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L Ol NOI DAU 

ludn sdch BAI TAP HINH HOC 11 ducfc bien soqn nhdm giup cho 

hoc sinh l&p II cd them tdi lieu tu hoc vd turen luyen de nam viing 

cdc kien thicc vd kT ndng co bdn da duoc hoc trong sdch gido khoa 

Hinh hoc 11, tqo diiu kien gop phdn doi mai phuang phdp dqy vd 

hoc d trudng THFT hien nay. Noi dung cuon sdch bdm sdt theo ngi 

dung cua sdch gido khoa mai, phii hap vdi chuang trinh Gido due 

pho thong mon Todn cua Bo Gido due vd Ddo tqo viia han hdnh 

ndm 2006. 

Ngi dung cudn sdch ndy gom : 

Chirong I : Phep ddi hinh vd phep dong dqng trong mat phdng 

Chirong II : Dudng thdng vd mat phdng trong khong gian. 

Quan he song song 

Chuong III : Vecto trong khong gian. 

Quan he vuong goc trong khong gian 

Bdi tap cudi ndm 

Ngi dung cudmdi chuang duac chia ra nhieu chii de, moi chii de Id 

mgt xoan (§). Trong tiing xoan, cdu true dugc trinh bdy theo thic tu 

nhu sau : 

A, Cac kien thufc can nhdf: Phdn ndy neu tdm tdt nhitng kie'n thdc 

ca bdn vd kf ndng ca bdn cdn nhd da dugc trinh bdy trong sdch 

gido khoa Hinh hgc 11. 

B. Dang toan co ban : Phdn ndy he thdng lai cdc dqng todn thudng 

gap trong khi ldm bdi tap, neu cdc phuang phdp gidi chu yeu vd cho 

cdc vi du minh hoq, dong thdi cho them cdc dieu luu y cdn thiet. 
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C. Cau hoi va bai tap : Phdn ndy nhdm muc dich ciing cdvd van 
dung kien thdc vd kT ndng ca bdn de trd ldi cdu hdi vd ldm bdi tap 
thugc cdc dqng vda neu d tren, tqo dieu kien cho hgc sinh ren luyen 
them ve phong cdch tu hgc. Cudi mdi chuang co cdc bdi tap mang 
tinh chdt on tap vd mgt sd cdu hoi trac nghiem nhdm giiip hgc sinh 
ldm quen vdi mgt dqng bdi tap mdi. 

Cudi sdch co phdn hudng ddn gidi vd ddp sd cho cdc loqi cdu hoi 
vd bdi tap. 

Mac dii cdc tdc gid da cd gdng rdt nhieu, nhung chdc rdng khong the 
trdnh dugc cdc thieu sot. Rdt mong cdc dgc gid vui ldng gop y de cho 
nhiing ldn tdi bdn sau, cudn sdch se dugc hodn thien tdt han. 

CAC TAC GIA 
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CHUtiNC I 

PHEP DOI HiNH 
VA PHEP DONG DANG TRONG MAT PHANG 

§1. PHEP BIEN HINH 

§2. PHEP TINH TIEN 

A. CAC KIEN THUfC CAN NHd 

I. PHEP BIEN HINH 

Dinh nghia 

Quy tdc ddt tuang dng mdi diem M cua mat phdng vdi mat diem xdc dinh duy 
nhdt M' cua mat phdng do dugc ggi Id phep bien hinh trong mat phdng. 

Ta thucmg ki hieu phep bie'n hinh la F va vid't F{M) = M' hay M' = F(M), khi 
do diem M' duoc goi la anh cua diem M qua phep bi6i hinh F. 

Ne'u ^ la mOt hinh nao do trong mat phang thi ta ki hieu J ^ ' = F ( J ^ la tap 

cac di^m M' = F{M), voi moi dilm M thuOc ̂ . Khi do ta noi F bien hinh ^ 

thanh hinh ^jf^', hay hinh ^ ' la anh cua hinh J ^ qua phep bie'n hinh F. 

Dl chiing minh hinh ^ ' la anh cua hinh ^ qua phep bie'n hinh F ta co thi 

chiing minh : Vdi dilm M tuy y thuOc ^ thi F{M) e J^' va voi mOi M' 

thuOc J ^ ' thi CO M e J ^ sao cho F{M) =M'. 

Phep bie'n hinh bie'n mOi dilm M cua mat phang thanh chinh no duoc goi la 
phep dong nhdt. 
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IL PHEP TINH TIEN 

Dinh nghia 

Trong mat phang cho vecto v. Phep bie'n 
hinh bie'n mOi diem M thanh dilm M' sao 

cho MM' = V duoc goi la phep tinh tie'n 
theo vecta v (h.1.1). 

Phep tinh tie'n theo vecto v thudng duoc kf 
M M' 

hieu la r- . • Hinh 1.1 

Nhu vay T-(M) = M'^ MM' = v . 

Nhdn xet. Phep tinh tie'n theo vecto - khOng chinh la phep dong nhdt. 

III, BIEU THtrc TOA D O CUA PHEP TINH TIEN 

Trong mat phang Oxy cho diem M(x; y), v (a ; h). Goi dilm M\x'; j ' ) = T̂  (M). 

{x'-x + a 
Khi do 

\y=y + b. 

IV. TINH CHAT CUA PHEP TINH TIEN 

Phep tinh tien 

1) Bao toan khoang each giira hai dilm ba!t ki; 

2) Bie'n mot ducmg thang thanh ducmg thang song song hoac trimg vdi ducmg 
thang da cho; 

3) Bie'n doan thang thanh doan thang bang doan thang da cho ; 

4) Bie'n mOt tam giac thanh tam giac bang tam giac da cho ; 

5) Bie'n mOt dudfng tron thanh dudmg tron co cung ban kinh. 

