8 s6 nguyén duong gém ba chit s6 khac nhau.
Vay s6 cac s6 can tim la
9+9.9+9.9.8=738.
Theo quy tic nhan c6 10.5.4 = 200 cach chon.

1.10. Ki hiéu A va B lan lﬁqt la tap cac hoc sinh dang ki mon bong da va cau

long. Ta c6 AU B = 40. Theo quy tic cong md rong ta c6
n(A A B) = n(A) + n(B) — n(AU B)

30+25-40=15.
Vay c6 15 em ding ki choi hai mon thé thao.

§2.

2.1. C6 6! = 720 cach bay banh keo.

2.2

. D€ x4c dinh, cdc gh€ dugc dénh s6 thi tu tir 1 dén 10 tinh tir tréi sang phai.

a) Néu cdc ban nam ng6i & cac ghé€ ghi s6 1€ thi cdc ban nit ngéi & cac ghé con
lai. C6 5! cdch x&p ban nam, 5! cdch xép ban nit. Tt ca c6 (5!)2 céch xép.
Néu cdc ban nam ngoi & cdc gh€ ghi s6 chan, cic ban nit ngbi & cdc gh€ con
lai thi c6 (51 cach x&p nam VA nit. Vay c6 tt ca 2 . (51 c4ch xép nam nit
ngdi xen k& nhau.
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b) Céc ban nam dvoe be i ngsi &cac ghe trk denk +4,k=1,2,3,4,5,6.
Trong méi trudng hop cé _(5!)2 cdch x€p nam va nit. Vay cé 6.(5!)* cach
x&p ma céc ban nam ngodi canh nhau.

2.3.2) C6 2.9 =18 cich x&p chd cho An va Binh ngéi canh nhau, 8 ban kia
dugc x€p vao 8 chd con lai. Vay cé 8! cach x&p 8 ban con lai va do dé c6
18.8! cich xé&p sao cho An, Binh ngoéi canh nhau.

b) C6 10! céch x&p chd ngbi cho 10 ban. Tir d6 c¢6 10! — 18.8! = 72.8! c4ch
x€p chd cho 10 ban ma An va Binh khong ngéi canh nhau.

2.4. Bé x4c dinh, ba ban duoc dénh s6 1, 2, 3. Ki hiéu A, 1a tap hgp céc cich cho
muon ma ban thi i dugc thdy gido cho muon lai cuén dd doc lan truéc
(i=1,2,3). Kihiéu X1a tap hgp céc cach cho mugn lai. Theo bai ra cén tinh

n[X\(A; VA, VAl
Ta c6 n(A; U Ay U As) = n(A,) + n(Ay) + n(A;) — n(A; N A,) —
—n(A; N A = n(Ay N As) + n(A; N Ay N Ay)
=214+21+21-1-1-1+4+1=4,
nX)=3'=6.
T dé nfX\N(A; VA, UA)]=6-4=2.

2.5. a) X&p hai ngudi dan ba ngéi canh nhau. C6 2 cach. Sau dé xé&p dia tré
ngoi vao gitta. C6 1 cach. X&p 4 ngudi dan 6ng vao 4 gh€ con lai. Co 4!
céch. Theo quy tic nhan, c¢6 2 . 4! = 48 cich.

b) D4u tién chon hai ngudi dan 6ng. C6 Cf cach. Xép hai ngudi d6 ngoéi canh
nhau. C6 2 cich. Sau d6 x€p dia tré vao gitta. C6 1 cach. Xép 4 ngudi con lai
vao 4 ghé con lai. Cé 4! cdch. Vay theo quy tic nhan, c6 CZ 2.4! = 288 cach.

2.6. a) Trong trudng hop nay, s6 cich dit bang s6 cdc nghiém (x;, x,, x;) nguyén,
khong am ctia phuong trinh x; + x, + x3 = 3. Tir d6, dap s6 c4n tim Ia CZ = 10.
b) Qua thit nhat c6 3 c4ch dat ;
Qua thit hai ¢6 3 céch dat ;
Qua thit ba ¢6 3 cdch dat.
Vay s6 cach dat 1a 3° = 27.
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2.7. a) Chon 7 ngudi1 tir 16 ngudi dé 14p 1adt nhom, ba nguwo. con lai vao nhém
khéc. Vay s6 céch chiala C},.

b) Tuong ty, két qua 1a C;,.Cs.

2.8.a) C6 CIZO cdch chon hai quyén tir tdng thit k, k = 1, 2, 3, 4. Vay c6 tit ca
(C120)4 cach chon.

b) Tuong t, c6 (C3))* = (C%)* c4ch chon.

2.9. Dau tién coi cdc qua 1a khac nhau. Do vay ¢6 9! c4ch chia. Nhung céc qua
cung loai (tdo, cam, chu6i) 1a giong nhau, nén néu cac chdu c6 cing loai
qua déi cho nhau thi van chi 1a mot cich chia. Vi vay, s6 céch chia Ia

!
2 1260,
41312!

C6 thé giai theo cach khac nhu sau : |
Chon 4 trong 9 chdu dé phat to. C6 Cg' cach. Chon 3 tfong 5 chéu con lai
dé phét cam. Cé Cg cdch. Chudi s& phat cho hai chiu con lai. Vay ¢6
Cy.C2 =1260 cach. |

2.10. Ki hiéu X la tap hgp céc doan dai biéu, A, B l4n lugt 12 tap cic doan dai
biéu gém toan nam va toan nit. Theo bai ra, cén tim

n[X\N(AUB)] = n(X) -nAuB)= n(X) - n(A) - n(B)
"Tacé n(X) = Cg, n(A) = C2, n(B) = C}.
vay n[X\(A U B)] = C4 — C$ — C; = 120.
2.11. Cit ba diém dung dugc mot tam gidc. Vi vay cé thé dung dugc Cfo =120
tam giéc.
2.12. S6 doan néi hai dinh cua da gidc di cho la C%O, s6 canh cla da gidc 15 20.
Vay s6 dudng chéo a C2, — 20 = 170.
2.13. S6 tap con ciia tap hgp gom bén diém 1a
C)+Ch+Ci+C+Ch =16.
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2.14. a) Xé&p 6 nam vac 5 gh# canh nhau. C3 €. c4ch. Giita cdc ban nam ¢6 5

khoang tréng cung hai ddu diy, nén c¢6 7 ché c6 thé dat ghé cho nit. Bay
gid chon 4 trong 7 vi tri dé dat ghé. C6 C;1 céch. Xép nir vao 4 ghé d6. Co
4! cach. Vay c6 6!. C;‘. 4! = 120.7! céch x€p ma khong c6 hai ban nif nao -
ngoi canh nhau..

b) Xép 6 gh€ quanh ban tron réi x&p nam vao ngéi. C6 5! cach. Giita hai nam
c6 khoéng tréng. Xép 4 nif vao 4 trong 6 khoang tréng dé. C6 Ag cach.

"Theo quy tac nhan, c6 5! Ag = 43200 cdch.

2.15. Tac |
k+1 _ ~k k+1
Cn+l - Cn + Cn
k+1 _ k k+1
Cn - Cn—l + Cn—l
k+1 _ ~k k+1
k2 = C1 + G
N k+1 _ ~k k k k+1
Tue d6 Chi1=C, +C,  +... + C_k+1 +Ci i

_ -k k- k k
=C, +C,_| +..+Cp; +Cp.

216.Tac6 A= Y k2 = 3 CL +23 CZ. Keét hop v6i bai tap 2.15, ta dugc
k=1

k=1 k=2 .
n(n+1) N (n-=Dnrn+1) _ n(n+1)2n +1)

2 3. 6

2 3
A= Cn+l + 2Cn+l =

2.17. a) Cdch thit nhdt. Chon 9 ban troﬁg 50 ban dé 1am tryc nhat. C6 C590 cach.

- Khi da chon dugc 9ban 181, chon 4 trong 9 ban d6 dé quét san. C6 Cg cach.
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Tir d6, theo quy tic nhan, c6 CZy. C cdch phan cong.

Cdch thit hai. Chon 4 trong'50 ban dé quét san, .sau dé chon 5 troﬁg 46 ban
con lai dé xén cay. Vay c6 Csy. Cag céch phan cong. .l |

Tir d6 ta c6 dang thic cdn ching minh.

b) Lap luan tuong tu.



2 iliuc sau

2.18. C6 thé ching ninh d& daug din
rCh =nCl7} (r=1,2,...,n-1).
Vi n 12 s6 nguyén t6 va r < n, nén n 1a uéc cta C,.
2.19. Méi giao diém cha hai dudng chéo Ung véi mot va chi mot tap hop gém 4

diém tix tap hop 7 dinh ciia da gisc. Vay c6 C; = 35 giao diém.

2.20. C6 Cj, cch chon 5 chir s§ khac nhau dé 1ap s6 cdn thiét. Nhung khi da
c6 5 chit s6 khac nhau r6i, chi c6 mot cidch x€p 5 chit s6 d6 dé tao nén s6
cén thiét. Vay c6 Cj, =252 s6.

§3.

3.1. S6 hang thtt k£ + 1 trong khai trién 12

5\
_ ~k 10—k
fesr = CroX (;J :

' 2\ 16 |
Vay 1. = Chx10* [ 2] =2104% x = = 3360x2.
5 10 \x x4

Pép s6 : t5.=. 3360x2. _
3.2. (1+x)° = 14 6x+ 1522 +20x° + 15x* +6x° +2°.
a) 1,01% = (1+0,0)° ~ 1 +6x0,01+15% (0,012 = 1,0615.
- b) Dung mdy t%flh tanhan dugc
| 1,01° = 1,061520151. |
3.3. S6 hang thi k + 1 cha khai trién 12
o1 = C,/,‘(3x)k. Vay s6 hang chia x 12 ty = C39.x2. Theo bai ra ta c6
9.C2 90 C2=10 &n=5.
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34.Taco (1+ ax) = 1~ Chax + Cla*x*

Theo bai ra
=24
Cla =24 na =2 , :{na=24 {0:3
— =
C2q% =252 %:252 (n-Da=21" |n=8.

3.5. S6 hang chita x7 1a (C9.C2(~b)? + Cla.Ch(~b) + C2a*CQ )X

S6 hang chita x® 1a (C2.CL(-b) + Cla.C2)x*. Theo bai ra ta c6

{022
| 15b2—18ab+3a2=—9:> a=2b b=1
—6b +3a =0

§4.
4.1. a) Khong gian mau c¢é dang
= { 558, SSN, SNS, NSS, SNN, NSN, NNS, NNN }.
b) A = { 5SS, SNS, SSN, SNN } ;
= {8SS,NNN} ;
= {SSN, SNS, NSS} ;
{ NN}

D

NNN } = Q\ { NNN }.

4.2. a)Q=(S1, 52,53, 4, S5, 6, N1, N2, N3, N4, N5, N6}.
b) A = {52, $4, S6} ;
= {N1, N3, N5} ;
= {$6, N6).
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4.3. a)Q={(,j k) "71 <0y, k< 6), gém cdc chinh hgp chsp 3 cla 6 (s6 chdm).

b)A={(1,1,4),(1,4,1),4,1,1),(1,2,3),(2,1,3),(1, 3,2), (2,3, 1),
3,1,2),3,2,1),(2,2,2)};

B={(2,1,1,3,1,2,3,2,1),4,1,3),43,1),42,2),5, 1, 4,
5:4,1),(5,2,3),(5,3,2),(6, 1,5),(6,5,1),(6,2,4),(6,4,2),(6,3,3)}.

§5.

5.1. S6 céch chon 1a CZ. Ki hiéu A, 12 bién c6 : " Trong hai ngudi da chon, c6
ding knit ", k=0, 1, 2.

n(Az)_c_g_i 1

Cén tinh P(A,). Ta c6 = - -1
a) P4 Tac Py = & SAFERTE

2 21 7
b) Tuong ty, P(Ag) = — - = 7= =75
CIO‘
' - : 7 8
c) P(Ao) =1- P(4g) =1- = = 2.
‘ cier 21 07
d) P(A) = L2 == —
Cl 45 15

5.2. R6 rang tron.‘g hop c6 30 qua véi 15 qua ghi'sé chian; 10 qua mau d6,.5 qua
mau do ghi s6 chin, 25 qua mau xanh hoac ghi s6 1€. Vay theo dinh nghia

15 1 10 1
PA)=—==3 b)PB)= —==; .
2) P4) 30 2 ) P®) 30 3 . -
' 5 1 25 5
P(C)= —=—; d)PD)====;
e PC) 30 6 ) PD) 30 6

trong d6 A, B, C, D 1a céc bié€n c6 tuong ing Vi cic cdu a), b), ¢), d)._
5.3. S6 cach xép quanh ban tron 1a n(€2) = 9!.
Ki hiéu A 12 bién ¢6 : "Nam nit ngoi xen k& nhau".
- ' 415!
Ta ¢ nA)=4150  va P(4)= < -"=0008.
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5.4. Khong gian mdu 22 = {(0, ¢) 0 7 < b, ¢ 6} Kihisn A, B, C 1a céc bién c6
cn fim x4c suft tng v6i c4c cau a), b), ¢). Ta cé A = b — 4c.
)A={(bc)eQ|b’-4c<0}

={(1,1),(1,2),...(1,6), (2,2), ... (2,6), 3,3), 3,4), 3, 5), (3, 6),
(4,5), (4,6)). -
nA)=6+5+4+2=17, P(A)= %
b) B = {(b, ¢) € Q| b> - 4c =0}

={(2, 1), (4, 4)}.

Tu dé P(B) = 2 = L
36 .18
L 17 19
C=A ViyPCO)=1-—=—.
c) ay P(C) 36~ 36

5.5. Ki hiéu A 1a bi€n ¢6 : "Qua 14y ra mau do" ;
B 1a bién ¢ "Qua 14y ra ghi s6 chan".
a) Khong gian miu Q= {1,2, ..., 10} ;
A=1{1,2,3,4,5,6}.

Tir d6 Py = 2 =2
10 5
Tiép theo, B=(2,4,6,8,10) vA AnB={2,4,6}.Dodé
5 1 3 ’
P(B)=E=E,P(AB’)=E.
, 3 31 ,
Tg thdy P(AB)= 6°-53"° P(A)P(B), vay A va B doc lap.

5.6.R6rang Q= {(1,)): 1 <i,j<6).
Kihiéu A, : "Lan ddu xuit hién mat 1 chdm" ;
B, : "Lan th hai xu4t hién mat 1 chﬁ'm"’;
C : "Téng s6 chdm 12 6" ; -
D : "Mait 1 chd&m xu4t hién it nhat mot 14n" ;
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5.7.

2)Tacé C={(1,5),(5,1),(2,4),(4,2,3,3) LP(C)z%‘

b) Tacé A;, B, doclapva D = A} U B, nén
P(D) = P(A,) + P(B,) - P(AB,))

1 1 11 11

+
6 6 66 36 , ,
Ki hiéu A, A,, A; 14n lugt 1a cdc bi€n c6 : "Hoc sinh dugce chon tir khéi /
trugt Toan, Li, Hod" ; B, B,, By 14n lugt 1a c4c bién c6 : "Hoc sinh dugc
chon tir khéi II trugt Toan, Li, Hoa". R& rang véi moi (4, j), cdc bién c6
A; va B; doc lap.

2) Cin tinh P(A,B,). Tacé P(AB,) = P(4)P(B) = % .% - 1L6,

b) X4c suft c4n tinh 12 P((A, U Ay U A) N (B UB, U By))

N

= P(A U A UA).P(BUB, UB;) =

N | =
N | =
:>I

c)Dit A=A UA, UAs, B=B UB, U B;. Cin tinh P(

ﬂ
va B doc lap, ta c6 P(ZmE) ='P(Z)P(_) = [1- P(4)] =( j

- d) Cin tinh P(A U B).

5.8.

5.9.

Tacé P(A U B) = P(A) + P(B) — P(AB)
1.1 1 3

=227y -
a) P(AuU B) = P(A) + P(B) - P(AB)_ = P(A) + P(B) — P(A)P(B)
=0,6+0,3-0,18=0,72.

b) P(AUB) =1-P(4B)=1-0,18=082. '

Ki hi¢u A, : "Lian thit k 14y dugc con 4t", k£ > 1. RS rang A, A, doc lap.
a) Ta cén tinh P(A; 1 Ay). Ta e P(A1 n4y) = P(A )P(A) a8 4
N 2 2)= 552
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b) Theo bai ra =4 tinh
PA) + P(A N Ay) =
4 48 4.

=—+—— =0,15.
52 5252

Bai tap 6n chuong Il

84

. Khong gian méu gom céc hodn vi clia 6 ngudi. Vay n(Q) = 6!.

Ki hiéu A 12 bién c6 : "Dita bé dugc xé€p giita hai ngudi dan ba" ;

B la bién c6 : "Dita bé dugc x€p gilta hai ngudi dan 6ng".
a) D€ tao nén mot cach xép ma dira bé dugc xé€p giita hai ngudi dan ba, ta
ti€n hanh nhu sau : '
— Xé&p dita bé ngdi vao gh€ thit hai dén gh€ thit nam. C6 4 cach.
— Ung v6i mbi céch xép dita bé, c6 2 cach x&p hai ngudi dan ba.
— Khi da x€p hai ngudi dén ba va dira bé, xép ba ngudi dan 6ng vao céc chd
con lai. C6 3! cach. :
Theo quy téc nhan, ta c6 n(A) = 4.2.3! = 48.
Tadoé P(A) = ﬁ=i

6! 15

b) D€ tao nén mot cich x€p ma dua bé ng6i giita hai ngudi dan 6ng, ta tién
hanh nhu sau : \
— Xép dia bé vao cac gh€ thit hai dén thi nam. C6 4 cich.
— Chon hai trong s6 ba nguoi dan 6ng. C6 C32 = 3 céach.
— X&p hai ngudi dan 6ng ng6i hai bén dita bé C6 2 cach.

— Xé&p ba ngudi con lai vao ba chd con lai. 'C6 3! cdch. Theo quy tdc nhan,
ta cé

n(B)=4.C;.2.3! =144,
144

1
Va PB)= — = —
2y ®= =3



.. S8 cach x€p 6 nguci quanh ban tron 12 5., iy khong gian miu c6 5! = 120
phin tir.

a) Tinh n(A) :

— C6 1'céch x€p dida bé ;

— C6 2 céch x€p hai nguoi dan ba ngdi hai bén dita bé ;

— €6 3! cach x€p ba ngudi dan ong.

Vay n(A)=2.31=12.
Teds  PA)y=-2-L1
120 10
b) Tuong tu
n(B)=1.C: .2.3!=36.
P(B) = 36 _ 3.
120 10

Chon 4 ngudi dé xé&p vao 4 gh€ & diy ddu : c6 A ‘céch. Con lai 3 ngudi
x€p vao 3 gh€ & ddy sau : c6 3! cich. o

Vay c6 tdt ca A7.3! = 5040 céch xép.
. HD. Ding cong thic tinh s6 t6 hop.

S6 cach rit ra 13 con bai 1a C13. Nhu vay n(Q) = CB.

Ki hiéu A : "Trong 13 con bai c6 4 con pl’ch, 3 con 16, 3 con co va 3 con nhép".

a s 13
Tacé = nA)=CHCICE=—"—.
SETED T
13!
Vay P(A) = —3 ~ 0,000 002.
| | 41303 .C

2) Vi P(4 A B) = P(A) + P(B) — P(A U B) nén

P(ANB)  P(A) + P(By—- P(AUB)

P(A) + P(B) _ P(A) + P(B) =l-a
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b) ViP(AU B = P(A) + P(5) - 28 BYSP(A)+ E(B)

A ___PAUB) _

nen “PA+PB)

Mat khéc, 2P(A U B) = P(A U B) + P(A U JB) 2 P(A) + P(B).
_ P(AUB) _1

vay = PA+PB) -

Két hop vdi (1), ta cé % <a<l.

7. Kihiéu A :"Quad l4y tir hop thit nhat mau do" ;

86

B : "Qua ldy tir hop thit hai mau do".
Ta thdy A va B dcf)c lap.

a) Can tinh P(A " B). Tac6 P(A B)= P(A) P(B) =

u:lw

b) Cén tinh x4c sust ctia C = (A N B) U (A N B).
Do tinh xung khic va doc 1ap cta céc bién ¢6, ta ¢6
P(C) = P(A) P(B) + P(A)P(B)

34 26
“510 " 510

¢) Cin tinh P(C). Tacé P(C) =1 -P(C)=1- 0,48 = 0,52.

048

2 o004
10

M



huong IILI. DAY SO
CAP SO CONG VA CAP SO NHAN

§1. Phuong phap quy nap todn hoc

A. KIEN THUC CAN NHS

1. D€ chimg minh mot ménh dé 13 diing véi moi n € N* bing phuong phdp
quy nap toan hoc, ta ti€n hanh hai budc :
Budc 1 : Kiém tra ring ménh dé ding véi n= 1.
Buéc 2 : Gia thi€t ménh dé ding v6i mot s6 tw nhién batkin =k (k2'1) (ta
goi 1a gia thi&t quy nap) va chitng minh ring né ciing ding véin=k% + 1.

2. Trong truong hop phai ching minh mo6t ménh dé 1a ding véi moi s6 tu
nhién n > p (p 1a s6 tu nhién) thi :
o (3 budc 1, ta kiém tra ménh dé duing véi n = p.
o  budce 2, ta gia thi€t menh dé ding véi mot s6 tw nhién bt ki n =k (k 2 p)
va chitng minh ring né ciing ding véin =k + 1.

3. Phép thir v4i mot s6 hiru han s6 ty nhién, tuy khong phai la chimg minh,
nhung cho phép ta du dodn dugc két qua. K&t qua nay chi 1a gia thiét, va dé
ching minh ta c6 thé ding phuong phdp quy nap todn hoc.

B.ViDU
e Vidul
Ching minh ring
12+25+38+..+n(3n—1)=n*(n+1) véin e N*. (1)
Gidi

Buéc 1 : V6in =1, v& trai bang 1.2 = 2, v€ phai bing 120 +1)=2.
Hé thic (1) ding.
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Buoc 2 : Dat v& uréy biéng S, _
Gia sir hé thic (1) ding véin=k > 1,.t1’rc la:
| Sy =1.2+2.5+ ...+ k(3k = 1) = k%(k + 1) (gi thiét quy nap).
Ta phai ching minh rébg (1) cling ding v6in =k + i, titc 12
Siei =k + 1)% (k+2).
That“ vay, tir gia thié€t quy nap ta cé
Si1=Sp+ (k+ 1) [Bk+1) = 1]=k2(k + 1) + (k + 1) 3k + 2)

=(k + 1)(k2+3k+_2)=(k+ D2 (k+2). .
Vay hé thitc (1) ding v6i moi n € N*, '

e Vidu?2

Ching minh rang

-n" = n chia hét cho 7 v6i moi n € N*,

Gidi
biatA, = n7 —.n.
Khi n =1 thi A; =0, chia h&t cho 7.
Gia s da c6 '
A= kK -k :7 (gia thiét quy nap).
Ta phai chimg minh A, : 7, tdc 12 (k + 1)7 —k+1):7.
That vay, 4p dung cong thite Nhj thttc Niu-ton ta ¢6
A=k +1) = (k+ D=k + 78+ 21K +35k* + 3587 + 2162 + Tk + 1 -k - 1
=k —k+7 &+ 3K + 5K + 5K + 3k + k).
Theo gia thiét quy nz;p thi A, =k - k chia hét cho 7, do d6 |
Apep b 7.

Vay n’ — n chia hét cho 7 véi moi n € N*.



e Vidu3

Chitng minh ring

22+ 2 =2co§ i 3)

> 2” 1
n d4u can T

hd

Gidi
bat vé€ trai cta hé thace (3) bang C,,. _
Khi n = 1, v€ tr4i bing /2 , v& phai bing 2005% = V2 ; hé thic (3) ding.
Gia st hé thic (3) ding véin =k 2 1, tic 1a
T

Ck = ZCOSF.

Ta phai chiing minh
.
Ck+l = 2908216—+2.

That vay, tir gia thiét quy nap ta cé

. : -
‘ Ck+l =“,2+Ck ;. 2+ZCOSF

_ ’ 2 T s . s
= ,(4cos —2k+2 —ZCoszk+2 ‘(v1}coszk+2 > 0).

Vay hé thitc (3) da dugc chitng minh.

eVidud _ .
Chitng minh rang v6i moi s6 tu nhién 7 > 3 ta c6
3">n?+4n+5. ‘ (4)
Gidi

Véi n = 3, v& tréi bing 27, con vé& phai bing 26.
B4t ding thic (4) ding.
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Gia st bt dang tudc (4) ding véi n = L2 3, toe 1a
3> K2+ 4k + 5. @)
Ta phai ching minh né ciing ding véi n =k + 1, tic 1a

3 S (k+ 1)% + 4k + 1) + 5.

That vay, nhan hai v€ cia bdt ding thic (4') v6i 3 ta c6

S 32 12k + 15 = (h+ 12+ 4%k + 1)+ 5 + 2k + 6k + 5.
Vi2k* + 6k + 5> 0 nén |

S (k+ )2+ 4(k+ 1) +5.
B4t dang thirc (4) da duogc cht’rﬁg minh.

oVidus
Chimg minh b4t déng thitc

" b +bY
2 . z(azJ . , ©)

trong d6 a, b 1a cac s6 duong va n € N*.

Gidi
Truéc hét nhan xét ring n€u a = b thi b4t ding thic (5) xay ra d4u bing
(=) v6imoi n € N*, '
Gia stra # b.
Néu n = 1 thi b4t ddng thic (5) ding va ddu bing (=) xay ra.

Ta s& ching minh véi n > 2 thi b4t ddng thic (5) diing, bing phuong phép
quy nap. That vay :

2 .2
V6i n = 2 thi (5) c6 dang 2 ;b z(“;b

R6 rang bat ding thitc nay ding va ddu bing khong xay ra.

2
] hay (a - b)* > 0.

Gia s bat ding thitc (5) ding véia#bvan=k>2, tic 1a

a* + b* (a+bjk ’
> .

2 2



Nhan hai v€ ciia bd: ding thie niy vdie + & > C,tacé

k k k+1
a +b (a+b)
5 (a+ b) > —2k—
k+1 k k k+1 k+1

a+ab+ab” +b (a+b) .
hay 3 > o . (5

k+1 k+1
Vi a +b (ab+ab)—a(a b) - b(a—b)

| =(a-b) @ -bH>0

nén &+ B S b+ ab, : 5"
Tir (5" va (5") suy ra '

(ak+1 + bk+1) + (ak+1 + bk+1) S (a + b)k+1

2 2k
b a1 4 prl N a+b k+1
y 2 2 :
nghia 12 bat déng thic (5) ding véi n =k + 1.
" Vay, bét dang thitc da duoc ching minh.
Vi du6
Véi gid tri ndo cua s@ nguyén duong n, ta cé
2" >0+ 307 6)

Gidi
Thyc chdt day la bai todn gidi bat phuong trinh trén tap hop N*. Tuy nhién,
khé c6 thé gii n6 bing cich théng thudng.
Dit v€ trdi bing A, va v€ phai bing B,.
Biing phép thir véi n = 1, 2, 3, dé dang thdy ring
Al <Bl ,A2 <Bz;A3 <B3.
bén déay, n€u voi két luan bat phuong trinh (6) v6 nghiém thi s& 12 sai 14m,
-vichicidntht véin=4tac6 A4, =32>28 =B, Thiuti€pvdin=>5,6ta
cling c6 A5 > Bs, Ag > Bg. Dén day ta c6 thé du dodn : V6i moi s6 tu nhién
n24tacéd 2"+1 > n’ + 3n. Ta s& chimg minh diéu du do4n d6 bang phuong
-phap quy nap.
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That vay, gid sv vat déng thic (8) 4dng voi =k > 4, tic 1a
2> P43k (6)
Nhan hai v€ cua (6') vdi 2 ta dugc
2925 2P v 6k =(k+ 1) +3(k+ 1) + K + k — 4.
Vik>4neénk® +k—-4>0,dods
242 2 W DM ek 1P 3k + 1)
tic 12 (6) dlng véin =k + 1.