B. DANG TOAN CO BAN 

VAN ii 1 

Aac dinh anh cua mot hinh qua mot phep tinh tien 
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1. Phuang phdp gidi 

Diing dinh nghia hoac bilu thiic toa dO cua phep tinh tien. 

2. Vidu 

Vidu 1. Cho hinh binh hanh ABCD. Dung anh ciia tam giac />iBC qua phep tinh 

tie'n theo vecto /U). 

gidi 

Vi BC = AD nen phep tinh tie'n theo vecto 

AD bie'n dilm A thanh dilm D, bie'n dilm 
B thanh dilm C (h.1.2). Dl tim anh cua 
dilm C ta dung hinh binh hanh ADEC. 
Khi do anh ciia dilm C la dilm E. Vay anh 
cua tam giac ABC qua phep tinh tie'n theo 

vecto AD la tam giac DCE. 

Vidu 2. Trong mat phang toa dO Oxy cho v = ( -2 ; 3) va dudng thang d co 
phuong trinh ?)X - 5y + 2> - Q. Viet phucmg tiinh cua dudng thang d' la anh 
cua d qua phep tinh tie'n T-. 

gidi 
Cdch 1. La'y. mOt dilm thuOc d, chang han M - {-\ ; 0). Khi do 
M' = T̂  (M) = (-1 - 2 ; 0 + 3) = (-3 ; 3) thuoc d'. Vi d' song song vdi d nen phuong 
trtnh ciia nd cd dang 2>x - 5y + C = Q.Do M' & d' nen 3(-3) - 5. 3 + C = 0. 
Tur dd suy ra C = 24. Vay phuong trinh cua d' la 3x-5y + IA = 0. 

\x' = x-2 
Cdch 2. Tii bieu thiic toa dO ciia T̂  suy ra. x = x' + 2, 

l / = J + 3 
y = y'- 3. Thay vao phuong trtnh ciia d ta dugfc 3(x' + 2) - 5(y' - 3) + 3 = 0, 

hay 3JC' - 5y' + 24 = 0. Vay phuong trinh cua d' \&:?,x-5y + 2A = 0. 

Cdch 3. Ta cung cd thi My hai dilm phan biet M, N tren d, tim toa do cac anh 
M', N' tuong ling ciia chiing qua T-. Khi dd d' la dudng thang M'N'. 

Vidu 3. Trong mat phang toa dd Oxy cho dudng tron (C) cd phuong trtnh 

x^+y'^-2x + 4y-4 = 0. 

Tim anh ciia (C) qua phep tinh tie'n theo vecto v = (-2 ; 3). 
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gidi 
Cdch I. Di tha'y (C) la dudng trdn tam /(I ; - 2), ban kinh r = 3. Goi 
/ ' = r^(/) = (1 - 2 ; - 2 + 3) = (- 1 ; 1) va ( O la anh cua (C) qua 7^ thi ( O 
la dudng trdn tam / ' ban kinh r = 3. Do dd (C) cd phuong trtnh 

{x+\)' + (y-\f = 9. 

{ X —- X ^ 2 [ J C — • X " l " 2 ' ' 

y =y + 3 [̂  = 3^-3. 

Thay vao phucmg trtnh ciia (C) ta duoc 
(x' + 2) + Cy' - 3)^ - 2(x' + 2) + 4Cy' - 3) - 4 = 0 

<^ j c ' 2 + / ^ + 2 x ' - 2 / - 7 = 0 

^ ( ; c ' + l)^ + ( / - l ) ^ = 9 . 

2 2 

Do dd (C) CO phuong trtnh : (x + 1) + ( ^ - 1 ) =9. 

VAN dc 2 

Dung phep tinh tien de giai mot so bai toan dung hinh 

1. Phuang phdp gidi 

Di dung mdt dilm M ta tim each xac dinh nd nhu la anh cua mdt dilm da biet 
qua mdt phep tinh tien, hoac xem dilm M nhu la giao cua mot dudmg cd' dinh 
vdi anh ciia mdt dudng da bie't qua mdt phep tinh tie'n. 

2. Vidu 

Vidu 1. Trong mat phang toa do Oxy cho ba dilm A{-\ ; -1), 5(3 ; 1), C(2 ; 3). 
Tim toa do dilm D sao cho tii giac ABCD la hinh binh hanh. 

gidi 

Xem dilm D{x; y) la anh cua dilm C qua phep tinh tieh theo vecto BA = (-4 ; -2). 
Tut dd suy rax = 2 - 4 =-2 ; J = 3 - 2 = 1. 

Vitfu 2. Trong mat phang chO hai dudng thang d va Jj cat nhau va hai dilm 
A, B khdng thudc hai dudmg thang dd sao cho dudng thang AB khdng song 

www.truongbachviet.com



song hoac trung vdi d (hay d^). Hay tim dilm M tren d va dilm M' tren d^ dl 

tii giac A5MM'la hinh binh hanh. 

Xem dilm M' la anh ciia dilm M qua 

phep tinh tie'n theo vecto BA (h.1.3). 

Khi dd dilm M' viia. thudc di viia. thudc 

d' la anh cua d qua phep tinh tie'n theo 

vecto BA . Tii dd suy ra each dung : 

- Dung d' la anh ciia d qua phep tinh 

tie'n theo vecto BA . 

-DungM'= JjOrf'. Hmh 1.3 

- Dung dilm M \a anh ciia dilm M' qua phep tinh tien theo vecto AB. 

De tha'y tii giac ABMM' chinh la hinh binh hanh thoa man yeu ciu cua 
ddu bai. 