Vay, v6i n 2 4 thi 2™ > n® + 3n.

eVidu7

1,1 1

1
B335 57 T an—naEn+ 1)

a) Tinh Sl’ Sz, S3, S4.

Cho téng S, =

b) Hay du dodn cong thiic tinh S, va ching minh bing phuong phap

quy nap.
Gidi
a) Tacé Sl=i—1
. 1.3
1 1 6 2
$=3%35°15"3
g .2, 1 _15_3
37575735 7
g -3, 1 _28_4
477779 .63 9

' b).Ttr két qua & céu a) ta du dodn

n -
S T 2n+1 )

Ta sé chiing minh cong thic (7) bang phuong phap quy nap.
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® V6in = 1, theo a) thl (7) la ding.
o Gia sit cong thitc (7) ding véin=k > 1, tic 12

_k
T 2k+1°

Ta phai chimg minh né ciing ding v6in =k + 1.

Sk

- That vay, tir gia thiét quy nap ta c6
S =S+ : =S + 1
LTS T R+ D -2+ D+1] T TF T @+ DRE+3)

_ k‘+ 1 k(k+3)+1
T 2k+1 Qk+DRk+3) " 2k + 12k +3)

CO2kE43k+1 (k4 DRk+1)  k+1
T Rk+DRk+3) QRk+1DRk+3) 2k+1)+1

titc 1a (7) ciing ddng véin =k + 1.

Vay cong thic (7) da dugc ching minh.

e Vidu8 —
Ching minh ring néu tam gidc ABC vuong tai A, c6 s6 do c4c canh 1a
a, b, ¢ thi v6i moi s6 tu nhién n 2 2, ta ¢6 bét déng thitc

p'+c"<ad". ' (8)

| Gidi
e V6i n = 2 thi theo dinh 1y Py-ta-go ta ¢6 b° + ¢ = a°.
Vay bt ding thitc (8) ding.
* Gia sir bat déng thitc (8) diing véi n = k 2 2, tic Ia
b+t <dt _ (8)
Khi d6 b**' + ¢! = b + fie <bfa+ fa= 0" + Ma.
St dung gia thi€t quy nap (8'), ta cé \
B4 < P hie 12 (8) diing véin = k + 1.

Vay, bat déng thic (8) da dugc ching minh. Ddu "=" xay ra khi va chi khi .
n=2. 3
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Nhdn xét
1. Cic vi du néu trén thé hién 15 hai buéc cha phuong phdp quy nap :

Budc 1 : Kiém tra ménh dé (diéu c4n chimg minh) ding vé6i n = 1 (hoac véi
n = p, p 1a s6 tu nhién).

Buéc 2 : Gia st ménh dé ding véin=k2>1.

Sau d6, phdi chiing minh ring né cling ding véin=4k+ 1.

Luru ¥ ring phai thuc hién ddy da ca hai buéc, xong budc 1 méi lam budc 2.
Dic biét, & buc 2 phai dat ra duoc bai toédn, trong d6 :

Gia thiét (quy nap) la ménh dé ding v6i n'=k va két luan 12 ménh dé ding
véin=k+ 1.

Hoan thanh xong hai buéc phai néu két luan cudi cﬁng.
2. Phuong phdp quy nap c6 thé dung dé giai cac loai bai todn sau :
Logi 1 : Chitng minh mot két luan cho sén (xem cdc Vidu 1, 2, 3,4, 5,7, 8).

Logi 2 : Tim diéu kién dé mot két luan 1a ding, bing céch sir dung phép
quy nap khong hoan toan dé du dodn két qua, sau d6 méi chimg minh
bing phuong phap quy nap. (Xem Vi du 6).

C. BAI TAP

1.1. Chitng minh c4c déng thifc sau (v6i n € N¥)

a)2+5+8+...+(3n—1)=w 3
b)3+9+27+..._+3"=%(3"”—3).
1.2. Ching minh céc ding thitc sau (véin e N*)‘
a) 12+32+52+...+'(2n- 12 = L;—Q -
nz(n+1)2 | |
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1.3. Chtng minh ring voi moi n € N*, tac6

a) 11" + 122" 7 ! chia hét cho 133 ;

b) 2n°> = 3n% + n chia hét cho 6.

1.4. Ching minh cic bt dang thitc sau (n e N¥)
a) 2™ >2n+5;
b) sin”"a + cos™"a < 1;
1.5. Véi gié tri nao cta s6 tu nhién n tz; cé -
a)2">2n+1; |
b)2">n2+4n+5;
c)3">2"+7n?
1.6. Cho téng
1 L 1 1

Si=1s+ —

15 59 93" " T an 3@+ 1)
a) Tinh S;, Sy, S3, S ; |

b) Dy dodn cong thyc tinh S, va chung minh bang phuong phép quy nap.

1.7. Cho n s6 thuc a,, az, ~» Gy thod m an diéu kién

—l<a,-$0vo‘11— Ln
Chiing minh ring v6i moi n € N*, ta c6 -
A+a)(l+ap)..(1+a)21+a; +a,+... +a,

1.8. Ching minh ring véi cdc sd thuc ay, a,, as, ..., a, (n € N¥), tacé

lay +ay + ... +a,| <|aj| + |ay| + ... + |a,|.
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§2. DAy s6
A. KIEN THUC CAN NHG
1. Dinh nghia

a) Mbi ham s6 u x4c dinh trén tap s6 tu nhién N* dugc goi la day s6 vO han
(goi tat 1a day sb)
W : N*— 5 R
n +—— u(n)

- Dat u(n) = u, va goi né- la Y7 hang tong quat cua day so (u,).

b) Mbi ham s6 u x4c dinh trén tap M = {1, 2, 3, ..., m}, v6i m € N*, dugc
goi Ia ddy s0 hitu han.

2. Cach cho mét day sé

‘a) Ddy 56 cho bdng cong thic ciia s6 hang tong qudt
Khi d6 u, = f(n), trong d6 f 1a mot hém‘sCS xac dinh trén N*,
bay la cach kha thong dung (gi6ng nhu ham s6) va néu biét gia tri cla n
(hay ciing chinh 12 s6 thi tu cla s6 hang) thi ta c6 thé tinh ngay duoc u,,.
b) Dd'y.sé-' cho bang phuong phdp mé td
Nguoi ta cho m6t ménh dé mé ta cich xé4c dinh cdc s6 hang lién ti€p cia
day s6. Tuy nhién, khong thé tim ngay dwoc u, v6i n tuy §.
c¢) Day s6 cho bdng cong th,Lfc truy hoi (hay quy nqp)
e Cho s6 hang thit nhat u, (hoic mot vai s6 hang ddu).
e Véi n > 2, cho mot cong thic tinh u, néu biét un_i (hodc mot vai s6 hang
ding ngay truéc n6). C4c cong thic c6 thé Ia :

{ul =a - ' hofic {“1 =.a, w, =b .

u, = f(u,_|) véin 22 - u, = f(U,_y, u,_») v6i n > 3.
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3. Day so tiang, day s¢ gians
e Diy s6 (u,) duoc goi 1a rdng néu u,,, > u, .véri moi n € N¥;
e Day s6 (u,,) dugc goi la giam néu u,,| < u, véi moi n € N*,
Phuong phap khao sat tinh don diéu
Phuong phap 1 : Xéthiéu H = u,,, — u,.
— Néu H > 0 v6i moi n € N* thi ddy so6 tang ;
— Néu H < 0 v6i moi n € N* thi day s6 giam.

Phuong phap 2

p o e Mgl
Néu u, > 0 véi moi n € N* thi lap ti s6 —, r6i so sanh vdi 1.
' u
n

.u . © dxe X e
— Néu —£L > 1 véi moi n € N* thi ddy s6 tang ;
u

. n

.U ) o . s s N 2
— Néu 2t <1 véi moi n € N* thi ddy s6 giam.
un

4. Day s6 bi chan
e Ddy s6 (u,) dugc goi 1a .b_i chdn trén néu ton tai s6 M sao cho
u,<M,Vn e N*
e D3y s6 (u,) dugc goi 1a bi chdn dudi néu ton tai s6 m sao cho
u,2m,vn e N*

e Diy s6 dugc goi 1a bi chdn, né€u né vura bi chan trén vira bi chan dudi, tic
12 ton tai hai s6 m, M sao cho '

m<u,<M,Vn e N*,

> Luu y : Cac d&u "=" néu trén khdng nhat thiét phai xay ra.
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B. Vi Dy

oeVidul
Cac day s6 (u,,) duoc cho bai cdc cong thic :
n_ N *
2) u, = (neN"); by i, =3 (e N
2" +1 3"
ul_ — 1 . ul_ = 1
c) d) u ..
Uy, = \/u,% +1véin 2 1; Uyt =1 +"u voin 2 1.

n

Hay viét sdu s6 hang ddu cua mdi diy s6. Khao sét tinh tang, giam cua
chiing. Tim s6 hang tdng quat cla cdc diy c) va d).

Giai
a) Sdu s6 hang dau : l, E Z E 2 83,
35917 33 65

Du doén day s6 tang.
Ta s€ chimg minh dy dodn d6. That vay, xét hiéu

2n+l _ 1 2n _ 1 .
Tl 2m g
Q™ DR+ ) -2 DR -1

Q™+ R+ 1)

H=u,, — Uy

_ 22’l+1 + 2n+l _ 2’! _ 1 _ 22n+l + 2n+l _ 2n + 1
Q™ 2" +1)
'2.2’l+1 _ 2'2’1 2’l+1
= = >
™M iR "+ ™ DR" +1)
Suy ra u,,; >u,. Vay diy (u,) tang.

0.

b) Sdu s6 hang dau :

1 V2 3 Va4 5
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Ta s€ chitng minh day s6 giain.

_\/nT]__\/E:\/n_r—?)\/;.

n = 3n+l 3n 3n+l

Xéthieu "H=u,, -u

Do3"™'>0,3/n =von =vJn+81>+n+1, nén H<0.
) Séu s6 hang dau :
1, V2, V3, V4, \5, Je.
Ta s€ chitng minh dﬁy‘ sO tang.
eVdin=1,rdrang u, =1 <I\/5 = u,.
e Gia sit khang dinh diing v6i n = k > 1, tic 1a
Upiq > Upe ‘

Theo cong thitc clia ddy s6 va gia thiét quy nap, ta c6

2 2

Uppo = \/”k+1 +1> \/”k +1 =y,

tic 12 khing dinh diing v6in =k + 1.

Vay day s6 tang.

Ban doc c6 thé dé dang chling minh u, = Jn bang quy nap.
d) Séu s6 hang ddu : 1, LN

Ta s& chimg minh day s6 giam bang quy nap.

. R 1
0V6'1n=1,r6rangul=1>§ = U,.

e Gia su da c6 uy, | < u; (k 2 1), ta phai chimg minh

Uy < Uy
That vay, theo c6ng thitc ctia day s6 va gia thiét quy nap, ta cé
' Wt 1 1 '
Uer2 =7 = < = U
+u 1 1
kel g 1+ —
Uy Uy

> L). Vay day (u,) giam.

(V10 < uy,q < unén
‘ Wy Uy

v . 1. -
Ban doc c6 thé chimg minh u, = - bang quy nap.
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o Vidu2

3n + (=1

Cho didy s6 (u,) v6iu, = —————— n
Yoo " an (-1

e N*,
a) Tinh sdu s6 hang ddu clia ddy s6. Néu nhan xét vé tinh don diéu cua day so.

. 3
b) Tinh 4, VA 6. Chiing minh 0 < 1, < 22 !

v6i moin > 1.

Gidi
8 13 14 19

"13°15 21 23

2

a) Sdu s0 hang dau cla diy soO : 3 - Day s6 khong tang va

- khong giam.

100

_ 320+ (=D _6n+1

T 42n + (~H 8n—1

C3@n+ )+ (DT 6n+2
42n+1) + (=1)¥*2 8n+35

b)

Yon

n+l

Dé thdy u, > 0. Ta xét hai trudng hop :

enchin: u _dn+l,
’ n T 4n-1"

o nld: " _3n—1<3n+1.

' " 4n+1 4n-1"
Vay : 0 <u, < ——— v6imoi n.
o Vidu3
Biét nam s6 hang dau cia mét day s6 1a

3,4,6,9,13, ...

a) Hay chi ra mot quy luat roi viét ti€p 5 s& hang ctia day s6 da cho.

b) Hay xét khoang c4ch giita hai s6 hang lién ti€p tir trdi sang phai. Néu
nhéan xét va vi€t ti€p nam sd hang theo cdch doé.

¢) Lap cong thic truy héi cta day s6 duge cho theo quy luat néu & cau b).

d) Tim cong thic biéu dién u,,.




Gidi
a) C6 nhiéu quy luat dé c6 moét day s6 ma 5 s6 hang dau nhu da cho. Don
gian nhat 12 day s6 da cho tudn hoan vdi chu ki béang 5, ta c6 day
3,4,6,9,13,3,4,6,9,13, ...

Tuy nhién, néu nhan xét téng 3 + 4 + 6 + 9 + 13 = 35 dé néu ra quy luat :
"Ddy s6 gém lién ti€p cdc nhém 5 s6 hang c6 téng bang 35" thi theo do ta
s& c6 nhiéu két qua khéc nhau, do phuong trinh 5 4n s6

'u6 + u7_ + u8 + u9 + ulo =135 la vo dlnh
"Quy luat” vira néu da vi pham dinh nghia day s6.
b) Ta c6 4-3=1

6-4=2
9-6=3
13-9=4

Nhdn xét : Khoang cach giita hai s hang lién tiép tu trai sang phai la 4 s6
hang ddu cla day s6 tu nhién khac 0. Tir day c6 thé néu két luan : Nam s6
hang trén la cac s6 hang cia mot day s, trong d6 cac khoang cach gitta hai
s0 hang lién ti€p tur trdi sang phai lap thanh day s6

1,2,3,4, ..., nv6in e N*,

Vay, nam s6 hang ti€p theo la
18, 24, 31, 39, 48.

c) D& thdy theo quy luat néu trén thi

Ui — U, =n Vol n € N* va cong thitc truy héi la

Uy = U, +nvoinzl.

d) Dé tim u, ta vi€t

u; =3

U, =up + 1
Uy =ty +2
Uy =uz+3

Uy | = Uy, +n—=2

u,=u, 1 +n-1.
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Cong timg v€ n dang thirs t22n va 1t gon, ta ¢

u,=3+14+2+3+..+(n-2)+(n-1) .

_ (n—1n
=3+ >
n-n+6
Vay Up= ——5—— véin € N*,
e Vidud4
Cho day s6

Uy = U, +2n+1v6in21.
a) Viét nam s6 hang dau cua day s6 ;

b) Du dodn cong thic u, va ching minh bing phu’o‘hg phép quy nap.

_ Gidi
a) Nam s6 hang ddu 1a 1, 4, 9, 16, 25.
b) Du doan cong thic u,, = n? (*) v6i n € N*, Ta s& .chl’mg minh cong thitc
vira néu bang quy nap.
.Hién nhién véi n = 1, cong thitc dung.
Gia st da c6 u, = k> v6i k> 1.
Theo cong thic cua ddy s6 va gia thi€t quy nap ta cé
Upp = +2k+ 1
=K+ 2k +1
=(k+ 1) ;
tic 1a cong thie (*) ding véin =k + 1.

A 2 . :
Vay u, = n” v6i moi n € N*,

oVidus

na+?2
+1

Vi gid tri nao cua a thi day s6 (u,), véi u, = , la ddy s6 tang ?

day s6 giam ?
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o~ s
G !

e L a . n+Da+2 na+?2
Xéthieu H=u, -u,= 11 el

__ a-2
T (n+2)(n+))
Vi(n+2)(n+1)>0neén:

Néu a > 2 thi H > 0, suy ra day s6 (u,,) 1a day s6 tang.

Néu a < 2 thi H < 0, suy ra diy s6 (u,) la ddy s6 giam.

e Vidu6
Cho diy s6 (u,) v6iu,= (1 —a)"+(1 +a)", trong d6 0 <a < 1 van € N*,

a) Vi€t cong thifc truy hoi ciia day s6 ;

b) Khao sat tinh tang, giam cla day sé.

Gidi
a)Véin=1tacéu =1-a+1+a=2.
Véin> 1 thi’u,,+1 =(1-a" +1 +a""
dodéu, ~u, =(Il-ay"'+(+a)"™"' -1 -a)"- (1 +a)"
=(1-a"0-a-D+0+a)"Q+a-1)
=a[(l1+a)"-(1-a)] (*)
hay Uppy =ty +al(l +a)" = (1 -a)"].

Vay cong thic truy héi 1a

u =2 .
{unﬂ =u, +al(l+a) -(1-a)"] véin=1. "
b)Vi0<a<lnénl+a>1-a>0,suyra(l +a)">(1-a)"
hay (1 + @)" = (1 — @)" > 0. Tir két qua (*), ta c6
Upey —Up=al(l +a)" = (1 —a)h] > 0, tic 12 day s6 da cho 1a day s6 tang.
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Nhdn xét
Cach giai cla cau a) cho ta mot phuong phdp dé tim cong thic truy héi khi
bi€t s hang tdng quat u,, d6 1a

— Tim uy.
- Tinh u,,,, roi tim hiéu u,,, — u, (cling c6 thé tim tdng u,,| + u,).

o Vidu7
Cho phuong trinh

X -x-1=0,
Goi a, #1a hai nghiém cua né (a > f).
Ching minh rang day s6 (u,,) x4c dinh bdi u, = ﬁ (" = "), véin=1,

12 day Phi-bo-na-xi.

Gidi

. Tu cong thic u, suy ra

_1+\/§v\ __1—\/5
2

ul=$(al—ﬂ‘)=1;

1 !

=@ ﬂ)—T —ﬂ)(a+ﬂ)=f.l.\/§=l.
Dé tinh u,, ta chi ¥ ring a2=a+1 va B%=p+1,dodo

un—jg ,B)= _2.(12—,8"—2.,82)

= @ n-pp )]

Il

i)

&l

n-1 _'Bn—l + an—2 _ﬂn—z)

JE(

1 n-2
) Uy + Up_p.

_ _ﬁ(an—l _ﬂn—l) N %(an—Z 3

Vay ta c6 cong thic truy hoi cua diy Phi-bo-na-xi

Re

u1=1,u2=1 ’
U, = U, | +U, , v6in=3.
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eVidus8
Cho day s6 xac dinh bdi cong thirc
ul = 1

3,2 5 .
Uy = =7 Uy +Eu" +1vér n 21.
a) Tinh Uy, U3, Uy ;

b) Chiing minh rang u,,,; = u,, v6i moi n € N*,

Gidi
a) uy =2, u3 =0, uy = 1. N€u tinh ti€p ta lai c6 us = 2, ug = 0, u; = 1. Nhu

vay ddy s6 trén gom cdc nhém 3 s6 hang (1, 2, 0) duoc ndi ti€p nhau mot
cach vo han.

b) Ta chiing minh béng quy nap.
Véi n = 1, theo cdu a) thi cong thic ding vi uy =1 = u;.
Gia str cong thic ding v6i mot gia tri batkin =k > 1, titc 1a uy,3 = u,.
Ta phdi chimg minh n6 cling ding véin =k + 1, tic 1a
Ui = Upy -
That vay, theo cong thirc cia day s6 thi

B 3 5
Upra = Wha3)rl = T Wea3 T M3 F 1.

Str dung gia thi€t quy nap uy,3 = uy, ta c6
2 5
Ugrg = =5 U+ S T1= 10,
Vay cong thitc da duge ching minh.

> cha y. Day s6 da cho dugc goi la day sé tuan hoan véi chu ki la 3.

Téng quat, ta c6 dinh nghia sau :
Day s6 (up,) dugc goi Ia tudn hoan véi chu ki p (p € N*),
néu up,p = Up VO Moi N e N™.
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C. BAITAP

2.1. Viét nam s6 hang dau va khdo sét tinh tang, giam cha cac ddy s6 (it,,), biét

a)u, =10"""; b)u,=3"-7;
I+l 3"Jn
c) u, = P d) u, = o

2.2. Cho diy s6 (u,) véi u, = n* — 4n + 3.
a) Viét cbng thitc truy héi cua day s6 ;
b) Ching minh diy s6 bi chan dudi ;
¢) Tinh téng n s6 hang diu cua day da cho.

2.3. Cho day s6 (u,) véiu,=1+(n-1)2"
a) Viét nam s6 hang diu cta day s6 ;
b) Tim c6ng thiic truy héi ;
¢) Chimg minh day s6 tang va bi chan dudi.

2.4. Day s6 (u,) dugc x4c dinh bang cong thitc

Uy, = Uy, +n’ véinz1,
\
a) Tim cong thifc clia s6 hang téng quat ;

b) Tinh s6 hang thi 100 cua day s6.

2.5. Cho day s6 (u,) x4c dinh bgi

Up,1 = U, +3n~2.

a) Tim cong thic cua sd hang téng quat ;
b) Chimng minh diy sd tang.
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2.6. Tim cong thuc s Lang téng quat cia cdc ddy s¢ sau

u =2 | u‘—l

a) 1 b){‘ )q 72
”n+1=2_u— (nz1);

n

2.7. Day s6 (x,) dugc biéu dién trén truc s6 boi tap hop cdc diém, ki hiéu 12 A :
A = {Ao, Al’ A2, “es A ns ...}.

Goi B 1a mot diém nam ngoai truc s6. Ngudi ta dung cdc tam glac dinh B
~ va hai dinh con lai thuéc tap hgp A.

Pat u, 12 s6 cdc tam gidc dugc tao thanh tr B va n + 1 diém
Ag, A1, Ay LA,
16 1ap day s6 (u,,).
a) Tinh uy, uy, us, uy ;
b) Chitng minh rang
U, =C3Jrl va u,, =u, +n+1l.
2.8. Cho day s6 (u,,) thoa man diéu kién : VGi moi n € N* thi

1
4u,

O<u,<lvau,,<1-

Ching minh day s6 da cho la day giam.

§3. Cdp s6 cdng

A. KIEN THUC CAN NHO

1. Dinh nghia

(up) la cdp s6 cOng < u,,; =u, +d, v6in € N* dlahing s6. (1)

Hé qud :  Congsaid=u, ;- u,.
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2. S8 hang tong quéat

u,=u;+(n-1d (n2=12). 2)
d="n"1. 2)
n-1
3. Tinh chat
W, = U sz”kn véi k> 2 3)
hay uk_l + uk+l = 2uk. (3')

4. Tdng n s& hang dau

5, = M)y 4
2w, + (n - 1)d "s
hoac Sn = 24 2('1 . ' 4)

> Luu y : Khi gidi cac bai toan vé c8p sd cong, ta thudng gap 5 dai lugng. D6 1a uy,

d, up, n, Sp. Can phai biét it nhat 3 trong 5 dai lugng d6 thi sé tinh dugc cac
dai lugng con lai.

B. ViDU

o Vidul
Cho day s6 (u,) v6iu,=9 - Sn.

a) Vi€t 5 s6 hang ddu cta day ;
b) Chitng minh day s6 (u,,) la cdp s6 cong. Chi 16 u, vad;

c) Tinh téng cha 100 s6 hang d4u.
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Glat
2)4,-1, -6, 11, -16.
b) Xét hiéu u,,, —u, =95 (n+1) =9+ Sn=-5,
do d6 uy,; = u, — S, suy ra day s6 () 12 c4p s6 cong v6iu; =45 d = 5.

n[2u; + (n - d]
2

100[2.4 + (100 - 1)(=5)]
5 = —24 350.

c) Ap dung cong thic S, = (4"

ta co 100 =

'Cha y : Néu sir dung cong thirc (4) ta phai tinh uqgq.

e Vidu?2
a) Viét sdu s6 xen giita hai s6 3 va 24 dé dugc mot cdp s6.cong c6 tdm s&
hang. Tinh tdng c4c s6 hang cla c4p s6 nay.

b) Viét ndm s6 hang xen giita hai s6 25 va 1 dé€ dugc mot cép s6 cong co
- bay s6 hang. S6 hang thit 50 cua cdp s6 nay 1a bao nhiéu ?

Giai
a) Tacou; =3, ug=24.

Uy — 4y

Tucong thic u, = u; + (n—1)d,suyrad = 1
Tim dugc d = 243 =3.

8-1
Vay 6 s6 hang can viét thém 136, 9, 12, 15, 18, 21.
Tinh téng S5 = 8&;@ =108.
b)Tacéu1=25,u7=1r,d=% -4

Vay 5 s6 cédn viét thém 1a 21, 17, 13,9, 5.

Tinh  ugy =25 +49 . (- 4) = —171.
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o Vidu3
Cho hai cp s6 cong

(x,) :4,7,10,13, 16, ...

On:1,6,11,16,21, ...
Héi trong 100 s6 hang d4u tién cia mbi cip s6 c6 bao nhiéu s6 hang chung ?

Gidi
Taco: X,=4+(n-1)3=3n+1v6i1<n<100,
ye=1+(k-1)5=5%-4vé 1 <k<100.
D€ mot s6 1a s6 hang chung, ta phai c6
3n+1=5k-4<3n=5k-1)

suyran:'5, ticn=5tvak=3t+1(t € Z).

Vil<n<100nén 1 <r<20.

Ung v6i 20 gia tri cha ¢, ta tim dugc 20 s6 hang chung. Ching han, véi ¢ = 1
thin =35, k=4, khi d6 x5 =y, = 16.

e Vidud _ _
Tim x trong cdc cdp s6 cong 1,6, 11,...va 1,4,7, ... biét :
a)l+6+11+16+..+x=970;
b)(x+ 1D+ x+4)+..+(x+28)=155.

Gidi
a) Ta c6 cdp s6 cong v6i u; = 1, d =5, S, = 970 va u, = x. Ap dung
_ n[2u +(n—1)d]

cong thic S, > ta co
2 -
970 = ”[;(;ﬂ hay Sn?—3n—1940 =0,

Giai ra tim dugc n = 20, suy ra x = uyp = 1 + 19.5 = 96.
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b) TacécdpsGcong véiu, =x+1,d=3,u,=x+28vas, = 155.
Ap dung cong thitc u, = u; + (n - 1)d, tacé

x+28=x+1+(n-1)3, suyra n=10.

Tu cong thic S, = n(ul—-i—u,,)’ tacd 155 = 1(X2x—2-+%9)’
tir d6 tim duge x = 1.
eVidus
Ching minh rang ba s6 duong a, b, ¢ theo thit tu 14p thanh moét cip s6

1 1

1
Jb+ Ve «/E+\/c_z’ Ja +b

cong khi va chi khi cic s6 theo thit tu 1ap

thanh mot cdp s6 cong.

Gidi

Ta s& chimg minh bing phép bién déi tuong duong.

Bas6\/g_1'-\/g, «/E-ll-\/;, \/c_zi\/glapthénhca'psé'c()ngkhivﬁchikhi
| S RS .
Je+va b+de Na+b Je+va
N
We +Jaywb +3e)  (Ja +Vb)We +Ja)
& Wb -VJa)Whb +Va) = e - Vb)e +b)
& b-a=c- b a,b,clap thanh cép s6 cong.
o Vidué

Chu vi ctia mét da giac 1a 158cm, s6 do cic canh ctia n6 1ap thanh mot
cép s6 cong v6i cong sai d = 3cm. Bi€t canh 16n nhat la 44cm, tinh s6
canh cia da giac do.

ar
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3.1

3.2

112

Cigi

Goi canh nho nhat la #, va s6 canh cua da giac 1a n.

Ta cé 44 = uy + (n - 1).3 hay u; =47 - 3n.
Téng cdc canh (tic chu vi da gidc) 1a 158, ta ¢
158 = M4 +47 = 3n) hay 3n®-91n+316=0.

_ 2
Giai phuong trinh véi n € N* ta duge n = 4.

oVidu7

C6 thé c6 mot tam gidc ma s6 do cdc canh va chu vi cta né 1ap thanh mét
cdp s6 cong duoc khong ?

Gidi '
Gia sir ton tai mot tam gidc nhu vay.

Goi s6 do cdc canh cla tam gidc 1a u;, u,, u; va chu vi cua né 1a uy, ta c6
uy=x—d,uy=x,u3=x+d, uy = 3x.

Theo tinh chét ca cap s6 cong thi u; + uy = uy + us,
nhung uy +uy=4x—-d, uy + u3=2x+dnéndx -d=2x+d,suyrax=d.
T d6é uy = 0 (vo 1i).

Vay khong thé c6 tam gidc thoa min yéu cdu baij todn.

C. BAI TAP

Trong céc day s6 (u,) sau day, ddy s6 nao la cdp s6 cong ?

au,=3n-1; b)u,=2"+1;
=3
c) u,=(n+ 1) - n; d) {ul
| Uy =1-u,.

Tinh s6 hang ddu u, va cong sai d cha cdp s6 cong (u,) , biét :

u +2us =0 u, =10
a) {1 5 b) {4

S4 = 14, H/7 = 19 5



U + Us — =19 - =8
) 4T Us d) W~y
ul+u6=7; MQL&7=75
3.3. Cdp s6 cong (u,) c6 Sg = 18 va §;o = 110.
a) Lap cong thiic s6 hang téng quat u, ;
b) Tinh S20.

3.4. Tinh s6 cédc s6 hang cua cdp s6 cong (a,), néu

a2+a4+...+a2n =126
a2+q2n=42.

3.5. Tim cdp.s6 cong (u,,), biét

Uy + Uy +uy =27 w+tuw +..+u, =a
a){l Uy + g . b)JLI u .

u12+u/§+u32=275; u12+u§+...+_u3=b2.

3.6. Chimg minh ring néu S,, S,,, S5, tuong ing 12 tdng cha n, 2n, 3n s6 hang
d4u tién cia mot c4p s cong thi

S3n = 3(S2n - Sn)

3.7. Cho cdp s6 cong (u,), chimg minh ring néu

Sw 1"

“m

Sn n2

thi U _ 2m —1 .
' U, 2n -1

3.8. Tim x tir phuong trinh

a)2+ 7+ 12+ ...+ x=245,biét 2,7, 12, ..., x 1a cap s6 cong.
b)) 2x+ 1)+ (2x+6)+(2x+ 11) + ... + (2x + 96) = 1010,
biét 1, 6, 11, ... 1a cdp s6 cOng.
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'§4. Cap so nhén

~ A. KIEN THUC CAN NHG
1. Dinh nghia
(u,) la clp s6 nhan < u,,, = u,q, véi n € N*,

Hé qud :  Cong boi g = n*L,

n
2. S8 hang tong quat
u = ug"!
3. Tinh chat
. “1% = Up 184y
hay ENT (k2 2).
4. Téng n s& hang dau tién

u(q" -1
S ‘— 1
n 7=1 (g=1.

> Luu y : Khi gidi cac bai toan vé c8p s6 nhan, ta thudng gap 5 dai lugng. D6 la uyq, g,

n, up, S,. Can phai biét it nhat 3 trong 5 dai lugng trén thi cé thé tinh dugc
cac dai Iuong con lai.

B. Vi DV

e Vidul

Cho day s6 (u,) v6i u, = 22

a) Ching minh day s6 (u,) 12 cdp s6 nhan. Néu nhén xét vé tinh tang,
giam cua day s6 ;

b) Lap cong thic truy hoi ctia day sd ;

¢) Hoi s6 2048 1a s6 hang thi may cua day s nay ?
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Gudi

. u 22(n+1)+1
a) Lap ti s6 Z*l = o =4, suyrau,, =4u,;
n .
hoic bién ddi
Uy = 22(n+1)+1 — 22n+1+2 _ 4.22n+1 - 4.un.

. _
Vid= u—+1 =4 > 1 nén diy s6 (u,) tang va la cdp s6 nhan.
n

b) Cho n =1, ta c6 u; = 8. Cong thic truy hoéi la

u1=8
Uy, = 4u, véin 2 1.
¢) Tacé u,=2048 =2 = 2" suyra2n+1=11,tird6 n =5. '

Vay 2048 la s6 hang thit nam.

oVidu2._ _
a) Vi€t nam s6 xen giita cic s6 1 va 729 dé dugc mot c4p s6 nhan cb bay
s6 hang. Tinh téng cac s hang clia c4p s& nay.

b) Viét sdu s& xen giifa cdc s& —2 va 256 dé dugc mot cap s6 nhan c6 tAm
s0 hang. '

Neéu vi€t ti€p thi s6 hang thit 15 1a bao nhiéu ?

Gidi -

a) Tacé u =1, u; =729.
Viu, = ul.q6 nén q6 = uﬁ =729 = 3, suy ra g = 13.

| .
Nam s6 c4n viét 1a 3, 9, 27, 81, 243 hoac -3, 9, =27, 81, —243.

. . 13- - N

Véig=3tacod S, =—3_-1 = 1093. Véi g =-3tacd Sy =547.
b) Ta cé uy=-2, ug=256.

256
Mat khiéc, q7 = il:& === -128 = (—2)7, suyraq=-2.
Sau s6 cdn viét 1a 4, -8, 16, -32, 64, —128.
Ta c6 s =-2.(-2)"* = -32768.
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o Vidu3

Day s6 (u,,) dugc cho nhu sau
u, = 2004, u, = 2005

2u, +u, _ L.
un+l=%l- voin 2> 2.

a) Lap day (v,) vOi v, = u,,| — U,.
Ching minh diy (v,) 12 c4p s6 nhan.

b) Lap cong thirc tinh u, theo n.

Gidi
a) Tir gia thi€t suy ra
Bupy) =2u, + U,
And Upy1 — u, = _5' (un - un—l)
1
= vn = _Evn__l

Vay (v,) la cdp s6 nhan, c6 g = —% vav;=1.

b) D€ tinh u,, ta viét
u,= (un - un—l) + (un_l - un_z) + ...+ (u2 - ul) + Uy

= n—1 + vn_2 +...+vl +u1

4 3

n—-1
(_%j -1 3 1 n-1
=2004 + 1. —=2004+_[1_(__J }

n-1
3 301 '
= 2004+Z_Z[—§] .



e Vidud
Cho c4p s6 nhan a, b, ¢, d. Chimg minh ring
) (b-c)+(c-al+(d-b’=(a-d)°;

b)(a+b+c)(a—b+c)=a2+b2-+c2.

Gidi
Tac()b2=ac;c‘2=bd;ad=bc.
~ a) Bién déi v€ trai
(b-c)’+(c—a)’+(d-b=b*+c*—2bc+c*—2ac+a* +d* ~2bd + b*
=a*-2ad+d*=(a-d}.
b)(a+b+c)(a—b+C)=(a+c)2-b2=a2+2ac+c2—b2

2
=a2+c2+2b2—b2=a2+b2+c.

oVidus
Tim cép s6 nhan (u,,) biét

w+u +u;+uy =15
{1%% 4 o

u12+u22 +1432 +uj = 85.

Gidi

Ta thay ¢ # 1. Khi d6,

2,4 2 '
w@' - _ . W@ ZD" s
q-1 (g -1y
ey, < 2, 8
ui (q —1)=85 u; (q —1)=85
g’ -1 q* -1

Chia timg v€ cua hai phuong trinh, ta duoc

@ - -1 _25 _ @+D@+D _45
@-Vq - 8 ¢ +1 v

o 14¢°-17¢° - 17¢* - 17g + 14 = 0.
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Chia hai v€ cue puucng tinh cho ;z vadaic = ga-, tach
q
1457 = 176 =45 =0 @ xy = 2 ;x5 =2
2 7
Ta ¢6 hai phuong trinh

q+ ; = —% (vo nghiém)

D Y N N 1
va g+ % = E Giai phuong trinh nay tim dwoc ¢ = 2, g = 5

|8}

Tuong Ung cé u; =1, u; = 8.
Vay, ta c¢6 hai cap s6 nhan

1,2,4,8, ... (uy=1,g=2)
va  8,4,2,1,..(u =8,q=%).
e Vidué

Mot cdp s6 cong va mot cap so nhan déu 1a cac ddy tang. Cac s6 hang thi
nhat déu bing 3, cdc s6 hang thit hai bing nhau. Ti s& gifta cac s6 hang

thit ba cua cip s6 nhan va cdp s6 cong la % Tim hai cip s0 4y.

Gidi
Néu c6 cép sO cong 3, u,, uy thicdp s6 nhan la

Theo tinh chat cla céc cdp s6, ta cd

3+M3_\ 2
) vau/z—3.?

Uy =

3+ )Y 27
hay ( 2“3j = ?“3 . Bién d6i dua vé phuong trinh

51 — 78uy + 45 =0 (u3> 3).
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Gidi rata c6 uy = 15. Vay cac cdp 56 can tim 13 :

Cdp s6 cong 3,9, 15,
Cép s6 nhan 3,9,27.

oVidu7
Cho b6n s6 nguyén duong, trong d6 ba s6 ddu l1ap thanh mot cdp s6 cong,

ba s6 sau 1ap thanh mot c4p s6 nhan. Biét ring téng cla s6 hang ddu va
cudi 1a 37, téng clia hai s6 hang giita 1a 36, tim bon s6 dé.

Gidi
Goi bén s6 phai tim 13 u;, uy, us, Uy, ta cod

Cép s6 cong uy —d, uy, u, +d

va | cép s6 nhan u,, uéq, u2q2.

Theo gia thi€t ta c6
2u2+d:u2(1+q)=36 _ )
{uz —d +uyq* =37. 2)

Tir (1) suy ra
36 -d 36 72

T TTag T4t T ®
Tir (2) suy ra
| 3
uy= 212 4o d6 Trd_ % )
l+gq 1+q*> 1+g

Thay d & (3) vao hé thic (4) va nit gon, ta dugc phirong trinh
369" - 73q +35 = 0.

7
,q=—'

Giai ra dugc g = 9 '

Al Klw

Vay, voi q= thi
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Uy = =16,u3=16_i=20,u4=20_§=25
1+§ 4 4
4
va . uy=37-uy=37-25=12.

Bon s6 cdn tim 1a 1_2, 16, 20, 25.

o 7 PN
Gidtri g = 9 khong thoa man, vi cac O uy, u,, us, uy khong nguyén.
: ( 4 ,

C. BAI TAP
4.1. Trong cac day s6 (u,) sau day, ddy s6 nao la ca'p s6 nhan ?
a) u, = (_5)2n+1 : b) i, = (- 1) 3n+1
=1
W= 2 i
<) { ) : d) 2
U1 = _un ; | Uner T Uy + gun-

4.2, Cdp s6 nhan (u,) cé
)  (u +ug =51
‘ {uz + ug = 102.
a) Tim s6 hang ddu va cong boi cla cép s6 nhan ;
b) Héi téng ctia bao nhiéu s6 hang ddu tién s&€ bing 3069 ?
c¢) S6 12 288 1a s6 hang thit mdy ?

4.3. Tim s6 cdc s6 hang cta ca'p.sc‘i nhan (u,), biét

a)g=2, u,=96, S,=189;
1 31

b) u =2, | u, = §9 Snvz ‘8—

4.4. Tim s6 hang d4u va cong boi clia cdp s6 nhan (u,), biét

U —uy =15 | | —u, +us =10
a)J[S 1 b) {”2 Uy + Us
_u2:6 s ll/3_u5+u6=20.
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4.5. Bon s6 1ap tharh in6i cap 59 cong. Lan lugt trir més 36 dy cho 2, 6,7, 2 ta
nhén dugc mét cdp s6 nhan. Tim cac s6 d6.

4.6. Viét bén s6 xen giita cic s6 5 va 160 dé dugc mot cap s6 nhan.

4.7. Cho day s6 (u,,) :
y 86 (u,) n+1—2u"+3vé'in21.
n
a) Lap day s6 (x,) véi x, = Z" _: ; Chimg minh day s6 (x,,) la c4p s6 nhan.

n

b) Tim céng thic tinh x,, u, theo n.

4.8. Ba s6 khic nhau c6 tdng bing 114 c6 thé coi 1a ba s6 hang lién ti€p clia
mot cdp s6 nhan, hoac coi la cic s6 hang thd nhit, thd tu va thi hai muoi lam
clia mot cap s6 cong. Tim céc s6 db.

4.9. Cho c4p s6 nhan a, b, ¢, d. Chitng minh rang

a) azbzcz[%+i3+L3j:a3+b3+c3 ;
a b c

b) (ab + bc + cd)? = (a* + b + c)(B? + % + d?).
4.10. Mot cdp s6 cong va mot cdp s6 nhan c¢6 cdc s6 hang déu duong. Biét
rdng cdc s6 hang thd nh4t va th hai cia ching tring nhau. Ching minh

moi s6 hang cla cdp s6 cong khong 16n hon s6 hang tuong \ing cua cép
s6 nhan. '

Bai tap 6n chuong Il

Gidi cdc bai tdp 1, 2, 3 bang phuong phdp quy nap.
1. Ching minh rang

a) n> — n chia hét cho 5 v6i moi s6 tu nhién 7 ;

b) Téng céc lap phuong clia ba s& tu nhién lién ti€p chia hét cho 9.
121.



. . < 4 ‘. 4 ¥
Ching minh c4c¢ dang thic sau vi¥. » € N

1 1 1 n(n + 3)

a)Anzm-f—m'*'...'*'n(-n_*_l)(n_*_z)=4(n+1)(n+2) ,
n(n +1) _ n(n+1)(n+2).

b)B,=1+3+6+10+..+

2 6
Chitng minh céc b4t dang thic
a) 3" >n(n+2)véinz4;

b) 2" 3 >3n-1véin=8.

Cho day s6 (u,) :

u1=1,u2=2
Uy =2U, —U,_ | +1véin2=2.

a) Viét nam s6 hang ddu cha day s6 ;
b) Lap day s6 (v,) V6i v, = u,, | — u,.

Chimng minh day s6 (v,) 1a cdp s6 cong ;
¢) Tim cong thirc tinh un ‘theo n.
Cho diy s6 (u,) :
1
3

(n + Nu,
=T

u1=

voin 2 1.

-a) Viét nam s6 hang ddu cua day s6.

122

b) Lap day s6 (v,) v6i v, = ”7"
Chitng minh day s6 (v,) 1a cdp s6 nhén.

¢) Tim cong thice tinh u, theo n.

Ba s6 c6 téng 1a 217 c6 thé coi la céc s6 hang lién ti€p cha mot cdp s6
nhan, hoac 1a cic s6 hang thtt 2, thit 9 va thit 44 cha mot cdp s& cong. Hoi
phai 14y bao nhiéu s& hang ddu ctia cdp s6 cong dé téng cla ching 1a 820 ?



10.

11.

12.

13.

14.

15.

Mot cdp s6 cong vz met cidp s€ rhin ¢6 s3 nany thir nai: bang 5, s6 hang
thit hai ctia c4p s6 cong 16n hon s6 hang thit hai ctia cip s6 nhan la 10, con
cdc s6 hang thi ba bang nhau. Tim cdc cdp s6 4y.

Chitng minh rdng né€u ba s6 14p thanh mot c4p s6 nhan, déng thoi lap thanh
cép s6 cong thi ba s6 4y bing nhau.

Cho cdp s6 nhan (u,) c6 cong bdi l1a g va s6 céc s6 hang 1a chan. G(_)i S 1a
t6ng cdc s6 hang c6 chi s6 chdn va S, 12 téng céc s6 hang c6 chi s6 1€.

Ching minh rdng g = i—c
!

Co thé c6 mot tam gidc vudng ma s6 do cdc canh clia né 1ap thanh mot cép
s0 cong khong 7

Tinh téng :
a)—1-+i+i+ Ol
2 22 23 o 2’!- ’

b) 12-22+32-4%+ .+ (=)' . A2
)
Tim m dé phuong trinh X - Bm + S)x + (m+ 1) = O c6 bon nghiém lap

thanh cdp s6 cong.

Bai tdp trdc nghiém (13 - 19)

Trong cédc day s6 (u,) sau ddy, hdy chon diy s6 giam :
2

(A) u, =sinn; (B)un:nn+1;
©) u, =vn-n-1; D) u, = (-D"2" +1).
Trong céc day s6 (u,) sau day, hdy chon day s0 bi chan :
(A) u, =vn* +1; (B),u,,=n+%;

on
Cu,=2"+1; | (D)u,,=n+1
Cho c4p s6 nhan (u,), biét u; =3, u, = —6. Hay chon két qua diing :

(A) us=-24; (B)us;=48; (C)us=-48; (D) us = 24.
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16. Trong cac day 55 (u,) szu day, didy &0 nio ia cép sd cong ?

(A) . (B) ,
' un+l=un_1; Upyy = Uy T 15
ul = _1 . ul = 3
© (D)
Upip — Uy =2; ‘ Upyy :2un+1
17. Cho cdp s6 cOng
6, x,— 2, y.
K&t qua nao sau ddy 1a ding ? _ .
(A x=2,y=35,; B)x=4,y=6;
©x=2y=-6;  (D)yx=4y=-6
18. Cho cdp s6 nhan
' -2, x,—18, y.
Hay chon két qua ding : '
(A)x=6,y=-54; (B) x=-10,y =26 ;
O x=-6,y=-54; (D)x=-6,y=54.

19. Cho day s6 (u,) v6i u, = 3". Hay chon h¢ thic diing :

Wtu g _ . .
(A) S = (B) > Uy ;
Ugo — 1
O 1+u +uy +...+uypp = 1002 ; (D) wy ... uygg = Uspsp-

LOI GIAI - HUONG DAN - DAP & CHUONG Il

§1.

1.1.a) Dat v€ trai bang S,,. Kiém tra vé6i n = 1, he thic ding.
Gia sit di c6 S, = @ v6i k > 1. Ta phai ching minh
SIS ST
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, \ . 3P+ k+6k+4
S =S+ 3k +1)—1=XCE+D 4 p K H -
, .
_ 3k + 7k + 4 _ (k+1D@Bk+4) (dpem).
2 2
b) Dt V& trdi bing P,, 1am twong tu nhu cu a).
1.2. a) Dat vé€ trdi bang S,,.
o PP 5 oy 1(41-1)
e VGi n = 1, v€ trai chi c6 mot s6 hang bang 1, v&€ phai bang ——— = 1.
2
e Giasitdico S, = k(Lk:;—Q véi k > 1. Ta phai chitng minh
(k + D] 4k + 17 ~1]
k+1 = 3 )

That vay, ta co
Spr1 = i+ [2(k+1) = 112 = S + 2k + 1)?
2k + D[kQ2k = 1) + 32k + 1]

kKA -D
=5+ @+ 3
2
CQk+ DK% +5k+3)  (k+ DRk +3k+D K U[“(k +1)° - 1} _
B 3 - 3 - 3
b) Dat vé trdi bang A,
* o Dé thay véi n = 1, hé thitc ding.
12 2
o Gid sitdaco A, = %l, k> 1).
. 2 2

Taco Ay, =A,+ k+1)° = % + e+ 1)

e DERE A4k + ) e+ DA +2)”

- 4 - 4

1.3.2) DatA, = 11" + 122""! D& thdy A, = 133, chia hét cho 133.
Gia sit da c6 A, = 11! + 122! chia hét cho 133.
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Taco Ag,y = 1177+ 1279 = 11 4 oo 0°

k+1

=11. 11+ 12271 (11 + 133) = 1.4, + 133, 122!

ViA, ! 133 nénA,,, : 133.

vb) HD : Dat B, = 2n° — 3n® + n, tinh B,.

Gia st da c6 B, = 2k’ — 3k* + k chia hét cho 6.

Ta phai ching minh B, = 2(k + 1)* = 3(k + 1)* + k chia hét cho 6.

14.2) Véin=1thi2""?=8>7=2.1+5." | |

Gia sir bat déng thic ding v6i n =k > 1, tirc 1 225 2k + 5. (1)
Ta phai ching minh né ciing ding véi n = k + 1, tic 1a 282 > 2(k + 1) + 5
hay M35 0k47. - )
Tha_t vay, nhan hai v&€ clia (1) v6i 2, ta duoc ' )

2> 4k +10=2%k+7+2k+3.
Vi 2k + 3> 0 nén 28*> > 2k + 7 (dpcm).
b) Vé6i n = 1 thi sin’a + cos’a = 1, bit ding thic ding.

2k

Gia str dd c6 sin®* a + cos?* @ < 1 v6i k> 1, ta phai chimg minh
_ p g

“sin®**2 o + cos?**? ¢ < 1. That vay, ta c6

2 2k 2

2k o.sin a + cos“" a.cos” a.

sin?**2 ¢ +cos**2 ¢ = sin

2k 2k

<sin““ag+cosTas<l.

" 1.5. Day thuc chat 1a bai ton giai bat phuong trinh trén N*.

Phuong phdp : Cé thé ding phép thir, sau d6 du dodn két quéa va chimg minh.

a) Dung phép thir véi n =1, 2, 3, 4 ta du dodn : Vé6i n > 3 thi b4t dang thic
ding. Ta s€ chimg minh diéu d6 bang quy nap.

e V6i n = 3, hién nhién da c6 két qua ding, vi2>=8>2.3 +1=7.
e Gié sl bat déng thic ding v6i n = k, tic 1a 2° > 2k + 1,
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ta s& chiing mink 04 déng thic cang ding véi 7=k~ 1, tic 1a

| 2 s 2k + 3. 2)
That vay, nhan hai vé& cua (1) véi 2, ta dugc

2> Ak +2=2k+3+2k—1>2k+3.

b) HD : Diing phép thir.
Véi n tr 1 dén 6, bat dang thic déu khong ding. Tuy nhién khong thé voi
vang két luan b4t phuong trinh v6 nghiém. ¢
Né&u thir tiép ta thdy rang b4t phuong trinh ding khi n = 7. Ta c6 thé lam
ti€p dé di t6i du dodn : V6i n > 7 thi bét phuong trinh dugc nghiém diing.
Sau d6 chitng minh tuong tu nhu cau a).

¢) Lam twong tu nhu cau a) va cau b).

bS:n>4.
. | 2. 3 4
1.6. a) Tlnh Sl = g’ Sz = 67 S3 = B’ S4 ﬁ'
1 1 1 2 2 3 4
b) Viét lai 5 = 5T alet R R B s Bl S U
~ Tacé thé dy doan S, = & y
4n+1
Hoc sinh tir chitng minh cong thic trén.
1.7. Vé6i n = 1, bat dang thic ding. 4
- Gia st bat dang thic ding v6in =k > 1, tic 1a
(1+al)'(1+(12) ...(1+ak)21+al+az+...+ak. (1)

Nhan hai v€ ctia (1) véi 1 + g, ta dugc

(I+a)(I+ay)..(0+a) (N +ag, )2 +a+ay+..+a) (1 +ap)=
=1l+4+ay+ar+..+ag+a +aja +aya, + ... +apa,.

Viaa,, +axap, +...+a,.a, >0nén |

(I+a)(Q+ay)...(+a)(A+a)2l+a +ay+...+a,+a,,
J
nghia 1a bat ding thic ciing ding v6in =k + 1. »
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1.8. Vi n =1 thila) = laj).

Vi n =2 thila; + ayl <la)l + la,l. Day 1a b4t dang thic khd quen thudc va
d4u bang xay ra khi a,, a, cing d4u.

1

Gia st bat dang thic ding véin =k >2. Data; +a, + ... + a, = A, ta cé

Al < lajl + layl + ... + gy, ¢}
ma IA + ak+1| <IAl + Iak+1| < |a1_| + Iaz| +..+ Iakl + Iak+1|
nén lay +ay + ... + ap + gyl Slagl +layl + ..+ gyl + lag,|,

tic 12 bat dang thic ding v6in =k + 1.

§2.

2.1, a) i, 1, 1, 1, ! Du doan day (u,) giam.

10 103 10° 107 10°

2 u 101_2(n+1) 1
Dé ching minh, ta xét ti s6 * = ———— = — < 1. Vay day s6 gidm.
Uy 102" 10%

b) —4, 2, 20, 74, 236. Xét ddu cda hiéu u,, | — u,

c)3, —3— —3— —3— i Lam tuong tu cau b).
4 9 16 25 !
d) ; 9{,27;/_ 811\6[_ 24;\/_ Phin ti€p theo c6 thé 1am tuong tu cau a).

> chi y. Qua bdn bai tap trén, hoc sinh ¢6 thé rut ra nhan xét vé tinh hop Ii cha viéc

ra . A . 2 o u . 2 ra - . 2 ~ a
xét hiu u,,1 — up, hay xét ti s6 3+1 , khi khao sat tinh don diéu ctia day sé.
n

2.2.a)Tacéu; =0.
Xéthieuu,,, —u,=(n+1)>—4n+1)+3-n"+4n-3=2n-3.

.ul _

Vay cong thigc truy héi la ‘ o
41 = Uy +2n—3v6in21.
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b) u, =n® —4n+3=u-2)"-1>-1. Vay day 35 («,) bi chan dudi nhung.
khéng bi chan trén (Hoc sinh tu giai thich diéu nay).

0)S,=1+22+3%+ . +n—4(1+2+...+n) +3n

_ n(n+1D2n+1) _a n(n +1) +3n
6 2 :
_ nin+1)2n+1)-12n(n+ 1) +18n _ n(n +1D)(2n-11) +18n
6 B 6 '

2.3.b) HD : Tim hiéu u,,, — u,.

iy =1
bs:
Upyg = U, +(n+ 12" v6in 2 1.

c) HD : Xét ddu u,,| — u,,

24.2) Tiru,,, —u,=n"  tacé

u1=1
u2—u1=13
u3—u2=23

- =(n-2)°
U, ) n_)

U, — ,_; =(n- 1)3
Cong timg v€ n dang thic trén va rit gon, ta duge
w=1+12+22+ .+ -1y

Str dung k&t qua bai tap 1.2 b) — §1 ta cé

2.2
P+l 4. +tn-1)1= %”—-
2 2
-1
Vay u =1+ 207
4
b) Uygp = 24502501,
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2.5. a) Tuong tu bat 2.4
PS:  u,=5+ (n=1)Bn-4)
2
b) Tuong tu bai 2.1.

2.6. a) HD : Viét vai s6 hang ddu dé dy doan cong thyc réi chimg minh.
n+1

bS:u,=
b) HD : Lam tuong tu bai 2.1.
bS:u,=3-n.

c) Véichuy rang =3. Laptich ctan — 1 ti s6
ﬂ

Uy Mpo M3 Mg el

u Uy o Uy I

n-1

u _
Riit gon vé trai dwge 2 = 3",

.3l

_n
|
1
suy ra Up =5

2.7. a) u =1

b) S6 cic tam giic u, tao
thanh tr B va n + 1 diém
chinh 12 s6 t6 hgp chap 2
caan+ 1 phéan tr .
2
Up= Cn+1
Ap dung cong thic

k _ ~k k-1
Cn - Cn—l + Cn—l

Ao A, A, As.. Ay A,

tacod C2+2 = C2+1 + C,l,+1
hay wu,,,=u,+n+1.
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2.8.ViO<u,<1vé1moinneni-u,, >0. Apdung bat dang thic Co-si ta co
' 1
Upyr (1= upyy) SZ' (D

Mat khéc, tir gia thiét

U1 <1- suy ra

n
1 |
un+1.un<un—zhayz<u,,(1—u,,+1). (2)

So sdnh (1) va (2) ta cé

Upyy (1- un+1) < Uy (- un+1) hay Upi) < Uy

§3.