E VAN dl 5 

Diing phep tinh tien de-giai mot so bai toan tim tap hop diem 

1. Phuang phdp gidi , ' , 

Chiing minh tap hop dilm phai tim la anh cua mdt hinh da bilt qua mdt phep 
tinh tie'n. 

2. Vi du 

Vidu. Cho hai dilm phan biet fi va C cd' dinh 
tren dudng tron (O) tam O, dilm A di ddng 
tren dudng trdn (O). Chiing minh rang khi A di 
ddng tren dudng trdn (O) thi true tam cua tam 
giac ABC di ddng tren mdt ducmg trdji. 

Gidi 

Goi H la true tam cua tam giac ABC va M la 
trung dilm cua BC. Tia BO cat dudng trdn Hinh 1.4 
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ngoai tie'p tam giac ABC tai D. Vi BCD = 90°, nen DC II AH (h. 1.4). Tuong tu 
AD II CH. Do dd tir giac ADCH la hinh binh hahh. Tir dd suy ra 
AH = DC = 20M. Ta tha'y rang OM khdng ddi, nen cd thi xem H la anh 

ciia A qua phep tinh tie'n theo vecto 20M. Do dd khi dilm A di dOng tren 
dudng tron (O) thi H di ddng tren dudng trdn (OO la anh ciia (O) qua phep 

tinh tie'n theo vecto 2 OM. 

C. CAU HOI VA BAI TAP 

1.1. Trong mat phang toa dd Oxy cho v = (2 ; -1), dilm M = (3 ; 2). Tim toa dd 
cua cac dilm A sao cho : 

a) A = rp(M); 

h)M = T7(A). 

1.2. Trong mat phang Oxy cho v = (-2 ; 1), ducmg thing d cd phuong trinh 
2JC - 3^ + 3 = 0, du5ng thang di cd phuong trtnh 2JC - 33; - 5 = 0. 

a) Vie't phuong trinh cua dudng thang d' la anh cua d qua T^. 

b) Tun toa do cua iv cd gia vudng gdc vdi ducmg thang d dl di la anh cua d 

quaT^. 

1.3. Trong mat phang Oxy cho ducmg thang d cd phuong trtnh 3x - y - 9 = 0. 
l im phep tinh tie'n theo vecto cd phuong song song vdi true Ox biln d thanh 
dudng thang d' di qua gdc toa dd va vie't phuong trtnh dudng thang d'. 

1.4. Trong mat phang Oxy cho dudng trdn (C) cd phuong trtnh 

x^ + y^ - 2x + 4y - 4 = 0. Tim anh cua (C) qua phep tinh tie'n theo vecto 

v = ( - 2 ; 5 ) . 

1.5. Cho doan thang AB va ducmg trdn (C) tam O, ban kinh r nam vl mdt phia 
cua dudng thang AB. L^y dilm M tren (C), rdi dung hinh binh hanh ABMM'. 
Tim tap hop cac dilm M' khi M di ddng tren (C). 
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§3. PHEP DOI XIJNG TRUC 

A. CAC KIEN THLTC CAN N H 6 

I. DINH NGHIA 

Cho dudng thang d. Phep bie'n hinh bie'n mdi dilm M thudc d thanh chfnh no, 
bie'n mdi dilm M khdng thudc d thanh dilm M' sao cho d la dudng trung true 
cua doan thang MM' duoc goi la phep ddi xdng qua dudng thdng d hay phep 
ddi xdng true d (h. 1.5). 

Phep ddi xiing qua true d thudng duoc 
kl hieu la D^. Nhu vay M' = D^{M) 

^ M^M' = -MQM, vdi Mo la hinh 
chie'u vudng gdc ciia M tren d. 

Ducmg thang d duoc goi la true ddi 
xdng ciia hinh ofl^ neu D^ bien ^ 

thanh chinh nd. Khi dd tj^ duoc goi la 
hinh CO trtic ddi xdng. 

M 

Mn 

M' 

Hmh 1.5 

IL BIEU THtrc TOA D O 

Trong mat phang toa dd Oxy, vdi mdi dilm M = {x; y), goi M' = D^ (M) = (x'; y'). 

Ne'u chon d la true Ox, thi 

Ne'u chon d la true Oy, thi 

m. TINH CHAT 

Phep dd'i xumg true 
1) Bao toan khoang each giiia hai dilm bat ki; 
2) Bie'n mdt dudng thang thanh dudng thang ; 
3) Bie'n mdt doan thang thanh doan thang bang doan thang da cho ; 
4) Bie'n mdt tam giac thanh tam giac bang tam giac da cho ; 
5) Bie'n mdt ducmg tron thanh dudng trdn cd cung ban kfnh. 

I I 
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B. DANG TOAN CO BAN 

VAN 6i 1 

Aac dinh anh cua mot hinh qua mot phep doi xiing true 

1. Phuang phdp gidi 

Dl xac dinh anh ^ ' ciia hinh Ĵ î  qua phep dd'i xiing qua dudng thang d ta cd 
thi dung cac phuomg phap sau : 

- Diing dinh nghia cua phep dd'i xiing true ; 

- Dung bilu thiic vecto ciia phep dd'i xiing true ; . 

- Diing bilu thiic toa dd cua phep dd'i xung qua cac true toa dd. 