3dlLa)u,—u,=3(n+1)-1-3n+1=3.
Viu,,, = u, + 3 nén diy so (u,) 1a cdp s6 cong véi u; = 2,d=3.
b) uyy — u, = 2" +1-2"~1=2" Vi 2" khong la hing s6 nén diy s6
(u,) khong phai la cdp s6 cong.
c)Tacébu,=2n+1.
Viu,.;—u,=2(n+l) +1-2n-1=2, nén day di cho la cdp s6 cong véi
u=3;d=2. ,
d) bé chfmg' t6 (u,) khong phai 1 cdp s6 cong, ta chi can chi ra, chiang han

u3—u2-¢u2—u1 lédfl
3.2.2) 1, =8,d=-3.
_b)u1=1,d=3.

c)u;=36,d=-13.
d)u;=3,d=2hoacu;=-17,d=2.

33.a)DbS:u,=-11+4n (u;=-7,d=4).

b) 520 = 620
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34.DS:n=06.
4y

w+uy +uy =27
()

3.5.a) Tacoé hé¢ s 5 )
u +u, +uy =275.

A'dungcéngthl’rcS =Mtimdu’gxu +u;=18,suyrau, =9 (3)
p n 2 v 17 U3 2

Thay u, = 9 vao (1) va (2) ta duoc he
w+uz =18
{ulz + ug =194,
Tir day tim dirqc uy=5u3=13.
Vay ta c6 cdp s6 cong 5, 9, 13.
b) Ta c6 b = u? + (i + d)* + ... + [y + (n — )dJ

nu? + 2ud[l+ 2+ ..+ (n = D]+ d* (12 + 22 + ..+ (n - 1))

2
= nu? + n(n - Dud + n(n - 1)(2" —bd” | (1)
n(n - 1d . ) | @

Mat khéc, a = nuy + >

Tir (2) tim dugc u,, thay u; vao (1) dé tim d.

2 2
Kétqua d=t+ 12(2"”2—“) :
: n“(n“ -1

l[a_n(n—l)d]
n

u = 5
3.6. HD : S& dung cic cong thic u, = % vas, = (i +2un)n i@
chitng minh .
S5ny S _ Son _ 0

n 3n n

Tix (1) suy ra hé thitc cin ching minh.

132



2uy +n-La

3.7.Tacd S = > m
s, = 2y +(2n—1)dn_

Theo gia thiét
S, (2w +(m-Ddlm _m?

E_ [2u1+(n—1)d]n B nz.

Suy ra Qu; — d)(m —n) =0 (v6i m # n).

d
"T\ 5 = —
rdo Uy =
d
Vay "_m_'41+(m—1)d_§+(m—1)d_2m_1
: u, u+(n-0d %+(n—1)d 2n -1

38.a)Tacou; =2,d=S5,S,=245.

n[2.2 + (n - 5] -

> Sn® -~ n—490 = 0.

245 =

Giai ra dugc n = 10.
Tir d6 tim duge x = U =2 + 9.5 = 47.
b) Xét cdp s6 cong 1,6, 11, ..., 96. Tacod
' 96 =1+ (n~1)5 =>n=20.
' 20(1 + 96)

Suy ra Sy=1+6+11+..4+96= =970
va 2x.20+970=1010.
Tudéx=1.

§4.

4.1. a) C6 thé 1ap ti s6 % C#p s6 nhan ¢6 u; = =125, g = 25.

n
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b) Cap s6 nhan ¢€ uy =--31, g = =27,

c) Day s& (u,,) khong phai 1a cip s6 nhan.

d)Capsonhan véiu, =1,g= %
42.DS: au =3,g=2.
b) n = 10.
c)n=13.
43.DS: a)n=6.
b)yn=>5.
4 . 4
g —u =15 U -1 =15
4.4. a) Taco he { 1q3 ! hay { 1(q3
wq —umg =6 u(q” —q) = 6.

4 2
Do(l)nénq#il,suyra£= qz 1 _9 +1
6 gq*-1) 4

Bién déi vé phuong trinh 2q2—5q+2=0,
. 1
Giélradu(_)’cq=2vaq=5.
Né’Uq=2thiul_—_1.
Néu g = 1 thi u; = -16.
2
b)DS u1=1,q=2.

4.5.HD: Goid4s6cantimlax, y,z, t,taco:

Cép s6 cong X, Y, 2, t

Cdp s6 nhan x=-2,y=-6,z=-7,1t=2.
xX+z=2y
y+it=2z
(-6 =(x-2(-7)
(z-77 = (-6t -2

DS:x=5,y=12,2=19,t=26.
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4.6. DS : 10, 20, 40, %0.
4.7. Tu gia thiét c6
Upoy Uy +4)=2u,+3 hay u, . . u,+4u,., =2u,+3. (1)

Upi1 -1 . Uy, +3 — Up 18y + 3urz+l —u, - 3 i (2)
Uy T 3 u, -1 Uppilpy —Upyy + 3un -3

Lap ti s6 Inel
'xﬂ
Tu (1) suy ra u,, .u, = 2u, + 3 — 4u,,,, thay vao (2) ta dugc
Xnel _ 2un +3_4un+1 +3un+l U, -3 _ Uy T Uy _l‘
X, Uy +3=4uyy — Uy +3u, -3 S, —u,,) 5

1

Vay Xpe1 = %xn, ta c6 cdp s6 nhan (x,) v6i q =% va xq =3
' -1
(1Y
Tacé = x,=-—|- . 3
n 3(5j 3)

1 n—1 1 n-1
‘ - = -1 — +1
o 5 [
1-x, 171!
1+ —=| =
303}

4.8. HD : Lam tuong tu Vi du 7.
DS : Ba s6 phai tim 1a 2, 14, 98.

T d6 tim dugc u, =

4.9. a) Bién déi v€ trai

221 1 1Y b? &P &P
ab’c - + = + = = + +
a b ¢ a b c
acc? (b2 )2 a*ac
= + +
a b c
= a3 + b3 + c3.

b) HD : Ap dung b4t dang thic Co-si cho céc s6 a, b, c va b, ¢, d

4.10. HD : Ching t6 hai day s6 déu la dﬁy tang roi ching minh bing phuong
phap quy nap. '
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Bai tap on chuang il

1.

136

a) HD : Xem vi du 2, §1.

b)HD:DatA, =n’+ (n+1)° + (n +2)°, d& thay 4, } 9.
Gia st dd c6 Ay : 9 v6i k 2 1. Ta phai ching minh A, : 9.
Tinh A, , = A, + 9%k + 27k + 27.

a) HD : Kiém tra véi n = 1, sau dé biéu dién

A+ 1 .
K7k + D(k + 2)(k + 3)

b) HD : Kiém tra v6in = 1.

k(k+1D(k+2) .
2

Aps1 =

Giasudaco B, =

Ta can chimg minh

_(k+ Dk +2)(k +3)

B, = bng cich tinh B,,, = B, + “ DK+,

2

2

a) Véin=4thi3* ' =27>4(4+2)=24.
Gia str da co
3 S k(k +2) véi k2 4. (1

Nhan hai vé€ ctia (1) véi 3, ta cd

33671 = 3D 5 3 (k4 2)

=(k+ 1) [(k+ 1) +2] + 2K + 2k - 3.

Do 2k*+2k-3>0 nén 3%V s (k+ D[+ 1) +2],
chitng té bt dang thitc ding véin=k + 1.
b) Giai tuong tu cau a).
a) Nam s6 hangddaulal, 2,4, 7, 11.
b) Tir cong thitc xdc dinh day s6 ta c6

Upp1 = 2Up = Uy + 1 hay up g —upy=u, =ty + 1. 6]



Viv,=u,. —u,néntu(l),taco
Vp= Vv, +1véinz2. (2)

Vay (v,) 1a cap s6 cong v6i vy =uy —u; = 1, cong said = 1.
c) Dé tinh u,, ta viét

vi=1

Vo= Uz — Uy

V3=u4-u3

Vnp = Up1 — Uy
_vn—] =y — Ny
Cong timg vé& n — 1 hé thic trén va rit gon, ta duoc
vitvyt+..+t v, =Sl-utu,=1-2+u,=u,-1,

n(n—1)

suyrau, =l+vi+vy+..+v, =1+ >

a) Nam s6 hang ddu la —, =, —, —, —

2 ox Vn+l — Zntl | i n+1 1
b) Lap ti s6 v, n+1l u, u, n+l 1
Theo cong thitc dinh nghia ta c6 % = ”3—:1 2)

n

1

- 1
3 hay vy =3V

R R %
Tu (1) va (2) suy ra :—‘”l: 3 V-

n

. . . 1
Vay, day so (v,) 1a clp s6 nhéan, c6 v| = % q= 3

c) bé tinh u,, ta vi€t tich cha n — 1 ti s6 bang 5

_ n-1
n .M...V_s.v_zz[lj
Vaa Vo W 3
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ha v—"—lh_] su rav—i/l\ o
Yoy T3 W "‘3L3 Y

HD : Goi s6 hang thit hai clia cap s6 cong 1a u,, ta ¢6

Ug = Uy +7d, ugy = uy +42d.
Sir dung tinh chét clia c&p s6 nhan u, . ugy = 13 va téng cdc s6 1a 217, ta c6
mot hé phuong trinh dé tim u, va d.

PS:n=20.

7. DS : Cdp so cong 5, 25, 45.

Cédp s6 nhan 5, 15, 45.

8. HD : Goi 3 s6d6 1a a — d, a, a + d réi 4p dung tinh chét cua cdp s6 cong va

cdp s6 nhan.

9. Goi s6 hang thi nhit cua c4p s6 nhan 1a u; va cong boi 1a g.

10.

138

Ta c6 Sy=uy +uiq” +ug + . (1)
Sc=u1q+u1q3+u1q5 + ... (2)
Nhan hai vé€ cta (1) v6i g ta c6
qS;=uq + u1q3 + ulq5 + =S,

S

(4

Vay q=S_,.

Goi s6 do ba canh cua tam gidc vudéng la x — d, x, x + d.
Theo gié thiét ta c6 (x + d)° = (x — d)*+ x°. 1)
Tir (1) tim duge x = 0, x = 4d.

Nhu vay c6 thé c6 tam gidc vuong thoa man ddu bai, cdc canh clia né 1a 34,
4d, 5d. Dac biét, néu d = 1 thi tam gidc vudng c6 cac canh la 3, 4, 5 (tam
giac Ai Cap).



11. a) HD : Dat t6ng 1a S, va tinh 23,
2n+3
2

PS:S,=3-

bYHD:n’—(n+ 1) =-2n-1.Tac6 12 -22=-3;3"-4*=-7; ..
Ta c6 u; = -3, d =—4 va tinh S, trong timg trudng hop n chin, 1€.
12. Dat X = y, ta c6 phuong trinh

Y2 —@m+5)y+ m+ 1) =0. (1)

Pé phuong trinh ¢6 4 nghiém thi phuong trinh (1) phai ¢6 2 nghiém duong
¥1» Y2 01 < ). B nghiem d6 12 =y, = o1, V. -

Piéu kién dé 4 nghiém trén lap thanh cip s6 cong 1a \/g - \/}T = 2\/3;7

hay y, = 9y, két hop v6i dinh 1i Vi-ét tim dugc m=35vam = —% :
Pap an Bai tap trdc nghiém .
13. (O); 14. (D) ; 15.(B); 16. (C) ;
17. (C); 18. (C); 19. (D).



huong IV. GIOI HAN

§1. GiGi han cla day sé

A. KIEN THOC CAN NHO

1. Gidi han hiru han

e lim u, = 0 khi va chi khi lu,| c6 thé nhd hon mot s6 duong bé tuy ¥, ké

n— 40

" tir mot s6 hang ndo do tré di.
e limyv,=a< lim (v, —a)=0.
n—+oo n—+w

2. Gidi han vé cuc.

e lim u, = +oo khi va chi khi u, c6 thé 16n hon mot s6 duong 16n tuy ¥,
n-—>+w

ké tir mot s6 hang nao dé trd di.
¢ lim u, = -0 < lim (-u,) = +o.

n—+w n—+

> Luu y: Thaycho lim u, =a, lim u, = 1w, taviéttit limu, = a, limu, = two.
. n—+0 n—»+00 )

3. Cac gidi han dac biét

.1 .1 . .
a) llm; =0; hm—k =0; limn* = +oo, v6i k nguyén duong.
n
b) limg" =0 néulgl<1; limg” = +o0 néu g > 1.

¢) limc = ¢ (c 12 hdng s6).
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4. Dinh li vé gidi han hitu nan

a) Néu limu, = a va limv, = b, thi:

01im(u,,+vn)=a+b; o lim(u, —v,)=a-b;

e limu,v, =ab ; o lim22 = % (n€u b # 0).
n

b) Néu u,, > 0 v6i moi n valimu, = a,thia>0 va lim\/;n_ =a.
5. Dinh li lién hé giira gidi han hiru han va gidi han vo cuc

- - o U
a) Néu limu, = a va limv, = foo thi lim—= =0.
vn

b) Néu limu, = a >0, limv,, =0va v, >0 véi moi n thi lim— = +o.
. v
n

c) Néu limuni =400 va limv, =a >0 thi limu,v, = +oo.
6. Cap s6 nhan lui vd han

. Cdp s6 nhdn lui v6 han 1a cdp s6 nhan v6 han c¢6 cong boi g thoa mén |g| < 1.

e Cong thitc tinh téng S cla cdp s6 nhan 10i v6 han (u,,)

S=u1+u2+u3+...+un+...=_

B. ViDU

o Vidul
Cho day s6 (u,) v6ilimu, = 1. Ching minh ring, k€ tir s6 hang nao dé6

trd di, tat ca céc s6 hang cla (u,) déu nim trong khoang :

a) (09;1,1); b) (0,99 ; 1,01).
Gidi
limu, =1 < lim(u, -1)=0. Do d6, |u, — 1| c6 thé nhé hon mot s6

duong bé tuy ¥, k€ tit mét s6 hang nao dé trd di.
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L e « U WEL0,5
a) Ly s6 duong nay la 0,1 (bang > d ), taco:

lu, - 11<0,1 &-0,1<u,-1<0,1 < 0,9<u, <1, ké tir mot s6 hang
nao dé trg di.

N6i cach khéc, tit ca cdc s6 hang cua day (u,), ké tir mot s6 hang nao d
trg di, déu nam trong khoang (0,9 ; 1,1).

1,01 - 0,99 .
#), tachd:

lu, — 11 < 0,01 & -0,01 <u, —1<0,01 < 0,99 <u, <1,01 ké tir mot s6
hang nao dé trd di.

b) Lay s6 duong nay 1a 0,01 (bang

N6i cach khac, tit ca cdc s6 hang cta day (u,), ké tir mot s6 hang nao doé
trg di, déu nam trong khoang (0,99 ; 1,01).

oVidu?2

e e N n+l . . . C s
Biét day so6 (u,) thoa man |un| < v6i moi n. Ching minh rang

limu, =0.
Gidi
11
n+1 n+l1 ;+_2
baty, = . Ta ¢6 limy, = lim—— = lim T = = 0. Do do, |v |co
. n n

thé nhé hon mot s6 dwong bé tuy ¥ k€ tir mot s6 hang nao d6 tra di. (1)
Mat khéc, theo gia thiét ta c6 |u,| < v, < |v,|. ‘ - ®

Tir (1) va (2) suy ra |u,| c6 thé nhé hon mot s6 duong bé tuy § ké tir mot s6
hang nao dé6 tr6 di, nghia la limu, =0.

oVidu3

Cho biét diy s6 (u,) thod man u, > n* v6i moi n. Chimg minh ring
limu, = +0.

Gidi
Vi limn? = +o (gidi han dac biét), nén n? ¢6 thé 16n hcm mot s§ duong
16n tuy ¥, ké tir mot s6 hang nao do6 trd di.



Mat khdc, theo gia tniét «,, - s" VGl moi 7, nén u, clng ¢6 thé 16n hon mot
s6 duong 16 tuy y, ké tir mot s6 hang nao dé tré di. Vay limu, = +o.

> Nhan xét : Trong cac vi du trén, ta da van dung tryc tiép cac dinh nghia vé gidi
han cla day sdé.

o Vidud
2_ —_—
Tinhlim4n—n2_1-
3+ 2n
Gidi
| 1
4 — — —
2 _ - 2
Ta c6 lim4n " 1=11m n_on" o,
3+ 2n? 3
— +2
n
th’dl;5
[2,2
Tinhlile;”-
1-2n
Giai
\/27 n 3+L2+,1 1 3+L2+l
I 3n"+1+n . n L n\} n? n_
im———— = lun—2 =lim————— =0.
1-2n 1-2n L—2
_ 2
eViduoé
Tinh 1im(n2—. 2 ]
. n+1
Gidi
1+ 2
3., .2 - =
. 2 B n+n° -2 nop
llm(n —+1]— P = lim L+L =40
ﬂ2 ﬂ3
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oVidu7 -

Tinh lim(—n? + nvn + 1).

Gidi
o o, 1 1)
lim(—n +n\/;+1)= lim(-n“)| 1 - P = —00,
n
oVidus8 -
Tinh lim(\/n2 +n— \/n2 — 1).
Gidi

e N ’1”" g

1
: 1+=- 1
n+1 . n( J 1+_

=lim . = lim

2 2
n? +n 4l -1 n\/1+%+n\/ -— \/1+ +\/ -——

Luu y : Khi gidi bai toan & Vi du 7, ta da bién d8i vé dang c6 thé ap dung hai tinh

chét sau :
e limu, =+ < lim(-u,) = —o. (1)
» Néu limu, = +oo va limv, = a > 0 thi limu,v, = +w. 2)

Tuy nhién, nhitng bién d&i trén khong con thich hgp véi Vi du 8. Qua thuc,
néu lam tuong ty nhu vay ta sé cé :

im Vo 41— 2 -1)= Hm["\/H% _n\/l_niz]
:mm{$+%—w_%l;

) 1 1 2
Vi lim [\/l + 0 \/1 - —2] = 0, nén khong thé ap dung tinh chat (2) & trén.

n




> Nhan xét : D& tim gioi nan clia ot ¢y s6 ta thuong dua vé cac gidi han dang dac
biét va ap dung cac dinh li vé gidi han hitu han hoadc cac dinh Ii vé gidi han
vécue.
D& c6 thé ap dung dugc cac dinh li ndi trén, théng thudng ta phai thuc hién
mét vai bién déi biéu thirc xac dinh day s6 da cho. Sau day la vai goi y bién
d8i, c6 thé van dung tuy theo timg trudng hop :
— Néu biéu thic c6 dang phan thitc ma mau va tir déu chlra cac luy thua
clia n, thi chia tf va mau cho n¥, véi k 1a s6 mi cao nhat.
— Néu biéu thitc da cho cé chta n dudi d4u cin, thi c6 thé nhan tir s va
méau s véi cing mét bigu thic lién hgp.

o Vidu9

ul=\/5
Uyl =+2+u, véinxl.

Biét (u,)) c6 gidi han hitu han khi n — +c0, hdy tim gidi han dé.

Cho day s6 (u,,) xac dinh boi

Gidi
bit limu, = a. Tacéd
Uyl =2 +u, = limu,,, = limm
—a=2+a >d-a-2=0=a=-1 hoac a = 2.
Viu,>O0nén limu, =a 20. Vaylimu, = 2.
Luu y : Trong 19i giai trén, ta dd 4p dung tinh chét sau day.
"Néu limu, = a thi limu, ; =a".

Ban doc c6 thé ching minh tinh ch4t nay bing dinh nghia.

o Vidu 10
Cho day s6 (u,) x4c dinh boi cong thidc truy hoi
Ll
)
Uy = —u, véin 2 1.

Day s6 (u,,) c6 gi6i han hay khong khi n — 4+ ?
Néu c6, hay tim giéi han d6.
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. 1 2 3 4 . n
Tacou1=—i—;u2=§—,u3=z;u4=§ Tudodudoanu,,—n+1 (1
Ching minh du doén trén bang quy nap
o N S P
—an—l,tacoul—1+1—2(dung)
2 2 2 4 ’ 2,0 ~ bY k
— Gia su dang thic (1) ding v6i n =k (k> 1), nghia la u, = T+l
L 3 1 1 k+1 o e a2 )
Khi d6 ta co u.k+1=2_uk=2_ T =k+2,ngh1aladangthuc(1)
k+1

ciing ding véin=k + 1.

n

— = *

Véay u, n+1VneN.

N P . n . 1

Tu dé ta cé limu, = lim = lim——=1.

n+1 1

1+;

Nhan xét : D8 tim gi6i han cGa ddy s6 cho béng cong thic truy. héi ta cb thé tim
céng thirc tdng quat, cho phép tinh u, theo n, béng cach du doan cong
thitc nay, va ching minh dy doan bang quy nap. Sau d6, tim giéi han
cha (u,) qua cong thirc tdng quat.

e Vidull

1

1
—+
22

Tinhténg S=2-2+1-

Gidi

1 1 , .
, ... 12 mot cdp s6 nhan véi cong boi

N

Diy s6 vo han 2,—+2, 1, -

2
q_T_ \/’2—

10. BT DS&GT 11-B



V‘1|q|=‘——=L<1néndﬁysc‘inéylémc}tcépsc‘inhanltlivéhz_m.
NG
Do_dé,S=2—\/§+1—L+l—...= 2 =2\/§.
\/5 2 1+L \/§+1
2

o Vidul2

Tim dang khai trién cta cdp s6 nhan lui vo6 han (v,), biét tdng cla né

bang 32 va v, = 8.

Gidi
Tur gia thiét suy ra 1 —=32. Mat khéc, vy =vig=8 = v, = E
Thé vao dang thic trén ta c6 : 8 —32<:>4q2—4q+1—O<:>q—-l
T q(1-9) 2
N n—2 1 1
Tedébv,=vyg “= 8.2'1_2 = 5
Vay dang khai trién ctia (v,) 1a: 16, 8,4,2, 1, %,2',;_5,
o Vidul3
Viét s6 thap phan vo han tuin hoan sau day duéi dang phﬁn sO hitu ti :
a=2,131313... (chu ki 13).
Gidi
13
a=2,131313. =24 13, 13 L, 100
100~ 100° 100" L
100
_ay 13 211'
99 ~ 99
13 L : .
(Vi 110:?) 1;32 " Toer 14 mét cap s6 nhan lui vo han, cong boi g = W)
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> Nhan xét : — Cach tinh tbng cta mét cap s6 nhan Iui vé han : Nhan dang xem day
s8 da cho c6 phai la mot cdp s6 nhan Ibi vé han khong (néu diéu nay chua
dugc néu lén trong gid thi€t cha bai toan). Sau dé, ap dung céng thic tinh
téng da biét trong SGK.

— Cach tim cadp s6 nhan IGi vé han khi biét mot s6 diéu kién : Dung cong
thire tinh téng dé tim cdng boi va s6 hang dau.

— Cach viét mot sé thdp phan vé han tudn hoan dudi dang phén s6 hiru tf :
Khai trién s6 d& cho dudi dang tong clia mot c&p s6 nhan IUi vo han va tinh
t8ng nay.

C. BAI TAP

1.1. Biét rang day s6 (u,) c6 gidi han 1a 0. Giai thich vi sao day s6 (v,) véi
= lu,| cling c6 gidi han la 0. Chiéu ngugc lai c6 ding khong ?

1.2. Vi sao diy s6 (u,) v6i u, = (—-1)" khéng thé c6 gidi han 12 0 khi n — +w ?

1.3. Cho biét day s6 (u,) c6 gidi han hitu han, con day s6 (v,) khong cé gidi
han hitu han. Day s& (u,, + v,) c6 thé c6 gi6i han hitu han khong ?

1.4. a) Cho hai day s6 (u,) va (v,). Biét limu, = —© va v, < u, véi moi n. C6
két luan gi vé gidi han ctia ddy (v,) khi n — +o0 ?

b) Tim limv, v6i v, = -n!.

1.5. Tinh gidi han cta cdc ddy s6 c6 s6 hang téng qudt sau day, khi n — +oo.

2n-3n +1 3n® — 5n+1
2) @y = 55— b) b, = ——5——:
n +n n°+4
O ¢ = 2211\/; ; g d =" 3n)(n + 1)°
n° +2n-—1 1-4n°
1 J2) 3
)y =2 3 [—J o
3" _4" 4 Vn? +n—1-+4n? -2
&) Uy = h)v, = :
24" +2 n+3



1.6. Tinh cédc gidi hon san :
a) lim(n® + 2n - 5) ; b) lim(—n> = 3n* = 2) ;

) lim[4” + (—2)"} ; d) limn(\/n2 —1-n?+ 2).

1.7. Cho hai day s6 (u,) va (v,). Ching minh rang néu limv, =0 va |un| <v,

v6i moi n thi limuy, = 0.
1.8. Biét |u, — 2| < 3% C6 két luan gi vé€ gi6i han cua day s6 (u,) ?

1.9. Dung k&t qua cau 1.7 dé tinh gidi han clia cdc ddy s6 c6 so hang téng quat
nhu sau :

_1n 2_._ _1\1

- 1
au, = —,; b)u, =
" . " 1+ 2n®
d) u,=1(0,99)"cosn; e)u,=5"-cos Jn

n!’

1.10. Cho day s6 (u,) xac dinh bdi cong thirc truy hoi
ul = 2

u, +1

u voin 2 1.

n+l =

Ching minh rang (u,) c6 gi6i han hitu han khi n — +c0. Tim gidi han dé.

L O b
) 4 ) 8’---7 2 pers

1.12. Tinh tdng S = 1 + 0,9 + (0,9)* + (0,9)> + ... + (0,9)" ' + ...

1.11. Tinh tdng ctia cdp s6 nhan 1ui v6 han 1,-

N -

1.13. Tim s6 hang téng quat cla cdp s6 nhan 1ii vo han c6 tdng bang 3 va cong

2
boig= —.
)1 g 3

1.14. Cho diy s6 (b,) c6 s6 hang téng qudt 12 b, = sina + sina + ... + sin"a

véi d # g + kn. Tim gidi han cuta (b,,).
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1.15. Cho s6 thap phan v6 haa tvan 1odn a = 54,121212. . (chu ki 1a 12). Hay

viét a duéi dang mot phan so.

1.16. Gia st ABC 1a tam gidc vuong cén tai A v6i do dai canh géc vuong bang 1.

150

Ta tao ra cdc hinh vuong theo c4c budc sau day :

— Budc 1 : Dung hinh vuoéng mau x4m c¢6 mot dinh 12 A, ba dinh con lai 1a
cdc trung diém cta ba canh AB, BC va AC (H.1). Ki hiéu hinh vuéng nay
1 (1).

Hinh 1 Hinh 2 Hinh 3

— Budc 2 : V6i 2 tam gidc vudng can mau tring con lai nhu trong hinh 1,
ta lai tao dugc 2 hinh vuong mau xam khac theo cach trén, ki hiéu 1a (2)
(H.2).

— Budc 3 : V6i 4 tam gidc vudng can mau trang nhu trong hinh 2, ta laj tao
dugc 4 hinh vuéng méi mau xam theo céch trén (H.3).

— Budc thit n : O budc nay ta c6 2""! hinh vuéng mdéi mau xam dugc tao
thanh theo c4ch trén, ki hiéu 1a (n).

a) Goi u,, 1a téng dién tich cla t4t ca cdc hinh vuong méi dugc tao thanh &

budc thi n. Chimg minh ring u, = —.
2

b) Goi S, 1a tong dién tich cla t4t ca cdc hinh vuéng mau x4m c6 dugc sau
n budc. Quan sat hinh v& dé du doén gidi han ctia S, khi n — +oo. Chimg
minh du doén do. '



§2. Gi6i han cud haim sé
| A. KIEN THUC CAN NHS
1. Gigi han hiru han
e Cho khoang K chda diém x; va ham s6 y = f(x) xdc dinh trén K hoac trén

K\ {xy}.
lim f(x) = L khi va chi khi véi day s6 (x,) bat ki, x, € K\[x,} va

X—Xg

X, = X, taco lim f(x,) = L.
e Cho ham s6 y = f(x) x4c dinh trén khoang (x, ; b).

lim f(x) = Lkhi va chi khi véi day s6 (x,) bat ki, xy < x,, < b va x,, = x,
X—Xg

taco lim f(x,) = L. )
e Cho ham s6 y = f{x) x4c dinh trén khoang (a ; x).

lim f(x) = L khi va chi khi vé6i day s6 (x,) bat ki, a <x, < xy vax, = xp,
XXy

tacé lim f(x,) = L.
e Cho ham s6 y = f(x) x4c dinh trén khoang (a ; +0).

lim f(x) = L khi va chi khi véi day s& (x,) bat ki, x,, > a va x,, = +oo thi
X+
lim f(x,) = L.
e Cho ham s6 y = f(x) xac dihh trén khoang (- ; a).

lim f(x) = L khi va chi khi véi day s6 (x,) bat ki, x, < a va x,, - —oo thi
xX——0 )

lim f(x,) = L.
2. Gigi han vo cuc
Sau day la hai trong s6 nhiéu loai gi6i han vo cuc khéc nhau :
e Cho ham s6 y = f(x) x4c dinh trén khoang (a ; +o).
lim f(x) =—oo khi va chi khi véi day s6 (x,) bat ki, x,, > a va x, - +o,
X—>+00

ta c6 lim f(x,) = — 0.
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e Cho khoang X cinta didim x; va hagi so y == j{x) xac dinh trén K hodc trén
lim f(x) = 4cokhi va chi khi v6i day s6 (x,) bdt ki, x,€¢ K \[{xo} va

X—)XO

X, = Xg, tacéd lim f(x,) = + oo,
> Nhan xét : f(x) c6 gidi han +oo khi va chi khi —f(x) ¢ gi6i han —o.
3. Cac gidgi han dac biét \

a) lim x = x;.
X—)XO

b)limc=c; ¢) limc=c; d) lim £-0 (c 12 hang s0).
XX . x—+oo x—>tw X

e) lim x¥

X—>+00

= +00, vOi k nguyén duong.

f) lim x* = —c0, néu klaso1é; g) lim x* = + 00, néu k 12 s6 chan.
X—>—0 X—>—w0

4. Dinh li vé gidi han hiru han

Pinh li 1
a) Néu lim f(x) =L va lim g(x)= M, thi
X—)XO X—)XO
o lim [f(x)+gx)]=L+M;
X—)Xo
o lim [f(x)-g(0)]=L-M;
X—)XO
o lim [f(x).g(x)]=LM ;
. X—)XO
. fx) L .
e lim =— (nfuM=z0);
oz 8(X) M ( )
b)Néuf(x) >0 va lim f(x) =L, thi L>0 va lim /f(x) = /L.
,\'—)Xo X—)XO

> Chuy : Dinh Ii 1 van dang khi x — +0 ho3c x — —w.
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Pinh If 2

lim f(x) =L khivachikhi lim f(x) =

)

X—)XO

5. Quy tac vé gidi han vé cuc

a) Quy tdc tim gidi han cua tich f(x).g(x)

11m f(x) =

lim f(x) lim g(x) lim f(x)g(x)
X—)XO X—)XO X—)XO
+00 +o
L>0
—a0 —a0
[ <0 +00 —00
—00 +00
¢ .. , f)
b) Quy tac tim gidi han cua thuong —= )

lim f(x) lim ¢(x) | py cr lim £
Pl el Dau cua g(x) Xl)xo 2(%)
L . Tuy y 0
L>0 0 * 0

- —a0
L<0 0 * —®
- +00

(D4u cua g(x) xét trén mot khoang K nao d6 dang tinh gidi han, véi x = x;).

B. Vi DU

e Vidul

Cho ham s6

| Dung dinh nghia chimg minh ring lim f(x) =
x—1

fx) =

-1

2x* +x-3
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Gidi
Ham s6 da cho xac dinh trén R\ {1}.
Gia str (x,,) 1a day s6 bat ki, x, # 1 vax, > 1.

3

2 _ 2(x, — D{(x, +=)

lim f£(x,) = lim L S N B
n—»-+owo

—+00 xn_l n—+w0 Xy -1

= lim 2(x, + )—5 Dodo lnnf(x)

n—»+o0

o Vidu?

, néux >0
Cho ham sé8 f(x)
1-x, nfux <O.

Dung dinh nghia ching minh rang ham s6 f{x) khong c6 giGi han khi x— 0.

Gidi
Ham s6 di cho xé4c dinh trén R.
Liy didy s6 (x,) véi x, = —
Tacéx,—>0va lim f(x,)= lim x, = lim—1—=0. §))
n—»+o0 - n—+w n—+oo 1
Ly day s6 (y,) voi y, = -
Tacéy,—>0va l1m f(yn)— 11m (l—yn)— hm(1+ ! =1. 2)
n—+ow

Tur (1) va (2) suy ra ham s6f(x) khoéng c6 giéi han khi x — 0.

> Nhan xét

Dé dung dinh nghia chitng minh ham s y = f(x) khéng c6 gidi han khi x - xo. ta
thudng lam nhu sau :

» Chon hai day s6 khac nhau (a,) va (b,) thod man : a, va b, thudc tap xac dinh
clia ham s6 y = f(x) va khac xq ; a, - xg; b, > X ;
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e Chitng minh réng lim Ja,) # lon f{b,; hodc ching minh mét trong cac gidi
n—>+o0 n—+w
han nay khéng tén tai.

Luuy : Trudng hop x — x5, x — X, hay x — 0 chiing minh tuong tu.

oVidu3
Tinh
2) lim( x2+5—1); by lim 2L . ) fim (= + 2% - x+1);
x—>-2 xo3 X~ 2 X——©
d) liml;x2 ; e) lim 2x -1
x—)4(x_4) x>3 X =3
__ Gidi
a) lim (\/x2+5—1)=\/(—2)2+5—1=2;
x—-2 .
x+1 3+
lim =4,
b)x_,3x 2°3-2 45
2 1 1 1
¢) lim (—x +x“=x+1)= lim x( 1+———2+—)—
X——00 . X—>—00 X x x
d)Tacé lim(1-x)=-3<0. _ (1)
x—4
lim (x —4)” =0va (x—4)’ > 0 v6i moix = 4. )
x—4
Ap dung qui tic vé gidi han vo cuc d6i v6i thuong f(( ) t (1) va (2) suy
1-x
ra hm—:—oo
x—)4(x 4)
e) Tac6 lim (2x-1)=5>0, lim (x-3)=0 va (x — 3) < 0 véi
x>3" xo3"
. P x—1
moix < 3. Do dd, lim = —0,
x—3 x-3

Nhan xét

Trong cac vi du trén ta da dung truc ti€p cac dinh Ii vé gidi han cla téng, hiéu,
tich, thuong va can clia cac ham sé hoac cac quy tac vé gidi han vé cuc.
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e Vidu4

Tinh céac gidi han sau :

¥ +2x -3

a) llmz—'
=12x° —x -1

. 2% +3x—4

¢) lim —————;

b) lim

2-x
x>2x+7 =3

2
d) lim Vax

2x+3

X—»—0

f) Lim (V4x% = x + 2x).

X—>—©

—x—\ﬁlx2+1 )

’

a)hmx +2x -3 ~ lim

x—)12x —x -1 x—1 (

-D(x + %)

(x-Dx+3) _

(2—x)(Jx+7 +3)

x+3 4

T oeo12x+1 37

b) lim = lim =l'1m—(s/x+7+3)=
x—)2\/_x+7 3 x-2 x—=2 x—2
3 4
2+ = —-—
3 - 2 3
¢) lim M= lim —X X - _9o
X—>+00 ._x3 — x2 +1 X—>+00 1 1 1
—_ ___+_
x 53
5 5 |x|4J1 == =[] 4+ L
) lim \/x —x—\/4x +1 lim x2
Xm0 2x+3 T x> 2x+3
* / 1
—X 1——+x 4+— ——+\/4+_
X
= 1 = X  _
x—l)r?oo 2x+3 xl_l)riloo 3
2+ —
e) 1 l[L_lJ_ 1-G+D) -1 __
x—0" X\ X +1 xo0 X(x+1) x—0 (x+1)

-6.



file:///x/Jl

U2 Z
—x)-4
B lim (Vax? - x +2x) = lim X 04X

S x> \/4x2 —-x—2x

> Nhan xét

Khi tinh gisi han ma khong thé ap dung truc tiép dinh Ii vé gidi han trong sach
gido khoa, ta phai bién dgi biéu thirc xac dinh ham sé vé dang ap dung dudc cac
dinh li nay.

Sau day 1a mot sé cach bién déi thudng dudc dung.

e Tinh lim ux) khi lim u(x) = lim v(x) =0

X-')XO v(x) X-')XO X-')XO
— Phan tich tir vd miu thanh tich cdc nhan tir va gidn udc. Cu thé, ta bién déi
phu sau :

L) L XA A e AX)
xll)n;() ) leH;O X = x)B(x) = xll)n;() B(x) va tinh xlgl;o B

— Néu u(x) hay v(x) cé chira bién s6 dudi ddu cén thi c6 thé nhan tir va miu
v6i biéu thic lién hop, trude khi phan tich chiing thanh tich dé gian udc.

e Tinh lim ﬂ khi lim u(x) = 0 va lim v(x) =
x =10 V(x) x—>xg x>
— Chia tir va méu cho x" véi n 1a s6 mil bac cao nh4t cha bién s6 x (hay

phan tich tir vA mau thanh tich chita nhan tir x” réi gian wdc).

— Néu u(x) hay v(x) c6 chira bi€n x trong d4du can thic, thi dua X ra ngoai
d4u can (v4i k 1a s6 mil bic cao nhét cla x trong ddu can), trude khi chia tu
va mu cho lu§ thira cia x.

e Tinh lim [u(x) - v(x)] khi lim u(x) = +oo va lim v(x) = +©
X—)XO X*).XO X*).XO

hodc lim u(x).v(x) khi lim u(x) =0 va lim v(x) = 0.
XXy X—>Xy X—>Xg

Nhan va chia vdi biéu thic lién hop (néu c6 biéu thic chita bign s6 dudi ddu can
thitc) hoac quy déng mau dé dua vé cung mét phan thirc (néu chifa nhiéu
phan thuc).
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C. BAI TAP
2.1. Dung dinh nghia tim cdc gigi han

a) llmx+3, b) limx +1.
—s3—x X —»+0 x2 +1
; %2 , néu x 20
2.2. Cho ham s6 fix) = ‘
%% - 1, néu x <O0.

a) V& d6 thi cua ham s6 f(x). Tir d6 du dodn vé giGi han cua f(x) khix — 0
b) Dung dinh nghia chiing minh du doén trén.

2.3. a) Chilng minh rang ham s6 y = sinx khong c6 gidi han khi x — +o0
b) Giai thich bang d6 thi két luan & cau a).

2.4. Cho hai ham s6 y = f(x) va y = g(x) cung x4c dinh trén khoang (- ; a)

Dung dinh nghia ching minh ring, néu lim f(x)=L va lim g(x)=M
. X——0 X—>—®

thi lim f(x).g(x) =
X——00
2.5. Tim gidi han cua cac ham s6 sau :

A f)= 273 khix 3, b) h(x) = 2x—+125kh x> -2;
x -1 (x +2)
) k(x)= V4x* =x+1 khix >-0; d)f(x)=x + x>+ 1khix - —0;

e) h(x) = ’;1125 i —2* vakhix— 2"

2.6. Tinh cac gi6i han sau :

. -
a) lim 2x+3 b) lirn(l+x) 1;
x>-3x° +2x — 3 x—0 X

x—1
¢) lim ; d) lim
)x—>+oox2—1 )x—>5\/_—\/—
&) lim —X—°_ . f) i VX2 +5-3
Ry sy -

x—-2 x+2 ’
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_ rVI 3
Jx -1 ] h) lim . 2x +3x7

lim ————; ;
8 xolyx+3 -2 x40 x3 9
| 2 5
o 1 -Da-2
i) 1imi2( = —1J; j tim & DAZ20
=0 x \x” +1 x>0 x' +x+3

2.7. Tinh gidi han cta cac ham s6 sau khi x — +oo va khi x - -

[2
a)f(x)=x—_3x' b)f(x)=x+\/x2—x+l;

x+2

c)f(,\;)= \/xz -x —\/x2 +1.

2.8. Cho ham s6 y
2x% —15x +12
x°-5x+4
c6 d6 thi nhu hinh 4. : |
a) Dua vao d6 thi, dir dodn giéi 3| §
han ctia ham s6 fix) khi x — 17; S & ........... .............
x> 1 ;x54 ;x4 /—
x —> 400 vakhi x — — oo, o |il 4 x
b) Chitng minh du doén trén.
2.9. Cho ham s
I _ néu x>1
foy=9x-1 B3_71 Hinh 4
mx + 2, néux<l1.

Véi gia tri nao cua tham s6 m thi ham s6 f(x) c6 gi6i han khi x > 1 ? Tim
gi6i han nay.
2.10. Cho khoang K, xy € K va ham s6 y = f(x) xac dinh trén K\ {x,}.

Ching minh ring néu lim f(x) = +oo thi ludn tén tai it nhdt mot s ¢ thuoc
XX .
K\{xg} sao cho f(c) > 0.
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2.11. Cho ham s6 y = fix) xac dinh wren khoang (a ; +).
Ching minh ring néu lim f(x) = —o thi lu6n ton tai it nhat mot s6 ¢
X—>+0

thudc (a ; +w) sao cho f(c) < 0.

§3. Ham sb lién tuc

A. KIEN THUC CAN NHG
1. Ham sé lién tuc

e Cho ham s6 y = f(x) x4c dinh trén khoang K va x; € K.

y = f(x) lién tuc tai xq khi va chi khi lim f(x) = f(xp).

X—)Xo
e y = f{ix) lién tuc trén mo6t khoang néu né lién tuc tai moi diém cha khoang do.
e y = f(x) lién tuc trén doan [a ; b] néu nd lién tuc trén khoang (a ; b) va

lim f(x) = f(a), ﬁr!;_ f(x) = f(b).

Xx—a

> Nhan xét : D3 thi cia ham s8 lién tuc trén moét khodng Ia mot "dudng lién" trén
khoang d6.

2. Cac dinh li
Pinh li 1
a) Ham s6 da thic lién tuc trén toan bo tap so thuc R.

b) Ham s6 phén thirc hitu ti va ham s6 lugng gidc lién tuc trén ting khoang
cla tap x4c dinh cua ching.

Pinh li 2
Gia slr y = f(x) va y = g(x) 12 hai ham s6 lién tuc tai diém x,. Khi d6 :

a) Cac ham s6 f{x) + g(x), fix) — g(x) va f{x).g(x) cling lién tuc tai diém x, ;
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b) Ham s& ]gc((i)} lién tuc tai x;, néu g(xy) # 0.

Pinh Ii 3

Néu ham s y = f(x) lién tuc trén doan [a ; b] va fla)f(b) < O thi ton tai it
nh4t mot diém ¢ € (a ; b) sao cho f(c) = 0.

Ménh dé tuong duong :

Cho ham s6 y = f(x) lién tuc trén doan [a;b] va fla)f(b) < 0. Khi d¢
phuong trinh f(x) = 0 c6 it nhat mot nghi(‘f:m(~ trong khoang (a ; b).

B. ViDU

e Vidul

x+3
Xét tinh lién tuc cia ham s6 filx) =< x -1’
2 , nfu x=-1

néu x=# -1

tai diém x = 1.

Gidi
Tap x4c dinh ctia ham s6 da cho 1a D = R, chita x = —1.

Tacé, f=1)=2va lim “5 = _1 # f(-1).
xo>-1x—1

Do d6, ham s6 khong lién tuc tai x = — 1.

o Vidu?

x? —2x-3

Xét tinh lién tuc clia ham s6 f(x) =1 x_3 * "% *¥#3
5 , néu x=3

trén tap x4c dinh cta né.
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Tap xdc dinh cia fix) la D = R.
x°=2x-

-3
trén cac khoang (-0 ; 3) va (3 ; +o0).

— Néu x # 3 thi f{x) = 3 12 ham s& phan thic hitu ti, nén lién tuc

—Taix=3,tac6f(3)=5

2 — —_—
lim x°-2x-3 ~ lim (x+D(x-3)

= lim(x+1) =4 = f(3).
x—3 x-3 x—3 x-3 x—3
Do dé6 f(x) khong lién tuc tai x = 3.

- Két luan : Ham s6 f(x) lién tuc trén cdc khoang (—co ; 3), (3 ; +o0), nhung
gidn doan tai x = 3.

o Vidu3
Chimg minh rang phuong trinh sau c6 it nh4t hai nghiém :
22>~ 10x=7=0.
Giai

Xét ham s6 f(x) = 2x° — 10x - 7.
Ham s6 nay 1a ham da thitc nén lién tuc trén R. Do d6 né lién tuc trén cic
doan [-1;0] va[0; 3]. (1)
Mat khéc, ta ¢6 :

f-1)=1;(00=-7 va f3)=17.
Dodé f(-1).f(0)<0 va f(0)£(3) <O0. (2).

Tu (1), (2) suy ra phuong trinh 2x° = 10x =7 = 0 ¢6 it nhat hai nghiém, m(jt
nghiém thudc khoang (-1 ; 0), con nghiém kia thudc khoang (0 ; 3).
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sVidud4
Chitng minh ring phuong trinh sau luén cé nghiém vdéi moi gid tri cla
tham s6 m : '

(1—m2)x5~3x—1=0.

Gidi
Xét ham 6 f(x) = (1 — mH)x° = 3x - 1.
Vi f(0)=—1<0vafi-1)=m’+1>0nenf(-1)f(0) <O véimoim. (1)

Mat khac, f(x) la ham da thic, lién tuc trén R, nén lién tuc trén doan

[-1;0]. : (2
T (1) va (2) suy ra phuong trinh f(x) = O c6 it nhat mét nghiém trong
khoang (~1; 0), nghia 12 phuong trinh (1 — m*)x°> = 3x = 1 = 0 luén c6
nghiém v&i moi m.

> Nhan xét

Dé chimg minh phudng trinh f(x) = 0 cé it nhat mét nghiém, chi can tim dugc hai
s6 a va b sao cho :

fla).fib) < 0 va ham sé f(x) lién tuc trén doan [a ; b].

Chu y. Néu phuang trinh chira tham sé, thi chon a va b sao cho :

fla) va f(b) khéng con chita tham s& hay chita tham sé nhung c6 dau khéng d8i ;
ho3c f(a).f(b) chita tham s6 nhung tich f{a).f(b) ludn am.

C. BAI TAP

-1
3.1. Cho ham s6 f(x) = (XT)M

Vé d6 thi cia ham s6 nay. Tur d6 thi du dodn cdc khoang trén d6 ham s6
lién tuc va ching minh du doéan dé6.

3.2. Cho vi du vé mot ham s6 lién tuc trén (a ; b] va trén (b ; ¢) nhung khong lién
tuc trén (a ; ¢).
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3.3. Ching minh rang n€u mot a&ra s lign we tréa (a5 o] va trén [b ; ¢) thind
lién tuc trén (a ; c).
3.4. Cho ham s8 y = f(x) xac dinh trén khoang (a ; b) chita diém x,.
Chimg minh rdng néu lim S = fxo) _ L thi ham s6 f(x) lién tuc tai
XX X = Xp
dlém XQ.
F® = FO0) _ ;5 bidu dién fix) qua gx).
X=Xy ,
3.5. Xét tinh lién tuc cta cdc ham s6 sau :

a)fx)=vx+5 taix=4;

Hudng ddn : Dit g(x) =

x-1 .
— . néu x<1
b) glx)={v2-x -1 taix = 1.
—2x , nfu x>1

3.6. Xét tinh lién tuc ctia cdc ham sd sau trén tap xac dinh cua ching :

2 1—
X2 e xx42 —x2 néu x # 2
2) f) = {1 x -2 b) g(x) = § (x - 2)
242, néu x=+2; 3 , néux=2.
' (x* - x-2 & )
3.7. Tim gi4 tri cha tham s6 m dé ham s8 f(x) = T o peux=
|m , n€ux =2

lién tuc tai x = 2.

; . |5, néux=#1
3.8. Tim gid tri clia tham s6 m d€ ham s6 f(x) =< x* ~1
2

|m , néu x =1

lién tuc trén (0 ; +00).
3.9. Chimg minh rang phuong trinh

a) x> = 3x—7=01lubn cé nghiém ;

;713}§

A

b).cos2x = 2sinx — 2 co it nhat hai nghiém trong khoang (—

)Vl +6x+1-2=0c6 nghiém duong.
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3.10. Phuong trinh x* — 3 +1=0 cé aghiéin hay khong irong khoang (-1 ; 3) ?

3.11. Ching minh cdc phuong trinh sau lu6én c6é nghiém véi moi gid tri cla
tham s6 m : '

a) (1 - mH(x + 1)° +_x2—x—_3 =0;
b) m(2cosx —/2 ) = 2sinSx + 1.
3.12. Ching minh phuong trinh

'_1 "2 » N ,ov ~ -
K+ a4 ax” "+ ... +a,.x +a, =0 lubn c6 nghiém véi n 14 s6 tu
nhién 1é. '

3.13. Cho ham s6 y = f(x) lién tuc trén doan [a ; b]. N&u f(a).f(b) > O thi
phuong trinh f{x) = 0 c¢6 nghiém hay khong trong khoang (a ; b) ? Cho vi
du minh hoa.

3.14. Néu ham s6 y = fix) khong lién tuc trén doan [a ; b] nhung Ra)fib) < O, thi
phuong trinh f(x) = 0 c6 nghiém hay khong trong khoang (a ; b) ? Hay giai
thich cau tra 16i bang minh hoa hinh hoc.

Bai tap 6n chuong IV

1. Tinh céc giGi han sau (n > +0) :

n n i

2) lim( 3" +25 . b) lim1+22+3+'"+n ;

1-5" n“+n+l
0 lim(\/n2 +2n41-vnt+n- 1).

2. Tim giGi han cia day s6 (u,) véi

-1)" 2" —n
a)un=(2—); b) u, = — .

n“+1 3 +1

3. Viét s6 thap phan vo han tuin hoan 2,131131131... (chu ki 131) duéi dang
phén s6.
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I’”l = 1

4. Cho day s6 (u,) x4c dinh boi 2u, +3
un+l = u + 2

n

a) Chimg minh rang u, > 0 v4i moi n.

voin 2 1.

b) Biét (u,) c6 gidi han hitu han. Tim gidi han dé.

5. Cho day s6 (u,) thod man u, < M v6i moi n. Ching minh ring néu

limu, = a thia<M.

6. Tu do cao 63m cua thdp nghiéng PISA &
Italia (H.5) nguoi ta tha mot qua béng cao
su xudéng dat. Gia sit méi 1an cham dat qua
béng lai ndy 1én mot do cao bang % do cao
ma qua bong dat duge ngay trude dé.

Tinh d¢ dai hanh trinh cia qua béng tir thoi
diém ban dau cho dén khi n6é nim yén trén
mat dat.

Hinh 5

7. Ching minh réang ham sé f(x) = cos% khoéng c¢6 gidi han khi x — 0.

8. Tim cdc gidi han sau :
. xX+5
a) lim -
x>-2x“ 4+ x -3

o) lim (3 +2x°Jx - 1) ;
X—>+00

9. Tim céc gidi han sau :

Vel +1-1

a) lim —————

=04 _\x? +16
o 2xtasx -
¢) lim =— 77~ °.

T

e) lim x(\/x2 +1 —.x') ;

X—>hoc

166

b) lim Vx? +8x+3 :

x—3"

3
d) lim h#
x>l (x+1)

b) limx_\/;;
x—=lyx —1

d) lim x+Vax? —x+1 )

X—>—® 1-2x

. 1 1
) hm[ - .
x—2* x2—4 x—=2




10.

11.

12.

13.

14.

15.

Xac dinh mot him < y == £ 10 man ddag thii céc di¢éu kién sau :

a) f(x) xdc dinh trén R\ {1},

b)lim f(x) = +o0 ; lim f(x)=2 va lim f(x)=2.
x—1 X—>+0 X—>—0

x*+5x+4 néu x#-—1
Xét tinh lién tuc cua ham s6 f(x) = Sa1
1 , néu x=-1

 trén tap xdc dinh cta né.

Xac diﬁh mot ham s6 y = f(x) thoé man dé‘rng thdi cac diéu kién sau :

a) fix) xac cﬁnh trén R,

b) y = f(x) lién tuc trén (—oo ; 0) va trén [0 ; +0), nhu'ng gidn doan tai x = 0.
Chitng minh ring phuong trinh :

a) x> — 5x —1 = 0 ¢6 it nhdt ba nghiém ;

b) m(x — 1)’ (x> — 4) + x* = 3 = 0 luén ¢6 it nhat hai nghiem véi moi gid tri
cua tham s6 m ;

c) x> = 3x = m ¢6 it nh4t hai nghiém v6i moi gid tri cham € (-2 ; 2).

3
Cho ham s& f{x) = f_%

a) Trong khoang (1 ; 3) ?
b) Trong khoang (-3 ; 1) ?

= 0. Phuong trinh f{(x) = 0 ¢6 nghiém hay khong

Gia sirhai ham s6 y = f(x) vay = f(x + %) déu lién tuc trén doan [0 ; 1] va
f(0) = f(1). Chiing minh riang phuong trinh f(x) — f(x +%) = 0 ludn cé

1
nghiém trong doan [0 ; 5].
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Bai tap trac nghidni

16. Chon ménh dé diing trong cdc ménh dé sau :

17.

18.

19.

20.

21.

(A) Néu lim|u,| = +oo, thi limu, = +o ;
(B) Néu lim|u,,| = 400, thi.h'mu,, = —00 ;
(C) Néu limu, =0 thi lim|u,| =0 ;
(D) Néu limu, = —a thi lim|u,| = a.

n n

lim = bing

(A)1; (B) —oo; ©0;  D+w
nm(m - n) bing

A)0; B 1; ©-3; -
xgr?w(x'— x* +1) bing

(A); 1 (B) ;w ; ©)0; (D) + co.
.xli"z‘— v bine

@-o; By Ol D=
Cho ham 6 £(x) = %.xgr} £(x) bang
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22,

23.

24.

25.

xl_l,rg— 9 + 3x bang
1 1
(A) 3 (B) —o; © & (D) + o0.
CoNAxE —x+1
Jim ———=—— bang
(A)2; (B) -2; 1, (D) -1.

Cho ham s6 f(x) xac dinh trén doan [a ; b].

Trong cidc ménh dé sau, ménh dé nao ding ?

(A) Néu ham s6 f(x) lién tuc trén doan [a ; b] va f(a)f(b) > O thi phuong

trinh f(x) = 0 khong c6 nghiém trong khoang (a ; b).

(B) Néu f(a) f(b) < 0 thi phuong trinh f(x) = 0 c6 it nhat mot nghiém trong

khoang (a ; b).

(C) Né&u phuong trinh f(x) = 0 ¢6 nghiém trong khoang (a ; b), thi ham s6

f(x) phai lién tuc trén khoang (a ; b).

(D) Néu ham s6 f(x) lién tuc, tang trén doan [a ; b]. va fla)f(b) > 0 thi

phuong trinh f(x) = 0 khong thé ¢6 nghiém trong khoang (a ; b).

Cho phuong trinh  2x* - 5x* + x+ 1 = 0.

Trong cdc ménh dé sau, ménh dé nao ding ?