2, Vidu 

Vidu L Cho tii giac A6CD. Hai dudng thang 
AC va BD cat nhau tai E. Xac dinh anh cua 
tam giac ABE qua phep ddi xiing qua dudng 
thang CD. 

gidi 

Chi cSn xac dinh anh cua cac dinh cua tam 
giac A, B, E qua phep dd'i xiing dd. Anh phai 
tim la tam giac A'B'E'. Hmh 1.6 

Vidu 2. Trong mat phang Oxy, cho dilm M(l; 5), dudng thang d cd phuong 
trtnh X - 2j + 4 = 0 va dudmg trdn (C) cd phuong tiinh : 

x^+y'^ -2x + 4y-4 = Q. 

a) Tim anh cua M, d va (C) qua phep dd'i xiing qua true Ox. 

b) Tim anh cua M qua phep dd'i xung qua dudng thang d. 

gidi 

a) Goi M', d' va (C) theo thii tu la anh ciia M, d va (C) qua phep dd'i xiing true Ox. 

KhiddM'=( l ; -5) . 

Dl tim d' ta sir dung bilu thiic toa dd ciia phep dd'i xung true Ox : Goi dilm 
A '̂(-̂ '; jO la anh ciia dilm A (̂jc; y) qua phep ddi xiing true Ox. 

12 
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Khidd f r " ^ f = \ 
[y •= -y [y = -y 

Tac6Ned^x-2y + 4 = 0<^ x-2(-y') + 4 = 0 <=> x' + 2 / + 4 = 0 

< -t> N' thudc dudng thang d' cd phuong trinh x + 2j + 4 = 0. 
vay anh cua d la dudng thang d' cd phuong trtnh x + 2>' + 4 = 0. 
Dl tim (CO, trudfc he't ta dl y rang (C) la dudng trdn tam / = (1 ; -2), ban kfnh 
R = 3. Goi / ' la anh ciia / qua phep dd'i xung true Ox. Khi dd / ' = (1 ; 2). Do do 
(C) la ducmg trdn tam / ' ban kfnh bang 3. Tur dd suy ra (C) cd phuong trtnh 
ix-lf + (y-2f = 9. 

b) Dudng thang di qua M vudng gdc vdi d cd phuong trtnh 

— = ̂ ^ < ^ 2 x + ) ' -7 = 0 (h.1.7). 1 - 2 / V y 

Giao cua d va rfj la dilm MQ cd toa dd thoa man he phuong trtnh 

Jx-2j.+4 = 0 Jx = 2 
\2x + y-7 = o'^\y^3. 

vay MQ = (2 ; 3). Tii dd suy ra anh cua M qua phep dd'i xiing qua dudng 

thang d la M" sao cho MQ la trung dilm cua MM", do do M" = (3 ; 1). 

• 

A 

y\ 

•' 

B 

B' 

L 

0 

M 

r 

J 

M^ 
d 

M" 

•-€ 

X 

Hinh 1.7 
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VAN JE 2 

Tim tnic doi xiing cua mot da giac 

1. Phuang phdp gidi 

Sii dung tfnh chat: Ne'u mdt da giac cd true dd'i xiing d thi qua phep ddi xiing 
true d mdi dinh cua nd phai bie'n thanh mdt dinh cua da giac, mdi canh ciia nd 
phai bie'n thanh mdt canh cua da giac bang canh a'y. 

2.Vidu 

Vidu. Tm cae true dd'i xiing cua mdt hinh chu" nhat. 

gidi 

Cho hinh chU nhat ABCD, AB > BC. Goi F la phep ddi xiing qua true d bie'n 
ABCD thanh chfnh nd. Khi dd canh AB chi cd thi bien thanh chfnh nd hoac 
bie'n thanh canh CD. 

Ne'u AB bie'n thanh chfnh nd thi chi cd thi xay ra F(A) = B (vi neu F{A) = A thi 
F{B) = B suy ra d trung vdi dudng thang AB, dilu nay vd If). Khi dd d la dudng 
trung true cua AB. 

Ne'u AB bie'n thanh CD, thi khdng thi xay ra F(A) = C, F(B) = D. Vi nlu the 
thi AC II BD (eiing vudng gdc vdi d) dilu dd vd If. Vay chi cd thi F(A) = D, 
F(B) = C. Khi dd d la dudng trung true ciia AD. 

Vay hinh chfl nhat ABCD cd hai true dd'i xiing la cac dudng trung true cua AB 
vaAD. 

VAN J E ? 

• Diing phep doi xiing tnic de giai mot so bai toan dung hinh 

1. Phuang phdp gidi 

Dl dung mdt dilm M ta tim each xac dinh nd nhu la anh cua mdt dilm da bilt 
qua mdt phep dd'i xiing true, hoac xem dilm M nhu la giao cua mdt dudng cd 
dinh vdi anh cua mdt dudng da bie't qua mdt phep dd'i xiing true. 

2. Vidu 

Vidu. Cho hai dudng trdn (C), (C) cd ban kfnh khae nhau va dudng thang d. 
Hay dung hinh vudng ABCD cd hai dinh A, C lin luot nam tren (C), (C) edn 
hai dinh kia nam tren d. 

14 
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Hinh 1.8 

gidi 
Phdn tich 

Gia sur hinh vudng da dung duoc. Ta 
thay hai dinh B va D ciia hinh vudng 
ABCD ludn thudc d nen hinh vudng 

• hoan toan xac dinh khi bilt dinh C. 
Xem C la anh cua A qua phep ddi xiing 
qua true d. Wi A thudc dudng trdn (C) 
ndn C thudc dudng trdn (Cj) la anh cua 

(C) qua phep dd'i xiing qua true d. Mat 
khae C ludn thudc dudng trdn (C). Vay 
C phai la giao cua dudng trdn (Cj) vdi 

dudng trdn (C). 

Tit dd suy ra each dung. 