(A) Phuong trinh (1) khong ¢6 nghiém trong khoang (-1 ; 1) ;
(B) Phuong trinh (1) khong c6 nghiém trong khoang (-2 ; 0) ;
(C) Phuong trinh (1) chi ¢6 mét nghiém trong khoang (-2 ; 1) ;
(D) Phuong trinh (1) c6 it nh4t hai nghiém trong khoang (0 ; 2).

(1)
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§1.

1.1,

1.2.

1.3.

1.4.

170

e

LOI GIAI = HUENG DAM - DAP $O HUONG \V;

Vi (u,,) 6 gi6i han 1a O nén |u,| c6 thé nhd hon mot s6 duong bé tuy y, ké
tir mét s6 hang nao dé trg di.

Mat khiéc, |[v,| = ||u,ll = |u,|. Do dé, |v,| ciing c6 thé nhd hon mot s6 duong
bé tuy y, ké tir mot s6 hang nao dé trd di. Vay, (v,,) c6 gidi han 1a 0.

(Ching minh tuong tu, ta ¢6 chiéu ngugce lai ciing ding).

Vi |u,| = |(-1)"| = 1, nén |u,| khong thé nhé hon mot s6 dwong bé tuy v, ké
tir mot s6 hang nao d6 tré di. Chang han, |u,| khong thé nhé hon 0,5 véi
moi n.

Do d6, day s6 (u,) khong thé c6 gidi han 12 0.
Day (u, + v,) khong c6 gidi han hiru han.
That vay, gia st nguogc lai, (4, + v,) c6 giéi han hitu han.

Khi d6, cac day s6 (u, + v,) va (u,) cung c6 gidi han hitu han, nén hi¢u cua
ching ciing 12 moét diy c¢6 gidi han hitu han, nghia 1a diy s6 c6é s6 hang
téng quat 1a u, + v, — u, = v, ¢6 giéi han hiru han. Diéu nay trdi véi gia
thiét (v,,) khong c6 gidi han hiru han.

a) Vi lim u, = —co nén lim(—u )—+oo Do d6, (-u )cothélo’nho‘nmétso
duong 16n tuy ¥, ké tir mét s6 hang nao dé trd di. (1)
Mat khéc, vi v, < u, v6i moi n nén (-v,) > (-u,) véi moi n. 2

T (1) va (2) suy ra (-v,) ¢6 thé 16n hon mot s6 duong 16n tuy ¥, ké tir mot

s6 hang nao d6 trg di. Do d6, lim(—v,) = +oo hay lim v, = —o0.
b) Xét day s6 (u,) = —n.
Ta c6 —n! < —n hay v, < u, v6i moi n. Mat khac lim u,, = lim(-n) = —

Tir k€t qua cau a) suy ra limv, = lim(-n!) = —oo.



2
1.5. a)-3; b) +oo ; c)0; d)T’
) n . nn 1 1
e) lim| 2" + — | = lim?2 1+—.—27 = 400 ;
00; =35 -l
’ g 29
3
1.6. a)+w; - b) —oo ; c) +; d) ~5

1.7. limv, = 0= |v,| c6 thé nh6 hon mot s6 duong bé tuy ¥, ké tit mot s6 hang
nao doé tré di. ()

Vi |un| Sv,vavy, < |vn| v6i moi n, nén |un| < |v_n| v6i moi n. ' (2)

Tir (1) va (2) suy ra |un| ciing c6 thé nhé hon mot s6 duong bé tuy ¥, ké tx

mot s6 hang nao d6 tré di, nghia 1a limu, = 0.

1.8. limu, = 2.

1.9.a) Vi |—| < 1 v6i moi n va liml =0 nénlimi =0.
nll n n n!
b)0; c)0; d)0;
e) Ta c6 u,,=5n—COS\/Y_lTI:=5"[1—(:085,,”“} (1)
Vi cos\/r_m < L va limL =0 nén lim c.os\/r_m =0.
5'1 5'1 n 5’1
Do dé, lim[l - °-°SS‘,I/;”J =1>0. 2)
Mait khic, lim 5" = 4o . 3)

Tix (1), (2) va (3) suy ra lim(5" — cos /) = lim 5" (1.— °°Ssn'”‘J = too.
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-

a4 =L

1.10. y

+1 .
Upy = 25— V61 n21.

2
. 3 5 9 17
Tacd, u; =2, =5 W=7 W=3g, UsT e
n-1
Du doén, u, = 1 vGi n € N*,
2"-1

Ching minh du doén trén bang quy nap (ban dqc tu ching minh).

n-1 n-1 n
Tu d6, limu, =lim2 1 =lim[1+(l] ]=lim[1+2.(lj J=1.
2"-1 2 2

2
1.11. 3

1.12. 10.

n-1
2
1.13. u, = (3) .

1.14. Day s6 : sinq, sinza, .., sin"q, ... v6i a #

T

5 + km, 12 mot cip s6 nhan vo

han, cong bdi g =sinx .
Vi |sin a| <1véia= g + km nén (sin" a) 1a moét cdp s6 nhan 1ui vo han.

B . .2 .
Hon nita, b, = sina + sin“a + ... +sin"a=S,.

sina

Do dé, lim b, = sina +sin‘a+ ... +sin"a+.. = —&
1-sina
, ) 1126
1.15. Giai tuong tu Vidu 13, tacé a = 34,121212... = =3

¢y

1.16. a) Chitng minh bang quy nap u, =

2n+1‘

—Véi n =1, mét hinh vuéng dugc tao thanh c6 dién tich 1a u; = -
: 2
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Vay (1) ding.
+2 J . ~ 1 . N
— Gia sur cong thirc (1) ding véi n =k (k 2 1), nghia 1a u, = pyTe Ta can

1

ching minh (1) ding véi n = k+1, titc 1a chiing minh u,,, = Py

That vay, & budc thi & ta c6 2" hinh vuéng méi mau xam dugc tao thanh.
Ung v6i mbi hinh vuéng nay ta lai tao dugc hai hinh vuéng méi trong budc
thi & + 1.

Tdng dién tich cta hai hinh vuéng méi nay trong budc thit k£ + 1 bing nira
dién tich ciia hinh vu6ng tuong ung trong budc thy k.

Do d6, téng dién tich t4t ca cac hinh vuéng méi c6 duge trong budc thi k + 1
1 1 1

la U1 = E?“T = 2k+2' . Vay (1) dﬁng viin=k+ 1.
— Két ludn : V6i moi n nguyén duong ta luon c6 u, = 2n1+1 .
. 1 . . 1
b) Dw dodn : S, — ESABC khi n — +o0, hay 1imS, = 5
Chil b - S, = 1 1 11 1 Ti
.u’ngmln Dy FU Uyt Lt u, = '2?+5—3'+...+.2n+1 _—2—_2n+1. u
P 1
do, limS, = >
§2
21. a)-4 ; b) +c0.
2 .
X , nfu x20
2.2 fx) = _
x* -1, néu x <O.

a) (H.6) Du dodn : Ham s6 f(x) khéng c6 gidi han khi x — 0.
1

3 - i 1 N
b) L&y hai day s6 c6 s6 hang.tong qudt la a, = — va b,=- pE

Ta c6, a, — 0 va b, > 0 khi n —> +c. (1)

173



1 . ! y
Vi — >0 nén fa,) = R )
n n

.1 N
Dodé, lim f(a,)= lim — =0. 2) 2
n—»+00 n—+w p

1 ) 1 =7
W,—;(O nen f(bn)=—2——l :

n : :
1' [0 1 S X
Dodé, lim f(b,)= lim (—2—1}—1. 3) \\
n—+00 n—+o\ -1
Tu (1), 2) va 3) suy ra f(x) khong cé gidi Hinh 6
han khi x — 0. ’

2.3. a) X¢ét hai diy s6 (a,) v6i a, = 2nn va (b,) v6i b, = g + 2nm (n € N¥),

Ta co, lima, = lim2nn = +o0 ;

limb, = lim(g + 2mrj = limn(% + 27rJ = 40 ;

limsina, = limsin2nn = lim0 =0 ;

limsinb, = limsin [g- + 2mrJ = lim1 = 1.

Nhu vay,a, — +0, b, — +0, nhung limsina, # limsinbd,. Do d6, theo

dinh nghia, ham s6 y = sinx khong ¢6 gidi han khi x — +oo,

2.4. Gia str (x,,) 1a day s6 bat ki thoa man x, < a va x,, > —co.

Vi lim f(x) =L nén 11m f(x ) =

X—>—0

Vi lim g(x) = M nén 11m g(x )=M
X—»—00

Do d6, lim f(x,).g(x,) = L.M.
n—»+oo

Tir dinh nghia suy ra lim f(x).g(x) =
X—>—0
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25.a)0 ; b) —

c¢) lim Vv4x2 —x+1 = lim || 4——)1;+L

X—>=0 X—>—0 x2

= lim (—x f4—l+L]=+oo_
X—>—0 X x2

d) lim (& +x2 +1) = lim x (1+l+_)_
X—>—0 X—> =<0 x

€) — oo va + o,

26.2) lim —~ > _ n;nL_nm;_—_l
x—)—3x2+2x 3 xo-3(x-Dx+3) —x_>_3x—1 4
A+ -1 (1+x—1)|:(1+x)2+(1+x)+1}
b) lim—2 " _ Jim
x—0 X x—0 X

x[(1+x)2 +(1+x);1}

= lim =‘lim[(1+x)2 +(1+'x)+1}=3.
x—0 X x—0
1_1
X X 42
¢) lim = lim =0.
x—)+oox2_1 x—)+ool_i
2
X

(V=B (Vx +5)
d) lim = lim
x—)S\/——f x5 \/——\/g

- lim(\/;+\/§)=2\/§.

x5

-3
e) lim X

X—>+00 \/— \/— x—)+00 1 JE

iy
1 5

Vi —=+ T>-O v6i moi x > 0).

Jx

= 400
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. x> +5-3 . x> +5-9
f) im —————— = lim

x>-2 x+12 2y 4 2)(\/x2 +54 3)

PN C k) C ) BT x—-2 -2

H-'Z(x+2)(\/m”) EENENF PR
i1 (Ye-1)(Yxe32)

lim ————— = lim :
g)xl—)rnl\/x+3—2 x—l x+3-4

(Ve -1)(Vx+3+2) (Vx -1)(Vx+3 +2)

R S (- 1)(3x )
L oNx+3+2
= lim—— = 2.
x—l \/;+1
1 »
_ 3 3 zt3
hy lim Lo ZX 3 o X x5
X—>+00 x3_9 X—>+00 1 9
3

5
2(1- L)L
(-1 -2x)° _ imx(l xzj'x (x 2J

j) lim |
x>0 x4 x+3 X——0 X +x+3
5
(%))
- x“J\X _ 5 _
= lim =(-2) =-32
X——0 1 3
1+—6+—7
X X
2 3y || 1—% 1—% 1—%
2.7. = = = 1 _
a)xl—)+oo x+2 xl—)+oo x+2 xl—l)r-ri-loo x+2 x1—1)r4r-loo 1+_2_ L
X
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lim

X—>—0 .x+2 X—>—00 x+2 o0 x+2 o

1 1
b) lim (x+m)_ lim [x+x\/:J
X—>+c0 X400

= lim x(1+ 1_1+L]=+Oo;
X 52

sz pmy —_—
3 3 3
x% = 3x . |x|\/1—; . \/1—_; ' _1_;

x-1

X—>+00
lim (x+\/m)_ lim X o -x+D) -
Aol : X—>—oox—\/x —x+1 x> OOX—\/x e+l
= lim x—1 — Lim x -1
X—)—oo 1 X—>—0 1 1
|x|\/1——+_2_ x+x\/1__+_2
X X X
-1 1
= lim X -2
1+\/l——+_
P

2 2
¢) lim (\/xz—x—\/x +1)—- lim (x"=x)-(x"+1)

X—>+00 X—>+00 \/x x4 \/x2 )

2 2
lim (\/x —x—\/x +1)_ lim x*=x)—-(x"+1)
o R LR [C N

1

__1__

= lim

= lim — : ‘ 1
X—>—00 1 v 2
_x\/l_;_x\/l ) \/———\[l+_

12.BTDS8GT 11-A

1
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2.8.a) Dy dodn : Yim f(x)=-+n; bm fx)=-0; lm f(x)=—0;
xo1t x>0 x—4

lim f(x) =40 ; lim f(x)=2; lim f(x)=2.

x—4"
b) e Ta c6,
lim (2x2—15x+12)=—1<0, lim (x2 _5x+4)=0
x—1" P

va x> -5x+4 <0véimoix e (1;4)nén
_2x* —15x+12
lim 3 = 4w
-1" x*-5¢+4

Vi lim (2x2—15x+12)=—1<0, lim (x2—5x+4)=0

x—1" x—>1"

vd x? —5x+4>0véimoix<]neén
2
1im2x —15x+12=._oo
x>l X2 =5x+4
o Vi lim(2x2—15x+12)=—16<0, hm(x2—5x+4)=0

x—4" x4t

~va x* —5x+4>0v8imoix>4neén
2
hmZx2—15x+l2=_oo
x=4" x° -5x+4

A

eVi Iim (2x2—15x+12)=—16<0, lim (x2—5x+4)=0

x—4" x—4"
vd x> —5x+4 <0véimoixe (1;4)neén
2x% —15x + 12
= 400

lim —
x4~ x“ —5x+4
, 15,12
2t -15x+12 x 2
e lim 3 = lim =2;
x—2+0 x° ~S5x+4 x—>+ool_§_+i
X 42
2..15.*.2
o2 —15x+12 X2
lim — = lim ——=— =2,
x> x° —5x+4 X—>—w1_§ 4
X 42
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‘ 309 “+x-2
29. lim f(x) = lim L L J= Jim X X
x-1* s\ X -1 ¥ x> (x=-Dx"+x+1)

(x—D(x+2) - lim x+2 _1

= lim 3
+x+1

x> (x — l)()c2 +x+1) xol'x

lim f(x) = lim (mx+2)=m+ 2.
x-1" x—1"

fix)ycoé gidGihankhix > 1o m+2=1<m=-1.Khidé lim f(x) =1.

x—l
2.10. Vi lim f(x) = +oo nén vGi diy s6 (x,) bat ki, x, € K\ {x¢} vax, > xyta
X=Xy

lubncé lim f(x,) = +o.
n—>+oo

Tir dinh nghia suy ra f(x,) c6 thé 16n hon mot s6 duong bat ki, ké tir mot s6
hang nao dé tré di.
Néu s6 duong nay 1a 1 thi fix,) > 1 ké tr mét s& hang nao dé trd di.

N6i cach khéc, ludn t6n tai it nhdt mot s6 x, € K\ {xy} sao cho f(x;) > 1.

Datc =x;, tacod f(c) > 0.

2.11. Vi lim f(x) = —o nén véi diy s6 (x,) bét ki, x,, > a va x, = +o ta luon
X—>+00

c6 lim f(x,) = —oo.
n—-+0w

Dodé lim [-f(x,)] = +x.
n—+m
Theo dinh nghia suy ra —f(x,,) c¢6 thé 16n hon mot s6 duong bét ki, ké tir mot
- s6 hang nao do6 tré di.
Néu s6 duong nay la 2 thi —f(x,) > 2 ké tir mot s6 hang ndo d6 trg di.
Néi céch khdc, ludn ton tai it nhat mot s6 X € (a ; +) sao cho —f(xy) > 2
hay f(x,) < -2 < 0. '

bat ¢ = x;, ta c6 f(c) < 0.
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§3

3.1.

'~ Véi x < 0, fx) = 1 — x ciing 12 ham da

3.2

a) fix) = (X_Tl)lxl _ {x -1, néu x>0

1 — x, néu x<O.

Ham s6 nay c6 tap xac dinh 1a R\ {0}. YA

b) Tir dé thi (H.7) du doan f(x) lién tuc
trén céc khoang (-~ ; 0), (0 ; +0), nhung |

khong lién tuc trén R. That vay,

. R - 0 . %
— Véi x> 0, ix) = x — 1 1a ham da thitc nén /
lién tuc trén R, do d6 lién tuc trén (0 ; +00). ’ )

thic nén lién tuc trén R, do d6 lién tuc trén

(—o0; 0). Hinh 7

Déthﬁyhamséglandoantalx 0,vi lim f(x)=-1, lim f(x)=1.
x—0”

x—0"
x + 2, néu xSO :
Xét ham s6 f(x) = ¢ 1

x2

néu x>0.

o Truong hgp x < 0.
fx)=x+2la ham da thic, lién tuc trén R, nén né lién tuc trén (-2 ; 0].
. Trllé'ng hop x>0.

f(x) = — la ham s6 phan thic hitu ti nén lién tuc trén (0 ; 2) thudc tap

" Xac d;nh cua nd.
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Nhu vay f(x) lién tuc trén (-2 ; 0] va trén (0 ; 2).

Tuy nhién, vi lim f(x) = lim Lz = +00 nén ham s6 f(x) khong cé gidi
x-o0" 0" x

han hitu han tai x = 0. Do d6, né khéng lién tuc tai x = 0. Nghia la khong
lién tuc trén (-2 ; 2).



3.3 Viham s6 lién tuc weén (¢ ; bi nén kén e icn @, b) va lim f(x) = f(b). (1)

x—b

Viham s6liéntuc trén [b; c) nénliéntuc trén (b;c) va lim f(x) = f(b). (2)

x—ob*

Tu (1) va (2) suy ra f(x) lién tuc trén cic khoang (a ; b), (b ; ¢) va lién tuc
tai x = b (vi lim f(x) = f(b)). Nghia la n6 lién tuc trén (a ; c).
x—b

f(x) = f(x)

3.4.Dbat g(x) = ~x
) -0

- L.
Suy ra g(x) xac dinh trén (d ; D)\ {xp} va lim g(x) =0
x—)xo

Mat khéc, f(x) = f(xg) + L(x — x¢) + (x — x) g(x) nén
lim f(x)= lim [f(q)+L(x - xo) +(x —x) ()]
x—)xo

X=Xy

= lim f(xy)+ lim L(x — x0)+ lim (x — xg). lim g(x) = f(x).
x—)xo .X—).XO x—)xo .X—).XO

Vay ham s8 y = f(x) lién tuc tai x,,.

3.5.a) Ham s6 f(x) = Vx + 5 ¢6 tap x4c dinh 12 [5 ; +00). Do d6, n6 xdc dinh
trén khoang (-5 ; +) chia x = 4. :

Vi lim f(x) = linz\/x +5 =3 = f(4) nén f(x) lién tuc tai x = 4.
x> :

x—4
_x-l néu x< 1
b) Him s6 g(x) = {2 —x -1’ c6 tap x4c dinh 12 R.
—2x , néu x> 1
Ly
Ta cé, g(1) = -2. (1)

(x—l)(\/ -x+1)

lim g(x) = lim

x>0 x—=1" 2 - X = 1 x—)l ' 1-x
= lim(—v2-x-1)=-2. 2)
x>l
lim g(x) = lim (-2x) = 2. (3)
x-1* x-1*

T (1), (2) va (3) suy ra lim1 g(x) = -2 = g(1). Vay g(x) lién tuc tai x = 1.
x> :
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X212

3.6.2) f(X) =< x -2
2\/5 , néu x=\/5.

Tap xdc dinh ciia ham s6 13 D = R.

, néu x# \/—2

X -2
x -2
Pay 1a ham phan thic hitu ti nén lién tuc trén cdc khoang (- ; \/5) va

(V2 ; +o0).

o Néu x # J— 2 thi fix) =

OTaix=\/§:
-2 . x=V2)x+2)
1 = 1i
x—l>m2f(X) x—n/_x—\/_ x—»n\}f x—\/f
= 1h3_(x+\/§)=2\/—=f(\/5).vay ham s6 lién tuc tai x =+/2 .
x—V2

Két ludn : y = f(x) lién tuc trén R.

I-x , néu x # 2 '
b) g(x) = {(x -2)* c6 tap xdc dinh 1a D = R.

3 , néu x =2

1-

(x -

e Néu x # 2 thi g(x) = 5 1a ham phén thic hitu ti, nén né lién tuc

trén cac khoang (—o0 ; 2) va (2 ; +0).

e Tai x =2 : lim g(x) = lim
x—2 =2 (x — 2)?

= —0. Vay ham s6 y = g(x) khong
lién tuc tai x = 2.
Két ludn : y = g(x) lién tuc trén cdc khoang (—oo ; 2) va (2 ; +o0), nhung
gidn doan tai x = 2.

3.7.m=23.

1
S.m=F+—.
3.8. m >
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3.9.2) Xét f(x) =x° —3x—"7 vahaisG0; 2.

b) Xét f(x) = cos2x — 2sinx + 2 trén cé4c khoang [— 165 gj [; ; n].

) Tach, Vx* +6x+1-2=0 X +6x+1=4c X +6x-3=0.

Ham s6 fix) = x> + 6x -3 lien tuc trén R nén lién tuc trén doan [0 ; 1]. (1)

Tac6 f(0)A1)=-3.4<0. (2)
Tur (1) va (2) suy ra phuong trinh x> +6x—3=0 c6 it nhét mot nghiém
thudc (0 ; 1).

Do d6, phuong trinh Vx* + 6x +1 —2 = 0 c6 it nh4t mot nghiém duong.

3.10. Huong ddn : Xét fix) = x* = 3x° + 1 = 0 trén doan [-1 ; 1]. Trd loi : C6.

31L.a) (1 -mH)(x+ 1)} +x*—x-3=0.
fix) = (1 = m*)(x + 1)> + ¥* — x — 3 12 ham da thitc nen lién tuc trén R. Do
d6 n6 lién tuc trén [-2 ; —1].
Ta cé f(-1) = =1 <0 va (=2) = m* + 2 > 0 nén f(—1)(~2) < 0 véi moi m.
Do d6, phuong trinh f{x) = 0 luén c6 it nhit mot nghiém trong khoang (-2 ; -1)

véi moi m. Nghlala,phuongtnnh(l —m)(x+ 1) +x* - x—3=0Iuén c6
nghlém véi moi m.

b) m(2cosx — /2 ) = 2sinSx + 1.

HD : Xét ham s6 f(x) = m(2cosx —+/2 ) — 2sin5x — 1 trén doan [-% ; ﬂ

3.12. Ham s6 f(x) = x" + al)c"—l + a2x"_2 + ... + a,—x + a, xac dinh trén R.

eTacoé lim f(x)= lim (x" + al)c"_1 + a,z)c"'2 +..+a,_x+a,)

X—»+00 X—»+00
a
=11m)c(1+1+ﬁ2++"11 ")—
X—>+00 X o x A

Vi lim f(x) =+c nén véi diy s6 (xr,) bdt ki ma x, - +co, ta luén cé
X—>»+00

lim £ (x,) = +o0
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Do d6, f(x,) cb thé 1dn hon mréi 55 Tieng o4i l4, K& tr mot s6 hang nao d6
tré di.

Néu s6 duong nay 1a 1 thi f{x,) > | ké tr mot s6 hang nao d6 trg di.

No6i céch khéc, luén ton tai s6 a sao cho fla) > 1. (D
e lim f(x)= lim ("+ax" ' +ax"? +..+ a, x+a,)
x—>—0 X——0
: a a a ,
= lim x"(1+—1+&+...+”—’1+—”) = —oo (donlé).
X X x2 . xn—l xﬂ

Vi lim f(x) = - nén véi day s6 (x,) bat ki ma x, - —oo, ta luén cé
X—>—w®

lim f(x,) = —o, hay lim[—f(x,)] = #o.

Do dé6, —f(x,) c6 thé 16n hon mot s6 dwong bat ki, ké tir mot s6 hang nao dé
tro di.

Néu s6 duong nay 12 1 thi —f(x,) > 1 k€ tir s hang nao d6 trd di. Néi cach
khéc, ludn tén tai b sao cho —f(b) > 1 hay f(b) < —1. )
o Tur (1) va (2) suy ra fla) f(b) < 0.

Mat khac, ham da thic f(x) lién tuc trén R, nén lién fuc trén [a ; b].
Do d6, phuong trinh f(x) = 0 luén ¢6 nghiém.

3.13. Néu ham s6 y = f(x) lién tuc trén doan [a ; b] va fla)f(b) > O thi phuong trinh
f(x) =0 ¢6 thé c6 nghiém hoac vo nghiém trong khoang (a ; b).
Vi du minh hoa :
o f(x) = x* — 1 lién tuc trén doan [2 ; 2] , A-2)f(2) = 9 > 0. Phuong trinh

x-1=0c¢é nghiém x = £ 1 trong khoang (-2 ; 2).

o flx) = x> +1 lien tuc trén doan [-1; 1] va fi—1)(1) =4 > 0. C(‘)n‘phuo'ng trinh
Pil= 0 lai vo nghiém trong khoang (-1; 1).

3.14. Néu ham s8 v = f(x) khong lién tuc trén doan [a ; b] nhung fa)A(b) < O thi
phuong trinh f(x) = 0 c6 thé c6 nghiém hoac vé nghiém trong khoang (a ; b).
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Minh hoa hinh hoc (A.3) :
y y

;\/ h .X E :\/ | X

Hinh 8

a) f(x) = 0 v6 nghiém trong (a ; b) ; - b) f(x) = 0 c6 nghiém trong (a ; b).

Bai tap 6n chuong IV

1 : 1
.oa)=2; = =.
1. a) ,b)2 C)2
2. a)Taco u|—’(_1n _ 1 Pat v, = ! ' (1)
oo |n2+1! LS R
1
. . . -7 2 ”
Ta c6 limv, = lim— 1:1_1m ”1 = 0. Do dé, |v,|c6 thé nh6 hon mot
: n® +
1+—2

: n
s6 duong bé tuy ¥, ké tir mot s6 hang'nao dé tré di.
Tix (1) suy ra, |u,| = v, =1|v,|- '

Vay,

nao d6 trg di, nghia 1a limu, = 0.

uy|ciing c6 thé nhd hon mot s6 duong bé tuy ¥, ké tir mot s6 hang

b) Huéng dan : |u

131 131 131
+

= —_— + ... +
1000 10002 1000™

3. 2,131131131...

131
1000 131 2129
= 2 = = .
fT T 999 T 09
1000
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131131 131
1000" 10002 """ 1000™

o)

. 1& mot cdp s6 nhan lui v6 han véi cong boi

"1 OOO

a) Chitng minh bang quy nap : u, > 0 v6i moi n. ey
-Véin=1,tacéu; =1>0.

—Giast (1) ding vé6in =k 2 1, nghla la u, > 0, ta cdn chitng minh (1)
ding v6in=k+ 1.

| 2u, +3 2y +3
Ta cé = =k . Viu,>0nén u,,; = —*—=>0.
aCO_ U +1 W, + 2 1 Uy Y
— Két lugn : u, > 0 v6i moi n.
b) bat limu, = a.
2y +3 2u +3 2a+3
= = limu,_,; = lim—2Z =a= :>a=+\/§.
Uy U, +2 1_ n+1 ) +2

Vi u, >0 v6i moi n, nén limu,' = a 2 0. T d6 suy ra limu, = NG}

Xeét day s6 (v,) véiv, =M — u,,. i |

u, <M v6i moi n = v, > 0 v6i moi n. ¢8)
Mat khéc, limv, = lim(M - u, ) -M-a )
Tir (1) va (2) suyra M —a >0 hay a <M.

Maéi khi cham d4t qua bong lai nay lén mot do cao béang % do. cao cua ldn

roi ngay trudc dé va sau d6 lai roi xuéng tir dé cao thit hai nay. Do d6, do
dai hanh trinh ctia qua béng ké tir thdi diém roi ban ddu dén.

— thoi diém cham dat 14n thd nhat 12 d; = 63 ;

~ thdi diém cham d4t 14n thi haila d, = 63 + 2.% ;
— thdi diém cham dat 14n thd ba 12 d; = 63 + 2. _f_(?)i +2.— 63



. R N 63
— thoi di€ém cham dat 14n tha tu 1a d, =63 + 2. o3 + 2. E + 2. E ;
' 10 102 10°

— thdi diém cham d4t lan thd # (n > 1) 1a
d—63+2§+26—3 .+ .63.
10102 10!

(C6 thé ching minh khang dinh nay bing quy nap).

Do d6, d6 dai hanh trinh cha qua bong ké tir thdi diém roi ban ddu dén khi
nim yén trén mat dét 1a : |
63 63 63

d=63+2.— 0 + 2. T+ e 2.10'1_l + ... (mét),

63 . 63 63 ) . 1
Vi2z.—2.—,..,2.—,... I3 an lui vo han, ig=—,
i2 0 2 02 PP 1a mot cdp s6 nhan Iui vo han, cong b§1q 0

L6
néntaco2§+263+...+2. 63 +o.=—10 _qq
10 10 10" oL
10
Vay, d=63+2.— 63 + 2. E +...+ 2. 63 +..=63 + 14 =77 (mét).
10 702 10" |

7. Hudng ddn : Chon hai diy s6 c6 s6 hang tdng quit 12 a, =ﬁ va

1 f s P 1 o .
b, = m Tinh va so s4nh lim f(a,) va lim f(b,) dé€ két luan vé giéi
han cta f(x) khi x — 0.
8 a)-3; b)6; . ¢) +oo ; d) —o0.
9. a4 - bl c)2 ; d)%;
5 x(x2 +1- x2)
e) lim x( x+1- )— lim lim ———
X400 X+ x +1 + x X—<)+00

— +x
= 11m—1——

X—>+00 1
1+—2+1
) X

l\’I

187



10.

11.
12.

13.

14.

15.

f) l]m ( 2 _— ! J = llm M — llm X - 1 = —00,
xo2'\x2 -4 x-2 =2t x> -4 x—2* x2 -4
2 2x2 + 1 X A R X ] ~ 2
Chang han f(x) = 1) . Dé dang kiém tra dugc rang f(x) thoa man cac
x —

diéu kién di néu.

Ham s@ lién tuc.trén R.
. \ x* néu x>0
Huong dan : Chang han xét f(x) = ’ B
_ o x—1, néu x<0.
Huédmg dan :

a) Xét ham s6 f{x) =x° — 5x —1 trén cdc doan [-2 ; —1], [-1 ; 0] va [0 ; 3].
b) Xét ham s6 f(x) = m(x — 1)°(* — 4) + x* — 3 trén cdc doan [-2 ; 1], [1; 2.
¢) Xét ham s6 f(x) = x> - 3x Cm trén cac doan [-1; 1], [1; 2].

X +8x+1

x=2 .
Vi x* +8x+1 >0 v6i moi x € (1; 3) nén phuong trinh X +8x+1=0
khong c6 nghiém trong khoang (1 ; 3). Do d6, phuong trinh f(x) = 0 khong
c6 nghiém trong khoang nay.

a)Véix=z2tacd =0 x> +8x+1=0.

b) f(x) 12 ham phan thic hitu ti, nén lién tuc trén (-0 ; 2). Do d6, né lién
tuc trén [-3 ; 1].

Mat khéc, f(-3)f(1) = -100 < 0. |

Do d6, phuong trinh f(x) = 0 c6 nghiém trong khoang (-3 ; 1).

Xét ham s6 g(x) = fix) — f(x +% ).
1

Tac6 g0 =f0)-f0+3)=f0) ~f(5).

1, 1 1 1. 1 _ l B
8(5)—f(i)—f(5+5)—f(E)—f(l)—f(z) f0)
(vi theo gia thiét f(0) = f(1)).
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Do 46, 80) 8(3) = LA0) ~fi )] i)~ A0 == LA~ P <0.

— Néu g(0) g(%) =0thix=0hayx= % 1a nghiém ctia phuong trinh g(x) = 0.

— Néu g(0) g'(%)<0. | (D)

Viy=fix)yvay =ﬁx +%) déu lién tuc trén doan [0 ; 1], nén ham s6 y = g(x)
. ciing lién tuc trén [0 ; 1] va do d6 né lién tuc trén {0 ; %} ' 2)

Tir (1) va (2) suy ra phuong trinh g(x) = 0 c6 it nhdt mdt nghiém trong

khoang (0 ; %).

Két lugn : Phuong trinh g(x) = 0 hay f(x) — f(x +%)_= 0 luén c6 nghiém

trong doan [0 ; %].

P4p 4n Bai tap tric nghiém

16. (C). 17. (B). 18. (O). 19. (D). 20. (A).

21. (D). 22. (B). 23. (B). 24. (D). 25. (D).
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huong V. DAO HAM

§1. Pinh nghia vé y nghia ctia dao hédm

A. KIEN THUOC CAN NHG

1. Dinh nghia

Cho ham s6 y = fix) xac dinh trén khoang (a ; b), xy € (a; b), X+ Ax € (a ; b).
Néu tén tai, gi6i han (hitu han)

. [l + Ax) = fxy)
Alxlr—nm Ax

duoc goi 1a dao ham cua f(x) tai xg, ki hiéu 1a f'(xq) hay y'(xy)

flxg +Ax) - f(x) _ lim Fx) - fx)
0 Ax X=X X — Xy

f )= lim

2. Quy téc tinh dao ham béing dinh nghia

Bugc 1 : V6i Ax 1a s6 gia cua d6i s6 tai x,, tinh
Ay = flxg + Ax) — flxp) ;

, o Ay
Buoc 2 - Lapt —
oc aplsoAx‘

. Ay
Buwoc 3 : Tinh lim —.
! Ax->0 Ax

> Cha y : Trong dinh nghia va quy tic trén day, thay x, bdi x ta sé c6 dinh nghia va
quy tac tinh dao ham cla ham sé y = f{x) tai diém x € (a ; b).
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3. Quan hé giira tinh lién we va sy ¢d dav ham

f(x) c6 dao ham — f(x) lién tuc

tai xq <4 tai xq

4.Y nghia hinh hoc clia dao ham

Néu t6n tai, f'(xg) 12 h¢ s6 gbc clia ti€p tuyén ctia d6 thi ham s6 y = f(x) tai
My (xy ; fixp)). Khi d6 phuong trinh ti€p tuyén clia d6 thi ham s6 tai M 1a

Y= Yo = f'(xg) (x = xp).

5. Y nghia vat li ciia dao ham
v(2) = s'(t) 1a van t6c tic thoi cia chuyén dong s = s(¢) tai thoi diém t.
B.ViDU

o Vidul

Bing dinh nghia, hiy tinh dao ham ctia ham s6 y = v2x — 1 tai xy = 5.

Giai
Tap xac dinh cia ham s6 da cho la D ={x | x 2 %}

* V6i Ax 12 s6 gia ctia d6i s6 tai x, = 5 sao cho 5 + Ax € D, thi -
Ay= 25+ Ax) -1 -~10-1.

e Tacd

Ax

Ay V9+2Ax -9
- > _

e Khi dé

)= lim DY = i (028 =IN9+24x +3)

Ax—0 AX Ax.—)O Ax(\9 + 2Ax + 3)

o 9F2Mx-9 2 1
Ax—0 Ax(J9+2Ax+3) a0 JO+2Ax +3 3
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e Vidu2

Cho ham s6
2

x=-2
a) Hay tinh (bing dinh nghia) dao ham cta ham s6 di cho tai x = 1.

y= (%)

b) Viét phuong trinh tiép tuyén cta (€) tai diém A(1 ; -2).

Gidi
a) VGi Ax 1a s6 giaclia déi s6 taix =1, ta cd

_ 1+ A +(A+Ax) 1+1

A _ —
v 1+ Ax -2 -2
14 2Ax + Ax? + 1+ Ax
= +2
Ax -1
C243Ax+ A% +2Ax -2 SAx+ AX®
- Ax -1 T A-1
Ay 5+ Ax
Ax  Ax-1"
. Ay . S+ Ax
lim — = lim = -5.
axr0AX  ars0 Ax—1
Vay y'(1) =-5.

b) Phuong trinh ti€p tuyén cta (%) tai A(1 ; -2) 1a
y+2=-5x-1)

hay y=-5x+3.

eVidu3

: “ 12 néu x>
Ching minh rang ham s6f(x)={(x )*, néu x>0

(x+ 1)2, néu x<0

khong c6 dao ham tai x = 0, nhung lién tuc tai dé.
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73272
wyidi

a) Tacé f(0)=1.

Trudc hét, ta tinh gi6i han bén phai cia ti s6 %@ Ta cé
f) = fO) _ (x-17*-1
x-0 X
_ x% —2x
T X
=x-2 (o x#0),
do d6
lim £SO _ (x —2) =-2.
x>0t X~ 0 x—=0*
Sau d6 ta tinh gidi han bén trai :
f— 2 —
f SO Q@ _ ) -1
x—0- x-0 x—=0~ X
= lim (x +2) = 2.
x>0~

f(x) - fQO)
x-0
khi x - 0. Diéu d6 chimg t6 ham s6 y = fix) khong c6 dao ham tai

x=0.

Vi gi6i han hai bén khac nhau nén khong ton tai gidi han cla ti s6

B) Vi lim f(x)= lim (x - )2 =1,

x—0 x—0

lim f(x)= lim (x +1)? =1

x—0" x—0"

va f(0) = 1 nén ham s& f(x) lién tuc tai x = 0.

oVidu4
o . . cosx, ntux =0

Ching minh rang ham s6 y = g(x) = i .
—sinx, néu x <0

khong c¢6 dao ham tai x = 0.
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Gidi

Vi lim g(x) = lim cosx =1,
x—0* x—0*

lim g(x) = lim (-sinx) =0,
x—0" x—0"

g(0)=cos0=1
nén ham s6 y = g(x) gidn doan tai x = 0.

Do d6 ham s6 nay khéng c6 dao ham tai diém x = 0.

C. BAI TAP
1.1. Str dung dinh nghia, hiy tim dao ham cla cac ham s6 sau :
a)y=3x-5; b)y=x2—9;
c)y=4x—x2; _ d)y=v3x+1;
1
e) y = xj

1.2. Cho fix) = 3x° - 4x + 9. Tinh f'(1).

1.3. Cho f(x) = sin2x. Tinh f'(%).

1.4. Cho f(x) = ¥x - 1. Tinh £'(0), f'(1).

1.5. Cho ¢(x) = % Chitng minh ring ¢'(-2) = ¢(2).

1.6. Chiing minh ring ham s6 y = |x — 1| khong c6 dao ham tai x = 1, nhung
lién tuc tai diém do.
1.7. Ching minh rang ham s6
1, néu x>0
y=signx=9 0,néux=0
=1,néux <0

khéng c6 dao ham tai x = 0.
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1.8. Viét phuong trith i¢p tuy&a cda 48 iha cla cac hamn s6

2
a) y=X t4X*5 . diém c6 hoanh do x =0 ;
x+2

b)y=x"—3x*+2 tai diém (=1;-2);
c)y = v2x + 1, biét hé s6 gbc clia tiép tuyén la %
§2. Cac quy tdc tinh dao hém

A. KIEN THUC CAN NHS

1. Cong thic
(c)=0 (c = const) ;

"y = nx"'_1 (ne N xe R);

| ,
Vx) = —— 0).
~Vx) 2\/; (x> 0)

2. Phép toan
U+v-wWy=U+V'-W;
vy =Uv +Uv';

kUY = kU (k = const) ;
uYy U'v-uv' )
4252 vea
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B. Vi by

eVidul

Tim dao ham cla ham s6
y = (4x° - 2x* = 5x) (x* = Tx).

Gidi
Ap dung céc cong thitc va phép todn dao ham ta dugc :
y' = (4x% = 2x% = 5x) (6% = Tx) + (4x° = 2x% = 5x) (6% = Tx)'
= (1232 = 4x = 5) (P = Tx) + (4x° = 2x* = 5x) 2x = 7)
= 12x* — 84x° — 4x° + 28x% — 5x% + 35x + 8x" — 28x° — 4x° + 14x” — 1047 + 35x
= 20x* - 120%° + 27x% + 70x. ‘

o Vidu2-

Tim dao ham cta ham s6

y =(§ + 3xj(\/; - 1).

)= (% + 3le (JI ~1)+ (% + 3x](\/; - 1)'

= (_—2? + 3](& - 1) + [% + 3xJi.

Vay y|=(_é+3J(&_l)+—xlﬁ+%'

X

eVidu3

Tim dao ham cua ham s6

x> +2x+3
Y=—"53 5
x =2
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Giai
Ap dung quy tic tinh dao hAm ctia mot thuong, ta duge
y e (—x* +2x+3)'(x> = 2) - (=x* +2x + 3)(x° = 2)'

-2y
(20 +2)(x% = 2) = (=x? +2x +3).3x7
(x* -2y
_ 25t v 23 v ax -4 - (—3x4 +6x° + 9x2)
(o -2 '
4 3 2
, X —4x -9x" +4x-4
Vay y'= T 2 ’
(x” -2)
oeVidud

Tim dao ham cua ham s6

y=(x—2)\/x2+l.

Gidi

- - 2
y'=(x—2)'\/x2+1 +(x—2)(\/x2+1) =\/x2+1+(x—2)(x +1)

2\/x2+1
. _ 2
Suyra y'=\’_x2+1+x(‘x 2)=2x 2x+1.

e +1 Jx? +1

C. BAI TAP

Tim dao ham cua cdc ham s& sau (2.1 —2.11) :

2.1.

2.2.

2.3.

24,

y=x5—4x3—x2+ %

y=-9x +0,2x% - 0,14x + 5.
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2.5. y=(9—2x) (25 - 9xP+ 1)

2x -3
2.6. y= —
6. x+4
5_3x — x*
2.7. = -
Y x-=2

28. y=(+ D+ DX+

29. y= (xj - %f

4
2.10. y = (a $2 izj (a, b, ¢ 1a céc hing s6).
X o ox

211 y= v - 2x% + 1.

2.12. Rut gon

o) = x—1 L1l 2 :[ Jx-2 N x—=2 Jz
2(\/;+1) e+l (x+2+0x-2 \/x2—4—x+2
va tim f'(x). '
2.13. Cho f(x) =" + x° = 2x — 3. Chitng minh ring
f1()+f(=1) =-410).
2.14. Cho f(x) = 2+ x - \/5, gx) = 3%+ x+ 2.
Giai bat phuong trinh f'(x) > g'(x).

2
2.15. Cho fx) = 2x° = x* ++/3, g(x) =x° + % .

Giai bt phuong trinh f'(x) > g'(x).
2 3

2.16. Cho f(x) = % gx) = % —%. Giai bat phuong trinh f(x) < g'(x).

2.17. Tinh f'(~1), biét ring f(x) = — + _27 N 13
X xt x
2.18. Tinh g/(1), biét ring g(x) = ~ + —— + x2
18, , e
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2.19. Tinh /'(0), biét ring h(x) = ——

4 - x*
2.20. Tinh ¢'(2), biét ring g(x) = 2 2E =0
X

2.21. Chimg minh rang né€u S(r) 1a dién tich hinh tron ban kinh r thi S'(r) 1a chu vi
duong tron dé. ‘

2.22. Ching minh rf'ing néu V(R) 1a thé tich hinh c4u ban kinh R thi V'(R) 12 dién
tich mat cdu dé.

2.23. Gia st V 12 thé tich hinh tru trdn xoay v6i chiéu cao & va bédn kinh ddy r.
Ching minh ring véi r 1a hing s6 thi dao ham V'(h) bing dién tich day
hinh tru va v6i 4 1a hing s6 thi dao ham V'(r) bing dién tich xung quanh
cta hinh tru.

§3. Pao hadm cua cdc hdm sé lugng gide

A. KIEN THUC CAN NHO

Jim Snx 1.
x-0 X

(sinx)' = cosx ; (cosx)' = —sinx.

(tanx)' = 7 ‘ (cotx)' = — 12 .

cos” x : sin” x
B.ViDY
eVidul
| Tim dao ham cuta cdc ham s@

. X
a)y= sm3x+cos—5— + tan\/; ;

b)y= sin()c2 -5x+1)+ tan%.
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Yo %
Grigi

I . x 1
a) Tacdy =3cos3x — —sin-+ ————.
55 2dxcos? Vx

2
b) Tac y' = (X% = 5x + 1) cos (X% = 5x + 1) +

cos? a
X
2 a
=(2x-5cos(x"-5x+1) -
2 ..24
x“cos” —
X
o Vidu?2
Tim dao ham cua cdc ham s6
.1
a)y=sin— ;
)
b) y = Vxcot2x ;
c)y= 3sin’x cosx + COS>x.
Giai
a) y'-= (sinL] = (—l—j cos—l— = —icosL
x* ) x* X X2
b) y'= (x/;)'cot2x + x/;(cot2x)' = I cot2x —22&.
2\/; sin” 2x

c)y y'= 3(sin2x)'cosx + 3sin’x (cosx)' + (coszx)'
= 6sinxcos2x - 3sin3x — 2cosxsinx

= sinx (6cos2x — 3sin’x — 2cosx).

C. BAI TAP

Tim dao ham cua cdc ham s6 sau (3.1 —3.15) :
3.1. y=vtan’x. 32, y=— 2
cos(g - SxJ
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_sin x?

33 y P 34, y= cos——
— tanly _ 2 _ cost P

3.5. y=tan“x — cotx”. 3.6. f(r)= T—sin? tai ¢

1 10 232 +x+1
37. y=vx + — +0,1x'°. 38, y=""-"_.

Jx Y x> —x+1
39. (o) =%. 3.10. y = (1 + 3x + 5%
31Ly=(3 -sinx)’. 3.12. y = sin’3x + 12
. cos X

3.13.y=+1+2tanx. - 3.14. y = cotV1 + x2.

315. y = \/x+\/x+x/;.

3.16. Cho f(x) = 5x° — 16vVx + 7. Tinh f'(1), f'(4), f‘[:l{j ,

3.17. Giai phuong trinh f'(x) = 0, biét ring

a)f(x)=3x+@—§4;—+5;
X x

sin3x

b) fx) = —

+ cosx — \/g(sinx + COS3x].

3

3.18. Giai céc bat phuong trinh

a)f'(x)>0 véi  flx) = %x7 —%x“ +8x-3;

2—
HE@Ws<0 v gy= 2L,
c) ¥(x)<0 v6i ¢(x)=2§—1.

x“+1
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3.19. X4c dinh m dé bdt phuong trink sau nghiém dung v6i moi x € R :

3

Af')>0 Vi f(x)=mxT—3x2+mx—5;
3 2
b)gx) <0  véi g(x) = ”D‘T —’”"T + (m + Dx - 15.

3.20. Ching minh ring f'(x) = 0 Vx € R, néu :

a) f(x) = 3(sin4x + cos4x) -2 (sin6x + cos6x) ;

b) fix) = cos®x + 2sin®x cos?x + 3sin’x cos'x + sin’x ;

¢) f(x) = cos x—Zlcos| x + Z |+ cos| x + Z |cos x+3_n .
x)= 3 2 ¢ 7|

d) f(x) = cos® x + cos? [2% + xJ + cos? (2% - xj,

3.21. Tim £'(1), £'(2), f'(3) néu
f)=@x-1) (x-2% x-3).

3.22. Tim f'(2) néu
fx) = xzsin(x -2).
3 2
X X
3.23. Cho y —7*‘7—2.&

Véi nhifng gi4 tri ndo cua x thi :
a)y'(x)=0; b) y'(x) =-2; c)y(x) =107

Tim dao ham cua cdc ham s6 sau (3.24 —3.40) :

324.y=0a +5a°x* - . 3.25.y=(x - a) (x - b).
_ax+b o 2 3

3.26.y—a+b. 327.y=(x+ 1) (x +2)" (x +3)".

3.28. y = (xsina + cosa) (xcosa - sina).  3.29.y=(1+ ™y (1 + mx™).
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3.30.y=(1 - x) (1 -xH)2 (1 =5

- X
A - x)%(1+ x>

3.3d. y=xV1 + x2.

332. y

3.36.y=(2 - x2) cosx + 2xsinx.

sinx — xcosx

338. y = —.
‘y cosx + xsinx

3.40.y = tanx — lta.n3 X+ lta.n5 X.

3 5

§4. Vi phén

_1+x—x2

331 y= X
1-x+x
_ .2 _ .3
333, y= 22X )(32 X))
I-x)
X
3.35. y = .
az——xz

337.y= sin(cos2x) . cos(sin2x).

X X
3.39. y = tanE - cot-2—.

A. KIEN THUC CAN NHS

Pinh nghia

Cho ham s6 y = f{x) xac dinh trén (a ; b) va c6 dao ham tai x € (a ; b). Gia st

Ax 12 s gia clia x sao cho x + Ax € (a; b).

Tich f'(x)Ax (hay y'.Ax) dugc goi 1a vi phdn cla ham s8 f(x) tai x, dng véi

s6 gia Ax, ki hiéu 1a df(x) hay dy.

» Chiy: Vidx=Ax nén

dy = df(x) = f'(x)dx.
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e Vidul

Tim vi phan cua cac ham s6

a) y = sinx — xcosx ;

1
b)y=—.
i

Giai
a) Ta cd y' = cosx — cosx + xsinx = xsinx,
dodé dy = (xsinx)dx.

by Vi y'= _3 nén ta cé

x4
dy = _3x;d4x.
o Vidu?2
m 2685
Gidi
Taco S0 _ (0 _ 0% ot (x k3 ke
C.BAITAP

4.1. Cho ham s6
f)=x>-2x+ 1.
Hay tinh Af(1), df(1) va so sdnh ching, néu

a) Ax=1;
b) Ax=0,1;
¢) Ax=0,0l1.
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Tim vi phdn cua cdc han sé saw (4.2 —4.3):

1 x+2
42. y=—. 3. y=
Y 2 4.3y x-1
: .2 tan v x
44. y=sin"x. 4.5, =
Tk
d(tan x)
4.6. Tim d(cotn)’
4.7. Ching minh rang vi phan dy va s6 gia Ay cha ham s6 y = ax + b tring nhau.
4.8. Chimg minh rang véi lxl rdt bé so v6i a > 0 (x| < a) ta ¢6

Va® + x~ a+= (a>0).
2a

Ap dung cong thifc trén, hay tinh gin ding cac s6 sau :

a)m; b)~/3_4; c)\/ﬁﬁ.'

§5. Pao ham cép hai

A. KIEN THUC CAN NHS

1. Binh nghia

Gia stt ham s6 f(x) c6 dao ham f'(x). Néu f'(x) cling c6 dao ham thi ta goi
dao ham cia né 1a dao ham cdp hai cia f(x) va ki hiéu 1a f"(x) :

@) =F).

Tuong tu

(f"(x))' = £"(x) hodc P (x)

Py =) s n e N
& day ki hieu £2() = fix) ; f(x) 12 dao ham cp n cha ham s6 f(x).
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2. Y nghia co hoc cda dac ham c&p hai

Dao ham cdp hai f"(¢) 12 gia téc tic thoi chia chuyén dong s = f() tai thoi
diém 1.

B. Vi DY

o Vidul
Tinh y", biét rang
| a)y= xVvl+ x?

b) y = tanx.

Gidi

| 2 x2 1+ 2x2
a) y=vl+x"+ — = ; suy ra
\/l+x2 \/1+x2

a7 2 = H0+2x)
" v1+ x2

1+ x?
_ax(1+ x%) — x(1 + 2x%)
B (l+)c2)\/l+)c2
_xG+2)
Ca+ 22

b) y=- 12 ; suy ra
cos” x

. (0032 x)' _ 2cosxsinx

cos® x cos* x
2sinx T
= 3 X#—+knke .
cos” x 2 -

o Vidu?

Cho f(x) = (2x = 3)>. Tinh £"3), £'(3).
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Gidi
Ta c6 f(x)=52@2x-3)*"=10(2x-3)*
£(x) =80 (2x - 3)°;
FU(x) =2.240 (2x - 3)% = 480 (2x — 3)?.

Tir d6 f'3) = 80.3% = 2160 ;
f"(3) = 480.3% = 4320.

C.BAITAP

Tim dao ham cdp hai cua cdc ham s6 sau (5.1 _ 5.12) :

5.1. y = sin5xcos2x. 52, y= 22x—+1
X +x-=2
. X x+1
5.3. y_xz—ll 54. y—x_2.
58. y= x*sinx. 56. y=xVl+ x°.
57. y=( —xz)cosx. 58. y= Jx.
2
5.9. y = sinx sin2x sin3x. 510. y = =
5.11.y = xcos2x 5.12 y—L
Bai tap on chuong V
1. Tim dao ham cua cdc ham sd sau :
_ 2. 3 sinv/x .
a)y=xcot'x; b)y= ~os3x
c) y = (sin2x + 8)*; d) y = (2x° - 5)tanx.
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2. Tim dao ham cva i s€ 2l didm dZ chi ra

Vx+1

= - f(0)=7?
a) f(x) Trsisl ()
b) y = (4x + 5, Y(0) =2
c) g(x) = sindx cos4x, g[%} =7

3. Ching minh ring f'(x) > 0 Vx € R, néu

a) f(x) =-§—x9 — x5 +2:3 - 3% +6x—1;
b) f(x) = 2x + sinx.
4. Xé4c dinh a dé f'(x) > 0 Vx € R, biét ring

f(x)=x3+(a— 1)x2+2x+ 1.

5. Xac dinh a dé g'(x) 20 Vx € R, biét ring
. . .
g(x) = sinx — asin2x — 3 sin3x + 2ax.

6. Tim hé s6 géc cia ti€p tuyén clia d6 thi ham s6 y = tanx tai diém c6 hoanh

dé Xo = g

7. Trén duong cong y = 4x* - 6x + 3, hdy tim diém tai d6 ti€p tuyén song
song véi dudng thang y = 2x.

8. D6 thihams6y= —\Esm 3x cat truc hoanh tai géc toa do dudi mot géc bao
nhiéu do (gbc giita truc hoanh va ti€p tuyén ctia dé thi tai giao diém) ?
9. Cho cédc ham s6

f=x+bx*+cx+d; (%)

g(x) =x*-3x-1.
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10.

11.

a) Xéc dinh b, ¢, 4 sao che dé tai (&) i qua cac diém (1;3),(-1;-3)va
(1 5
5)-5
b) Viét phuong trinh ti€p tuyén cha (%) tai diém c6 hoanh do x(j =1;
¢) Giai phuong trinh f'(sinf) =3 ;

d) Giai phuong trinh f"(cost) = g'(sin) ;
. f"(sin5z) + 2
Ti s
¢) Tim gidi han lim = T +3

a2

Ching minh rang ti€p tuyén cia hypebol y = ~ lap thanh véi céc truc toa

d6 mot tam gidc c6 dién tich khong déi.

Ching minh rdng néu ham s6 f(z) c6 dao ham dén cdp n thi

[Flax +B)[" = a" £ (ax + b).

LS GIAI - HUONG DAN - DAP & CHUONG V

§1.
1.1. a)y'=3; b).y'=2x; Oy =4-2x;
3 | -1
d) y'= —— = :
)y 243x +1 ® (x —2)*
12. f/(1)=2.

1.3, f'(%} - 0.

L4. f(0) = %—’; khong c6 f'(1).

14. BT DSRGT 11 - A 209



8 g 1 4 ~
LS. ¢'(x) = -—nen ¢(-2) = ¢/(2y = 2.
X

1.6. HD. Xem Vi du 3.
1.7. HD. Xem Vi du 4.

1.8. a)y=§-x+—5—

PR
b)y=9%+7;
C) 1 _5_
y=3*t3
§2.
2.1. y'=5x4—12.x2—2.x+%.