Cdch dung 

a) Dung dudng trdn (Cj) la anh cua (C) qua phep dd'i xiing qua true d. 

b) Tii C thudc (Ci)n(C') dung dilm A dd'i xiing vdi C qua d. Goi / la giao 
cua AC vdi d. 

c) La'y trdn d hai dilm BvaD sao cho / la trung dilm cua BD va IB = ID = IA. 

Khi dd hinh vudng ABCD la hinh cin dung. 

Chiing minh 

De tha'y ABCD la hinh vudng cd fi va D thudc d, C thudc ( O . Ta chi cin 
chiing minh A thudc (C). That vay vi A dd'i xiing vdi C qua d, ma C thudc (C) 
nen i4 phai thudc (C) la anh ciia (C) qua phep dd'i xdng qua true d. 

Bien ludn 
t 

Bai toan cd mdt, hai, hay vd nghiem tuy theo sd giao dilm cua (Cj) vdi (C). 

2D VANdE4 

Dung phep doi xiing true de giai mot so bai toan tim tap hop diem 

1. Phuang phdp gidi 

Chdng minh tap hop dilm phai tim la anh ciia mot hinh da bilt qua mdt phep 
dd'i xiing true. 
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2. Vidu 

Vidu. Cho hai dilm phan bidt fi va C cd dinh tren dudng trdn (O) tam O, dilm 
A di ddng tren dudng trdn (O). Chiing minh rang khi A di ddng trdn dudng 
trdn (O) thi true tam cua tam giac ABC di ddng tren mdt dudng trdn. 

gidi 

Goi /, H' theo thii tu la giao cua tia AH vdi 
BC va dudng trdn (O). Ta cd 

BAH = HCB (tuong iing vudng gdc) 

BAH = BCH' (ciing chan mdt eung). 

Vay tam giac CHH' can tai C, suy ra H va 
H' ddi xiing vdi nhau qua dudng thang BC. 

Khi A chay trdn dudng trdn (O) thi H' ciing 
chay trdn dudng trdn (O). Do dd H phai 
chay trdn dudng trdn (C) la anh cua (O) 
qua phep dd'i xiing qua dudng thang BC. 

Hmh 1.9 

C. CAU HOI VA BAI TAP 

1.6. Trong mat phang toa dd Oxy, cho dilm M(3 ; -5), dudng thang d cd phuong tnnh 
3x + 23̂  - 6 = 0 va dudng trdn (C) cd phuong txinh : x^ +y^ -2x + 4y-4 = 0. 
Tm anh eua M, d va (C) qua phep dd'i xiing qua true Ox. 

1.7. Trong mat phang Oxy cho dudng thang d cd phucmg trtnh x- 5y + 7 = Ova 
dudng thang d' cd phucmg trtnh 5x - 3̂  - 13 = 0. Tm phep dd'i xiing true bign 
rf thanh J'. 

1.8. Tm cac true dd'i xung cua hinh vudng. 

1.9. Cho hai dudng thang c, d cat nhau va hai dilm A, B khdng thudc hai dudng 
thang dd. Hay dung dilm C trdn c, dilm D trtn d sao eho tii giac ABCD la 
hinh thang can nhan AB la mdt canh day (khdng can bidn luan). 

1.10. Cho dudng thang d va hai dilm A, B khdng thudc d nhung nam cung phfa 
dd'i vdi d. Tim trdn d dilm M sao cho tdng cac khoang each tii dd din A 
va fi la be nha't. , 
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§4. PHEP D 6 I XUNG TAM 

A. CAC KIEN THLTC CAN N H 6 

I. DINH NGHIA 

Cho dilm /. Phep bie'n hinh biln dilm / thanh chfnh nd, bien mdi dilm M 
khae / thanh M' sao cho / la trung dilm cua doan thang MM' dugc goi la phep 
ddi xiing tdm L 

Phep dd'i xiing tam / thudng dugc kf hidu la Dj. 

Tfl dinh nghia ta suy ra : 

\)M'= DliM) <^ IM'^-IM. 

Tfl do suy ra : 

• Neu M = I thi M' = I. 

• Neu M ^ I thi M' = Dj (M) <=> / la trung dilm ciia MM'. 

2) Dilm / dugc ggi la tdm ddi xicng eua hinh ^ neu phep dd'i xiing tam / biln 

hinh ̂  thanh chfnh nd. Khi dd ̂  dugc ggi la hinh co tdm ddi xicng. 

n. BIEU THl?C TOA D O 

Trong mat phang toa dd Oxy, eho I = {XQ ; yQ^,goiM = {x;y)va M'= (x'; y') 
la anh ciia M qua phep dd'i xiing tam /. Khi do 

fx' = 2xo - X 

\y=^yo-y-

III. CAC TINH CHAT 

Phep dd'i xiing tam 
1) Bao toan khoang each gifla hai dilm bat ki; 
2) Bie'n mdt dudng thang thanh dudng thang song song hoac trflng vdi dudng 

thang da cho; 
3) Bie'n mdt doan thang thanh doan thang bang doan thang da cho ; 
4) Bie'n mdt tam giac thanh tam giac bang tam giac da cho ; 
5) Bie'n mdt dudng trdn thanh dudng trdn cd cung ban kfnh. 

2.BT.HINHHOC11(C)-A 1 7 
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1 
B. DANG TOAN CO BAN 

VAN a 1 

Aac dinh anh cua mot hinh qua mot phep doi xiing tam 

1. Phuang phdp gidi 

Dflng dinh nghla, bilu thiic toa do hoac tfnh chat cua phep dd'i xiing tam. 

2. Vidu 

Vidu, Trong mat phang toa do Oxy cho dilm 7(2 ; -3) va dudng thing d cd 
phuong trtnh 3x + 2j - 1 = 0. Tim toa do cua dilm /' va phuong trinh cua dudng 
thang d' lan lugt la anh cua / va dudng thang d qua phep dd'i xiing tam O. 

gidi 

/ ' = (-2;3). , 

Dl tim d' ta cd thi lam theo cac each sau : 

Cdch 1. Tfl bilu thflc toa dd cua phep dd'i xflng qua gd'c toa dd ta cd 

{ - < • 
[y = -y-

Thay bilu thflc cua x va y vao phuong trtnh cua d ta dugc 

3(-x') + 2i-y')- 1 = 0, hay 3x' + 2y' + I = 0. Do dd phuong trinh cua d' la 
3.V + 2j + 1 = 0. 

Cdch 2. Vi d' song song hoac trflng vdi d ndn phucmg trinh cua d' cd dang 

3x + 2y + C = 0. Lay dilm M(0 ; - ) thudc d, thi anh cua nd la M' = (0 ; — ) . 

Vl M' thudc d'ntn -2 • -+ C = 0. Tfl dd suy ra C = 1. 
2 

Cdch 3. Ta cung cd thi lay hai dilm M, A'̂  thudc d. Tm anh M', N' tuong flng 
cua chung. Khi dd d' chfnh la dudng thang M'N'. 

VAN dE 2 

Tim tam doi xiing cua mot hinh 

2.BT.HINHHOC11(C).B 
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1. Phuang phdp gidi 

Nlu hinh da cho la mdt da giac thi sfl dung tfnh chat: Mdt da giac cd tam dd'i 
xflng / thi qua phep dd'i xiing tam / mdi dinh cua nd phai bien thanh mdt dinh 
cua da giac, mdi canh ciia nd phai biln thanh mdt canh cua da giac song song 
va bang canh ay. 

Neu hinh da cho khdng phai la mdt da giac thi sfl dung dinh nghia. 

2. Vidu 

Vidu 1. Chung minh rang trong phep dd'i xflng tam / neu dilm M bien thanh 
chfnh nd thi M phai trflng vdi /. 

gidi 

Ta cd 7M = -IM =» 27M = O=^7M = O=>M = /. 

Vidu 2. Chung minh rang neu mdt tfl giac cd tam dd'i xflng thi nd phai la hinh 
binh hanh. 

gidi 

Gia su tfl giac ABCD cd tam ddi xiing la /. 
Qua phep dd'i xflng tam /, tfl giac ABCD 
bie'n thanh chinh nd nen dinh A chi cd the 
bie'n thanh A, B, C hay D. 

- Neu dinh A bien thanh chfnh nd thi theo 
vf du trdn A trflng /. Khi dd tfl giac cd hai 
dinh dd'i xflng qua dinh A. Dilu dd vd If. 

Hinh 1.11 

- Neu A bien thanh B hoac D thi tam dd'i xiing thudc cac canh AB hoac AD 
ciia tfl giac ndn cung suy ra dilu vd If. 

Vay A chi cd thi bien thanh dinh C. 

Lf luan tuong tu dinh B chi cd thi bien thanh dinh D. Khi dd tam dd'i xflng / 
la trung dilm cua hai dudng cheo AC va BD ndn tfl giac ABCD phai la hinh 
binh hanh. 

\\NdiJ 

Dung phep doi xiing tam de giai mot so bai toan hinh hoc 

I. Phuang phdp gidi 

Su dung tinh chat cua phep dd'i xflng tam. 
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Di dung mdt dilm M ta tim each xac dinh nd nhu la anh cua mdt dilm da biet 
qua mdt phep dd'i xflng tam, hoac xem dilm M nhu la giao cua mdt dudng cd
dinh vdi anh cua mdt dudng da biet qua mdt phep dd'i xflng tam. 

2. Vidu 

Vidu. Cho gdc nhgn xOy va mdt dilm A thudc miln trong cua gdc dd. 

a) Hay tim mdt dudng thang di qua A va cat Ox, Oy theo thfl tu tai hai dilm M, 
N sao cho A la trung dilm cua MN. 

b) Chiing minh rang neu mdt dudng thang bat ki qua A cat Ox va Oy lan lugt 
tai C va D thi ta ludn cd dien tfch tam giac OCD ldn hon hoac bang dien tfch 
tam giac OMN. 

gidi 

a) Gia sfl M, N da dung dugc 
(h.l. 12). Ggi O' la anh cua O qua 
phep dd'i xflng qua tam A. Khi dd 
tfl giac OMO'N la hinh binh hanh. 
Tfl dd suy ra each dung : 

- Dung O' la anh cua O qua phep 
dd'i xflng qua tam A. 

• - Dimg hinh binh hanh OA^O'N 
sao cho M, N lan lugt thudc Ox, 
Oy. Di tha'y dudng thang MN di 
qua A va AM = AN. Do dd dudng 
thing MN la dudng thing cin tim. 

b) Gia sfl dudng thing d bit ki di qua A cit O'M, Ox, Oy lin lugt tai B, C, D 
(C thudc tia Mx). Po phep dd'i xung qua tam A bien dudng thing O'M thanh 
dudng thing Oy, ntn nd bien B thanh D. Tfl dd suy ra M.BM = AADN. 

Do dd dien tfch AOMN = dien tfch tfl giac OMBD < dien tfch AOCD. 

C. CAU HOI VA BAI TAP 

1.11. Cho tfl giac ABCE. Dung anh cua tam giac ABC qua phep ddi xflng tam E. 

1.12. Trong mat phing Oxy, cho hai dilm 7(1 ; 2), M(-2 ; 3), dudng thing d cd 
phuong trinh 3x - y + 9 = 0 va dudng trdn (C) cd phuong trtnh : 

.x-+y^ +2x- 6y + 6 = 0. 
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Hay xac dinh toa dd cua dilm M', phucmg trinh cua dudng thing d' va dudng 
trdn ( O theo thii tula anh cua M, d va (C) qua 
a) Phep dd'i xflng qua gd'c tea do ; 
b) Phep dd'i xiing qua tam /. 