2.2, y'=-27x*+0,4x - 0,14.
2 8 15 24

23, y =
2 X X 7_)c5
33
24, y'=-—— -
TR TR
2.5,y =-16x" + 108x* — 162x - 2.
26. y' = '“2.
(x+4)
2
27, y' = X +4x2+1
(x-2)

28. y=2x(C + D2+ 1P+ 6l P+ D+ D)t + 1)
+ 120 2+ D)+ D2t DA

2.9, y—3(x —%T[Sx +2\/_]
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, b b 2c
piny=+fo+ o 5 (1545
2
21,y = X 24X
2\/x3 —2x2 +1
4 8x
2.12. fix) = : X)) =———.
x? -4 f (x? - 4)?
2.13. Ban doc tu chitng minh. ' 2.14. (-0 ; 0) v (1 ; +o0).
2.15. (-0 ; ) U (1 ; +00). 2.16. [-1; 0).
2.17. -6 2.18 1
17. -6. 18. -
1 3
2.19. 5 2.20. 5

2.21. Vi (r) = nr® nén §'(r) = 2mr 1a chu vi dudng tron.
222. ViV(R) = i1tR3 nén V'(R) = 4nR? 1a dién tich mat c4u.

2.23. ViV = nr’h nén
V'(h) = nr* 12 dién tich déy hinh tru ;
V'(r) = 2nrh 12 dién tich xung quanh cua hinh tru.

§3.

2
31 yo OB X

2cos? x\/ tan3 X

10sin (% - 5x]
32, y' = :

y =- T\
cos2[g—5xj
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2 oV Tl
. 2x"cosx” - sincx’

3.3.
2
. X
sin '
34, y' =-——X+1
(x + 1)°
35 ' = 2su31x 22x .
cos” x  sin“ x
, —sin#(1 — sin?) + cos® ¢ 1
36. f'(v)= ( : )2 = -
(1 - sin?) 1=sinz
1 1 9
37. yy=—f4-——F+x".
2\/; 2x\/;
2
38. y'= 3,; +2x+22.
x-x+1
, cos@ —sing@ — 1
39, g(gy= 280~

(1 - cos p)*
3.10. y' = 4(1 + 3x + 5x5° (3 + 10x).

3.11. y' = -3(3 - sinx)” cosx.

oo T _
t,Dodof[6j 2.

3.12.y' = 3sin6x + 25“3”‘.
cos” x
313. y' = !
o J1+2tanx.cos® x
—X
314.y' = .
\/1 +x2 sin2\/1 +x2
1 1 1
315.y'= {1 + (1 +—H
2\/x+\/x+\/; 2\/x+\/; 24x
3.16.f'(1)=2, f'4) =36,
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3.17.a) (£ 2,+ 4.

T T T
b) {E+kﬂ,§+k§, kGZ}

318.a)x<1,x>2.

b) V6 nghiém.
( _1—\/5] {1+\/§ J
c) | —o; > U > ;400 |,

3.19.a) m > 3.

3.20. Cdch 1. Chimg minh cdc biéu thdc da cho khong phu thudc vao x.
Tix d6 suy ra f'(x) = 0. '

a)fx)=1=f(x)=0;
b)fl)=1=f(x)=0;

1
o fx) = (V2 -V6) = £ =0;
3
dfr) =5 =fx)=0.
Cdch 2. L4y dao ham ctia f{x) r6i ching minh rang f'(x) = 0.
321.-8;0;0.
3.22. 4,
3.23. =x’+x-2
a)—2; 1.
b)-1;0.
c)—4;3.
324. y' = 10a°x — 5x*.
3.25.y'=2x~(a +b).
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a

3.26. y' = ——-.

327y =2(x+2) (x +3)> Bx* + 11x + 9).
3.28. y' = xsin2a + cos2a.

3.29.y' = mn[x"_1 + ™y (m o+ n)x”'+”_l].

3.30.y = —(1 =02 (1 = D) (1 = x) (1 + 6x + 155 + 14x°).

331 y' = Lﬂgz
dI-x+x%)
B 2
332,y = A 4x - (Il = 1).
dI-xy1+x)
e g2 3 4 .5
333, y' = 12 -6x —6x" + 2)(3 +5x" - 3x 1),
(I-x)
1+ 2x%
334, y' =- .
V1 + x?
a2
3.35. y'= (Ixl < lal).
(d? _xz)\/az )
3.36. y' = x“sinx.
3.37. y' = —sin2x . cos(cos2x).
2
3.38. y' = -
(cosx + xsinx)
. 2
3.39. y' = 5 (xzkn, ke Z).
sin” x

3.40.y =1 + tan’x [x + (2k + l)g,k c Z].
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§4.

4.1.

4.2.

4.3.

44.

4.5.

4.6.

4.7.

4.8.

AR(1) = Ax + 3(Ax)* + (Ax)’,

df(1) = Ax.

a) Af()=5>df(1)=1.

b) Af(1)=0,131>df(1) =0,1.

©) Af(1) = 0,010301 > df(1) = 0,01.

dy =

dy = (sin2x)dx.

dy

2Vx - sin(2Vx)

- dx
(x - 1)?

dx.

—tan’x [x # kg,k € Zj.

- 4x[x cos? x

y=ax+b=>y =avady=adx=alAx;
Ay = a(x + Ax) + b - [ax + b] = aAx.

Vay dy = Ay.

Pat y(x) = Va? + x, tacé y'(x) =

Tu d6

Ay =y(x) = y(0)»y'(0) x = Va® +x =~ a+

Ap dung :
a) 12,08 ;

b) 5,83 ;

1
2\/a2+x.

c) 10,95.

1
2a

X.
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§5.
. 1 . .
5.1. y=sinSx cos2x = > [sin7x + sin3x]

=>y'= —%(49sin Tx + 9sin3x).

2x +1 1 1
2, y= = , do dé
52y 2 rx=2 x—1+x+2 oco

NN I S }
x-1° (x+2)°]

X 1| 1 1
33 = xz_l‘i[ﬁﬁx—l]

=7 :5[(“1)2 +(x—1)2}

=>y'= ! + !
’ x+1° -1

_x+l_1+ 3 Sy= -3 _y,,_‘ 6
x=2 x-2 (x-2)%" (x=2)>

54. y

55, y'=Q2- xz)sinx + 4xcos x.
Y

2x3 +3x

5.6. y'= .
1+ W1+ 22

57. y"= (x2 —3)cosx + 4xsin x.

1

4x\/; '

58. y'=-

1. .
59. y= zll-sian + Zsm4x - %sm6x;

y" = —sin2x —4sindx + 9sin6.x.
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v
1

1-x

510, y = —x—1+

2

o2
1-x3°

5.11, y" = —4sin2x - 4xcos2x.
3

4y

512. y" =

Bai tap 6n chuong V

1. a) cot’x — 2xc;>sx ;
: sin” x
b) cosvx cos3x + 6+/x sin/x sin3x )
24/x cos? 3x ’
¢) 6cos2x (sin2x + 8)2 ;
3 f—
d) 6x° tan x + 2x 3 >
cos” x
2. a) % ; b) 40 ; c) 2.

3. a)f (=60 - +xP—x+1)

_e2(6 3.1 2 x_z_
=6x" | x x+4 + 3x +64 x+1

2 ; 2
= 6x2(x3—%J +3x? +6(%—1J >0, Vx e R.

b) f'(x) =2 +cosx>0,Vx e R.

4. f(x)=3x"+2(a- Dx+2.
A'=(a-1)*-6=a®>—-2a-5.Ta phai cé
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A<Qe o7 2a-5< = l~--\,@<a<1+v[6.

Vay f'(x) > 0 v6i moi x € R néu 1-vJ6 <a<1++6.

5.  g'(x) =cosx —2acos2x — cos3x + 2a
.2 . .
= 4asin“x + 2sinxsin2x
.2 .2
= 4qasin“x + 4sin“xcosx
.2
= 4sin"x (a + cosx).

N . . ) PP
Rorang véia > 1thia+ cosx>0vasin“x>0 v6imoix € R

nén véia > 1thi g'(x) >0, Vx € R.

6. 2
7. (1;1).
8. 60°.

9. a)c=2,b=-1,d=1
Sf)=x-x*+2x+1;
b) f'(x) = 3x> = 2x + 2 = f'(1) = 3.
Phuong trinh tiép tuyén tai M(1 ; 3) la
y-3=3x- 1)hayy=3x.'
¢) f'(sint) = 3sin’t — 2sint + 2.

f'(sint) =3 < 3sin’t - 2sint = 1 =0

. t=g+k2n
sint =1
. 1
= 1 & |t= arcsm(——j + k2n
sint = —= 3
3 1
t=7- arcsin(—gj + k2n (k € Z).
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d)  f(x)=6x- 2= f{cosi) = bcost - 2
g'(x) =2x -3 = g'(sint) = 2sint — 3.
Vay 6cost — 2 = 2sint — 3
< 2sint —- 6cost = 1

1

& sint ~ 3cost = >

bit tang = 3, ta duge

sin(t — @) = %cos¢= a. Suy ra

! =@ +arcsina + k2w
t =7+ ¢@—arcsina + k2n (k € Z).

o ml G502 _ .m'6sin5z
2-0 g'(sin3z) + 3 ~ ;502sin3z
sin 5z
= 5lim—2Z_ =
z—0 Sin 3z
3z
2 2
a . a
10, y=—=y'(x)= -
X ) Xy

Phuong trinh ti€p tuyéh tai M(x, ; yo) 12

a’ a’
Y- == (x - xp)
X0 xy
a*x  2a*
S yE
X 0

Suy ra dién tich tam gidc OAB la

24*
X0

S=x

5 2|x| = 2a* = const.

11. HD : Chimg minh bing quy nap.
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ON TAP CUDI NAM
1. Chimg minh cac hé thitc sau :

. . 14 ) 8
a) sina + sm(a + ?nj + sm(a - gn] =0;

sin4a cos2a _ cot gn—a )
1+ cosda 1+ cos2a 2 ’

¢) (cosa — cosb)2 — (sina — sinb)2 = —4sin’ 2

cos_(a +b) ;

d) sin2(45° + a) - sin’ (30° - @) - sin15°o0s(15° + 2a) = sin2a.
2. Bién d6i thanh tich

a) 1+ cos E+3oz — sin 2n—3aj+cot(§n+3a ;
2 2 2

cos7a — cos8a — cos9a + cos10a
sin7a — sin8a — sin9«a + sin10a

b)

¢) —cosSa cosda — cosda cos3a + 2c0s*2a cosa.
3. Giasu A, B, C la ba géc ctia tam gidc ABC, ching minh rang :
sinC

—————=—tanA +tanB ;
cosAcos B

b) sinA +sinB +sinC = 4cos%cos§cos—§- ;

sinA +sinB + sinC —cotécoté
sinA +sinB -sinC ~ 2 2°
4. Cho ham s6 y =sin4x.

a) Ching minh ring sin4(x + kg) = sindx véi k € Z.

T d6 vé& d6 thi ctia cdc ham s&

y=sindx ; (o))
y=sindx+1. (Cy)
b) X4c dinh gia tri cta m dé phuong trinh
sindx+1=m ¢))
— C6 nghiém ;
— Vo6 nghiém.
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c) Viét phuong trinh tiép tuyén cia (C,) tai diém c6 hoanh do x, = -2%-

Tim gid tri 16n nh4t va gia tri nho nhat ciia ham s6
y= sin x + 4sin xcos x — 3cos” x + 1.
Cho ham s6

tan x + sin x

f&x)=——. ©

cotx
a) Tim tap xac dinh cia ham 6 di cho.
b) Xét tinh chén, 1é cua ham s6.

- . . tanx +sinx ,
¢) Bién déi biéu thic EEeve— thanh tich.
X

T

d) Chiing t6 ring diém [ 3

,2J thuoc (C).
2
Giai c4ac phuong trinh

X . aX
2 —sin? 2

2 2’
b) 3sin5x — 2cos5x =3 ;

a) sin2x = cos

c) cos(g + SxJ +sinx = 2cos3x ;

d) sin2z + cos2z = \/isin 3z.
Giai cac phuong trinh

a) cos®x + cos?2x — cos?3x — cos*4x = 0 ;
. n
b) cosdx cos(m + 2x) — sin2x cos (g - 4xJ = gsm 4x;

¢) tan(120° + 3x) - tan(140° — x) = 2sin(80° + 2x) ;
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X L oxli Vgt % X
d) tanzi + smzitani + cos‘?coti + cotzi +sinx =4 ;

sin2¢t + 20052_1? -1
cost — cos3t + sin 3t — sint

e)

= COSt.

9. Giai cac phuong trinh

‘a) c0s(22° — 1) cos(82° — 1) + cos(112° — 1) cos(172° = 1) = %(sint +cost) ;
b) sinz(t +45°%) - sinz(t ~30% - sinl5° cos(2¢ + 15°%) = %sin6t ;

4
<) sin®2x + cost2x =—1 ;
128
d) \/4coszx+1+\/4sin2x+3 =4,

e) tan(mcost) = cot(msint).

10. C6 bao nhiéu s6 gébm tdm chif s6, trong d6 c¢6-ding hai chit s6 2 ?

11. Mot t6 c6 10 hoc sinh trong d6é cé An, Binh, Chi, Dung va Huong. C6 bao
nhiéu cich xép 10 ban d6 vao 10 ghé€ sip thanh hang ngang sao cho An,
Binh ng6i canh nhau va Chi, Dung, Huong ciing ng6i canh nhau ? '

12. M6t tram tdm thé nhu nhau dugc ddnh s6 tir 1 dén 100. L4y nglu nhién
mot thé.
Ki hiéu A va B 1a cic bién c6
A : "Thé dugc 14y ghi s6 chia hét cho 3",
B : " Thé dugc 14y ghi s6 chia hét cho 5".

- a) Tinh P(A), P(B) ;

b) A va B c6 doc lap khong, vi sao ?
¢) Ciing hoi nhu trén nhung s6 thé la 105 va dugc dénh s6 tir 1 dén 105.

13. C6 hai hop chia bi. Hop thit nhédt chita 1 bi d6 va 2 bi xanh, hop thd hai

chita 2 bi d6 va 1 bi xanh. Tir méi hop 14y ngdu nhién 1 bi. Tinh xdc xuit
sao cho 2 bi 14y ra cing mau.

14. Tim cép s6 cong a,, ay, a3, a,, as, biét rang

a +az+as=-12 va ajazas = 80.
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15. Viét ba s6 hang (an cua mot 2dp 56 ¢éng, bié ring (Ong n s6 hang diu tién
clia c4p s6 nay 1a

S, = 4n* - 3n. -
16. Giai phuong trinh

1
et x+ X+ X+ =
X

>

(ST

trong dé6 Ixl < 1.
17. Tim s& hang thi nhét @, va céng boi ¢ ciia mot c4p s6 nhan (a,), biét ring

a—a——11—3— va a—a——4—5
4T Ny T TR Ty

18. Chiing minh rdng ba s6 hang ddu cla téng

J§+1+ 11
V-1 3-3 6 7

14p thanh mot c4p s6 nhéan va tinh tdng trén véi gia thiét ring cac s6 hang
ti€p theo dugce tao thanh theo quy luat cia cdp s6 nhan do.

Trong céc bai tap 19, 20, hay tinh giéi han lim x,,.

n—+wo

Jn 3 3
19.2) x =——; b) x, =Vl1+n" —n;
4 \/n+1+\/; !

c)xn=n2(n—\/n2+1); d)xn=\/3n2—n3+n;
2
N +1+n 1\(1-4n
20.a) x, = ———; .b) x =(n——]( )
§ \/3n3+n—n ! " 2”2

21. Xét tinh bi chan cta cdc day s6 vdi s6 hang téng quat sau :

5n2 . _ n 2n : .
b) y, = (-1 +lsmn,

a) x, =———,;
n? +3 n

C) z,, = nNCOSnT.
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[P S SRR U R
S e R N S R R
X, = ! + ! + ..+ !
TS+l 524y T sy’
23. Tinh cac gidi han
5 3 2 oy
2) lim4x6+9§+7; b) lim & +;’ax 9x 2;
—13x°% + x° 4+ 1 x—2 x—x-6
2_
¢) lim x+1 ) Q) lim\/9+5x+4x 3;

=-16x% + 3 + 3x , x>0 *
Yi0-x -2

: Dhme+8_J8x+l-
x>14/5 - x =/7x -3

li
C) xl—Ig x—=2

24. Tinh cac giéi han

3 2
a) lim [3 : 2 - 3xx+ 2] ; b) lim (\/9x2 +1 —3x) ;
X2 -

x>+ X+

V2x? +3

) lim( 2x2—3—5x); d) lim ——=—;

X——o xo+wo 4x +2
V2x2 +3

© hm — 7
25. Tinh cédc gi6i han
a) lim 22X~ %0a . b) lim( — x)tan =~ ;
x>a X-—4a o1 2
.2 . _ s
o lim 2sm2 x+sinx —1 : d) lim tan x 3smx
x_,% 2sin“ x — 3sinx + 1 x>0 sin” x
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26. Tinh dao ham cta cdc hanmi $6 sau -

2 2y 3
a)y=1+x x2; b)y=(2 J()(32x)_
l-x+x 1-x)

C) y = cos2x — 2sinx ; | dyy= coszx ;
2sin” x
—enl X X :/- _I
e) y =cos 3tan2, .f)y sm(2x 6}
27. Cho ham s6 -

o) = x sin%, néu x =0

A , néux =0.

Xac dinh A dé f(x) lién tuc tai x = 0. V6i gia tri A tim duoc, ham s6 ¢6 dao
ham tai x = 0 khong ?

LI GIAI - HUONG DAN - DAP S& ON TAP CUOI NAM

. . 14 ) 8
1. a) sina + sin a+?n + sin a—gn =

. ) 27 ) 27
=sina+ sin| @ + — |+ sin| @ — —
3 3

=sina + 2sina cosz?n =0.

sin4da cos2a  2sin2a cos? 2a
l1+cosda 1+cos2a 9cos?2a2costa

2sinacosa 3n
= ——— =tana = cot 7_0 }

2cos’a

15. BT DS&GT 11 - A 225



c) (cosa - cosb)z - (sina - sinb);' =

2a+b.2a—b 2a+b.2a—b

= 4sin > sin 5 —4cos > sin >
_ga2a=bf . oa+b  ga+b

= 4sin > [sm > cos > j

= 4sin® a;b(l — 2cos® a;bj = —4sin? a;bcos(a +b).

d) sin’(45° + @) — sin*(30° — @) — sin15° cos(15° + 2a) =

= [sin (45° + @) + sin (30° — Q)] [sin (45° + @) — sin (30° — )] —sin 15° cos (15° + 2a)

. 0 0’ 0 0 :

= 2sin 2= cos| 2=+ ¢ | 2cos P—sin| 15~ + o |=sin 15° cos(15° + 2a)
2 2 2 2

= sin 75° sin(15° + 2a) — cos75° cos(15° + 2a)

= —c0s(90° + 2a) = cos (90° - 2a) = sin2a.

yis . (3 5 _
2.a) 1+ cos(i + 301] - sm(in - 3a] + cot(—z—n + 301]

=1 - sin3a + cos3a — tan3 &

cos3a — sin3a cos3a + cos’ 3a — sin3a
cos3a

~_ (cos3a —sin3a)(1 + cos3a)

cos3a
) \/Esin(% - 301}2cos2 370[ ) 2\/§cos2 3Tasin[% - 301}
- cos3a B cos3a :
b) cos7a — cos8a —cos9a + cosl0a  2sin8asina — 2sin9asina
sin7a — sin8a — sin9a + sin10a 2cos8asina + 2¢cos9asina
) a . «a
_ sin8a —sin9a _ TSCOSTHSIm o 72
"~ cos9a — cos8a  17a . a 2
: —2sstm?
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¢) —cosS5a cosda — cosda cos3a + 2cos” 2a cosa
= — cosda (cos5a + cos3a) + 2c0s%2a cosa
= — 2cosda cosda cosa + 2cos>2a cosa
= 2cosa (cosz2a - cosz4a)
= 2cosa (cos2a + cosda) (cos2a — cos4da)
= 2cosa . 2cos3a cosa . 2sin3a sina

= 2cosa sin2a sinba.
a) HD : Thay sinC = sin (A + B).

b) sinA + sinB + sinC = 2sin A+ BcosA — B + 2sin£cos£
2 2 2 2
= 2cos£ cosA_B +cosA+B
a 21 2 2
A B C

= 4c055cosigosi. (D

c¢) Chitng minh tuong tu ciu b) ta c6
. . . .A. B C
sinA + sinB — sinC = 4sm55m'5c055. 2)

Tu (1) va (2) suy ra di€u phai chimg minh.

a) Ta c6.sind(x+ kg) = sin(4x + 2kn) = sindx v6i k € Z. Tir 46 suy ra
ham s6 y = sin4x 12 ham s6 tudn hoan véi chu ki g

Vi ham s6 y =sin4x la ham s6 1€ nén d6 thi cia né c6 tam déi xing 1a goc
toa do O.

Céc ham s6 y = sindx (C)) va y =sindx +1 (C,) c¢6 d6 thi nhu trén hinh 1

va hinh 2.
y

..

Hinh 1.D6 thi ham s6" y = sindx
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Hinh 2. D6 thi ham sé’ y = sindx + 1

b) Vi sindx+1=m < sindx=m-—1
va -1<sin4x <1
nén -1<m-1<1
= 0<m<2.
Tur d6, phuong trinh (1) ¢6 nghiém khi 0 <m <2 va vd nghiém khi m > 2
hoac m < 0.
c) Phuong trinh ti€p tuyén cta (C,) c6 dang

Y=o = ¥'(xp)(x = Xp).

3

. T
tacod yg =sin—+1==;

~ 24
y'(x) = dcosdx = y'(xg) = 4cosg = 24/3.
Vay phuong trinh tiép tuyén la
—ZJ_(X———-] & y= ZJ_x—nJ_ ;
1—cos2x

5. Taco y= >

+2sin2x —%(1 +cos2x)+1

= 2sin2x — 2¢082x = Zﬁsin[Zx —gj.

Do dé6 GTLN cua ham s6 la 2\/5, dat dugc khi sin(Zx—%] =1 hay

2x—§=g+k2n, uite 1a khi x=%"+kn kel
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GTNN cha ham s6 1a —2v2, dat dugc khi sm(2x—g)=—l hay

1e n T
Iy = tc1a khi x = —— .
X 2 2+k21t,tuclakh1x 8+k1t,keZ.

a) Vi tanx xac dinh véi x o) + km va cotx xac dinh véi x # kn (k € Z) nén
tap xac dinh cia ham s@ da cho 1a

D=R\{k%;kez}.

"b)VixeD&S -xeDva

3 _tan(-x) +sin(-x) —tanx—sinx _
fe0 = cot(—x) a —cotx = fx)
nén ham so6 1a chin trén D = R\ {k%,keZ}.
Y n
- ¢) Tacod, vin x;tkz,
fanx+sinx _ tan x(tan x + sin x) = tan’ x(1+cosx) = 2 tan® x.coszﬁ.
cot x 2
2 2 2
o () oo™ (cosZ) = 232 B 2 2
d) Ta cé f(?’}z(tanyj (cos6] = 2(/3) [2] =3

Do dé diém (g : %J thuoc (C).

Trong cdc cong thitc nghiém dudi ddy (BT 7, 8, 9), k la s6 nguyén.

Q) x =5 +kn ; x= T4k ; 0= ion
b)x=%+%;‘_ x=%arctan5+%-
c)x=(2k+1)g; 'x=(4k—1)%-

dz=@+Dy ;2= @+
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s
a)yx=—; £=—.
) 2

b)x=(2k+1)§; x= (- LT
¢) x = —40° + k60°.
d) x = (4k + 1)% - x = (=1)**! arcsin %+ k.

T
e)t=(4k+ 1)2.

a) t = k360° ; t = (4k + 1)90°.
b) t = k90° ; t=+15°+ k90°.

' (i
c)x=CBkt1)—.
) x=( '

10.

230

dx =+ 4+ k.
76

T
e)t=—

) e
a) Gia su chit s6 2 ding ddu. Khi d6, chit s6 2 kia s& dugc x&€p vao mot
trong bay chd con lai. Cé 7 cach. Khi da x€p xong hai chit s6 2, con 6 chd,

+ arccosT2 + k.

ta x€p 9 chit s6 khac 2 vao 6 chd dé. Ta cb 96 c4ch. Theo quy tic nhan, c6
79% 6 gém 8 chit s6 ma chir s§ 2 dimg dau.

b) Chit s6 2 khong ding dau. Khi d6, trong 8 chit s§ khac khong va khac 2,
ta chon mot chit s& dé x&p vao vi tri dau. C6 8 cach.

Chon hai ché trong bay ché dé xép chit s6 2. C6 C72 céch.

Xép chin chit s6 (khac 2) vao nam vi tri con lai, c6 9° céch.

Theo quy tic nhan, ¢6 8.C72.95 s§ ma chit s6 2 khong ding dau.
Theo quy tic cong, s6 cac s6 06_8 chif s6 ma c6 dﬁng'hai chit s6 2 1a

7.9%+8.C2.9° = 13640 319.



11. P4u tién ta chi ding 7 ghé v »€p An, Chi va 5 ban khdag thuoc nhém An,
Chi vao 7 ghé. Ta c6 7! céach xé&p. Sau dé x€p Binh ngéi canh An. C6 2!
cach. Cuéi ciing x&p Chi, Huong ngéi cing nhém véi Dung. Ta c6 3! céch.
Theo quy tic nhan, ¢6 7! 2! 3! = 60 480 céch.

12. Khoéng gian mau Q = {1, 2, ..., 100}.

={3,6,9, ..., 99}, n(A) = 33.
= {5, 10, ..., 100}, n(B) =

33 20
a P(A , PB) = —.
) (A) = (B) = 100
b) ANB= {15,30, 45, 60, 75,90} ;
' 6

P(ANB) = o5 *P@ - P®)

Vay A va B khong doc lap.
— Neéu c6 105 thé thi xét tuong tu, ta co :

1
n(A) =35, P(A) = —1—0—5- 3
21 1.
n(B) =21, P(B) = 105=3°
n(AnB)=
7 -
P(ANB)= 105 E—P(A).P(B).

Vay A va B doc lap.

13. Ki hiéu A; 1a bién c6 "Bi 14y tir hop thit i mau do", i = 1, 2. Bién c6 can tim
xdc sudtla A = A4 U 2122-

Do A, va A, doc lap nén

P(A) = P(A/A)) + P(A Ay)

= P(A)P(A,) + P(A|)P(A,)

4
5

winN
+

[SSTR S
W} —

W -

231



14. Ki hiéu cong sai 1a d, ta cé

{al+a3+a5=—12 {a1+2d=—4

010305 = 80 al (al + 2d)(al + 4d) = 80

a =-2d-4 v
16(d + 2)(d - 2) = 80.

Giai ra ta dugc d = 3.

Céc cap so cong phéiv tim la

2,-1,-4,-7, ...
va -10, -7, -4, -1, ...
15. Ta c6 Si=u;=4.1"-31=1
" (26 +(n=Ddln _, 2,
2
SR+ (n-1dl=2(4n-3)=>d=8.
- Tudo uy=1u;=9,uy=17.

16. Vi lxl < 1 nén véi u; = x, g = x ta cd

S= M it Pt =
1- 1-x
Do d6
Zhx+ x4+ X+ :l%rSzZ
X 2
oty X -z
x l-x. 2

x2—x+1_7

x(1-x) 2
Giai ra ta dugc x| = % Xy = %
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17. Ta c6 hé phuong irirh

3 45
)
5 3 45
ar maT = s
sz s ) 1 1
Trdonitra ¢q =E:>q-_-iz.
o 1.
Véi q=zth1a1=6;

1
= —— thia; =-6.
q 4 1
18. Tacé
2
2 1 1 1 NEES O
- - =—2+B) =22 =q,. as.
“ [3—«5} 62-3) 6 1 b
Vay 3 s6 hang d4u 14p thanh cdp s6 nhan véi cong boi 1a

1 AB+1 1 V-1 1

3B B BB Bl 348

R6 rang Igl < 1, nén téng vo han trén 1a

s2 2 (1o L]
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