1.13. Trong mat phing Oxy, cho dudng thing d cd phuong trinh : x - 2v + 2 = 0 va 
d' cd phuong trinh : x - 2y - S - 0. Tim phep dd'i xflng tam bien d thanh d' 
va bie'n true Ox thanh chfnh nd. 

1.14. Cho ba dilm khdng thing hang /, / , K. Hay dung tam giac ABC nhan /, / , K 
lan lugt la trung dilm cua cac canh BC, AB, AC, 

§5. PHEP QUAY 

A. CAC KIEN THLTC CAN N H 6 

L DINH NGHIA 

Cho dilm O va gdc lugng giac a. Phep bien 
hinh bie'n O thanh chfnh nd, bien mdi dilm M 
khae O thanh dilm M' sao cho OM' = OM va 
gdc lugng giac (OM ; OM') bing a dugc ggi la 
phep quay .tdm O goc or (h. 1.13). 

Dilm O dugc ggi la tdm quay, a dugc ggi la 
goc quay. 

Phep quay tam O gdc a thudng dugc kf hieu la 

Q{0,a)-

Hmh 1.13 

Nhdn xet 

- Phep quay tam O gdc quay a = i2k + l)n: vdi k nguyen, chfnh la phep dd'i 
xflng tam O. 

- Phep quay tam O gdc quay a = 2kn vdi k nguyen, chfnh la phep ddng nhat. 
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n. TINH CHAT 

Phep quay 
1) Bao toan khoang each gifla hai dilm bit ki; 
2) Bie'n mdt dudng thing thanh dudng thing ; 
3) Bie'n mdt doan thing thanh doan thing bing doan thing da cho ; 
4) Bien mdt tam giac thanh tam giac bing tam giac da cho ; 
5) Biln mdt dudng trdn thanh dudng trdn cd cflng ban kfnh. 

1^ Chd y. Gia su phep quay tam I gdc a bien ^ 
dudng thing d thanh dudng thing d' (h. 1.14). 
Khidd 

7t 
- Ndu 0<a<— thi gdc gifla d va d' bang a ; 

2 ' 
. n 

- Neu —<a<n thi gdc giua d va d' bang n- a. 
Hinh 1.14 

B. DANG TOAN CO BAN 

VAN dt 1 

Aac dinh anh ciia mot hinh c[ua mot phep quay 

1. Phuang phdp gidi 

Dflng djnh nghla cua phep quay. 

2. Vidu 

Vi du L Cho hinh vudng ABCD tam O 
(h.1.15). M la trung dilm cua AB, N la trung 
dilm cua OA. Tim anh cua tam giac AMN 

qua phep quay tam O gdc 90°. 

gidi 

Phep quay tam O gdc 90° bien A thanh D, 
bien M thanh M' la trung dilm cua AD, bien 
A' thanh N' la trung dilm cua OD. Do dd nd 
bien tam giac AMN thanh tam giac DM'N'. Hinh 1.15 
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Vidu 2. Trong-mat phing toa do Oxy 
cho dilm /l(3 ; 4). Hay tim toa dd 
dilm A' la anh cua A qua phep quay 

tam O gdc 90°. 

gidi 

Ggi cac dilm fi(3 ; 0), C(0 ; 4) lin lugt 
la hinh chieu vudng gdc cua A Itn cac 
true Ox, Oy (h.l. 16). Phep quay tam 0 

gdc 90° bie'n hinh chu nhat OBAC 
thanh hinh chu nhat OB'A'C. Di tha'y 
fi' = (0 ; 3), C = (- 4 ; 0). Tfl do suy 
r aA '=( -4 ;3 ) . 

VAN dE 2 

A 

C 

i 

B' 

.y 

c A 

0 B X 

Hinh 1.16 

&\1 dtjng phep quay dc giai mot so bai toan hinh hqc . 

/. Phuang phdp gidi 

Chgn tam quay va gdc quay thfch hgp rdi su dung tfnh chat cua phep quay. 
Luu y de'n chu y ndi d muc A.II. 

2. Vidu 

Vidu. Cho ba dilm thing hang A,B,C, dilm B nim gifla hai dilm A va C. Dung 
vl mdt phfa cua dudng thing AC cac tam giac diu ABE va BCF. 

a) Chflng minh ring AF = EC va gdc giua hai dudng thing AF va EC bing 60°. 

b) Ggi MvaNlin lugt la trung dilm cua AF va EC, chflng minh tam giac BMN diu. 

gidi 

a) Ggi Q ^^o. Ia phep quay tam B 

gdc quay 60°. Q^^ ._ox bie'n cac dilm 
(D,pU ) 

E, C lan lugt thanh cac dilm A, F ntn 
nd bie'n doan thing EC thanh doan 
thing AF. Do dd AF = EC va gdc gifla 

hai dudng thing AF va EC bing 60° 
(h.l. 17). 
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b) Q^g gQÔ  cung bie'n trung dilm Â  cua EC thanh trung dilm M ciia AF ntn 

BN = BM va (flA ,̂ BM) = 60°, do dd tam giac BMN diu. 

VAN ai J 

Dung phep quay de giai mot so bai toan dung hinh 

1. Phuang phdp gidi 

Di dung mdt dilm M ta tim each xac dinh nd nhu la anh cua mdt dilm da bilt 
qua mdt phep quay, hoac xem M nhu la giao cua mdt dudng cd dinh vdi anh 
cua mdt dudng da biet qua mdt phep quay. 

2. Vidu 

Vidu. Cho hai dudng thing a, h va dilm C khdng 
nim trdn chflng. Hay tim tren a va b lan lugt hai 
dilm AvaB sao cho tam giac ABC la tam giac diu. 

gidi 

Ne'u xem B la anh cua A qua phep quay tam C 

gdc quay 60° thi B se la giao cua dudng thing b 
vdi dudng thing a' la anh cua a qua phep quay ndi 
trdn (h.l. 18). 

Sd nghiem cua bai toan tuy thudc vao so giao 
dilm cua dudng thing b vdi dudng thing a'. 

Hmh 1.18 

C. CAU HOI VA BAI TAP 

1.15. Cho luc giac diu ABCDEF, O la tam dd'i xung cua nd, / la trung dilm cua AB. 

a) Tm anh cua tam giac AIF qua phep quay tam O gdc 120°. 

b) Tm anh cua tam giac AOF qua phep quay tam E gdc 60°. 

1.16. Trong mat phing Oxy cho cac dilm A(3 ; 3), fi(0 ; 5), C(l ; 1) va dudng 
thing d cd phuong trtnh 5x - 3>' + 15 = 0. Hay xac dinh toa dd cac dinh cua 
tam giac A'B'C va phuong trtnh cua dudng thing d' theo thfl tu la anh cua 

tam giac ABC va dudng thing d qua phep quay tam O, gdc quay 90°. . 
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1.17, Cho nfla dudng trdn tam O dudng kinh BC. Dilm A chay trdn nfla dudng 
trdn dd. Dung vl phfa ngoai cua tam giac ABC hinh vudng ABEF. Chung 
minh ring E chay tren mdt nfla dudng trdn cd dinh. 

1.18. Cho tam giac ABC. Dung ve phfa ngoai cua tam giac cac hinh vudng BCIJ, 
ACMN, ABEF va ggi O, P, Q lan lugt la tam dd'i xflng cua chflng. 
a) Ggi D la trung dilm cua A£. Chflng minh ring DOP la tam giac vudng 

can dinh D. 
b) Chiing minh AO vudng gdc vdi PQ va AO = PQ. 

§6. KHAI NIEM VE PHEP DCJl HINH 
VA HAI HINH BANG NHAU 

A. CAC KIEN THLTC CAN N H 6 

I. DINH NGHIA 

Phep ddi hinh la phep bien hinh bao toan khoang each giua hai dilm bit ki. 

Nhdn xet 

• Cac phep tinh tie'n, ddi xflng true, dd'i xflng tam va quay diu la nhflng phep 
ddi hinh. 

• Ne'u thuc hien lien tie'p hai phep ddi hinh thi dugc mdt phep ddi hinh. 

IL TINH CHAT 

Phep ddi hinh 

a) Biln ba dilm thing hang thanh ba dilm thing hang va bao toan thfl tu gifla 
cac diem iy ; 

b) Bie'n mdt dudng thing thanh dudng thing, biln tia thanh tia, bie'n doan 
thing thanh doan thing bing nd ; 

c) Biln mdt tam giac thanh tam giac bing tam giac da cho, biln mdt gdc thanh 
gdc bing gdc da cho ; 

d) Biln mdt dudng trdn thanh dudng trdn cd cflng ban kfnh. 
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HI. HAI HINH BANG NHAU 

Dinh nghia : Hai hinh dugc ggi la bdng nhau neu cd mdt phep ddi hinh bie'n 
hinh nay thanh hinh kia. 

B. DANG TOAN CO BAN 

VAN d i i 

1 

Aac dinh anh cua mot hinh qua mot phep doi hinh 

1. Phuang phdp gidi 

Dung dinh nghia va tfnh chat cua phep ddi hinh. 

2. Vidu 

Vidu. Trong mat phing Oxy cho dudng thing d cd phuong trtnh 3x ^ y - 3 = 0. 
Vie't phuong trinh cua dudng thing cf' la anh cua dudng thing d qua phep ddi 
hinh cd dugc bing each thuc hien lien tilp phep dd'i xiing tam /(I ; 2) va phep tinh 
tiln theo vecto v =( -2 ; l ) . 

gidi 

Ggi phep ddi hinh cin tim la F. Ggi Jj la anh cua d qua phep dd'i xflng tam /(I; 2), 
d' la anh cua d^ qua phep tinh tiln theo vecto v = (-2 ; 1). Khi dd d' = F{d). Vi 

1̂ song song hoac trung vdi d, d' song song hoac trung vdi d^ ntn d' song song 
hoac trflng vdi d. Tfl dd phuong trinh cua d' cd dang : 3x - j + C = 0. 
Bay gid ta lay dilm M(l ; 0) thudc d. Phep dd'i xflng tam /(I ; 2) biln 
M thanh M, (1 ; 4). Phep tinh tiln theo vecto v = (-2 ; 1) bien Mj thanh 
M' = (1 - 2 ; 4 + 1) = (-1 ; 5). Khi dd M' = F{M). Do dd M' thudc d'. Thay toa 
do cua M' vao phucmg trinh cua d' ta dugc 3. (-1) - 1. 5 + C = (). Tfl dd suy ra 
C -%. Vay phuong trinh cua (i' la 3x - j + 8 = 0. 

VAN ii 2 

• Cac bai toan ve moi lien quan giiia mot so phep ddi hinh quen biet 

1. Phuang phdp gidi 

Sfl dung dinh nghla cua cac phep ddi hinh cd lidn quan. 
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2. Vidu 

Vi du. Chung minh ring phep tinh tiln theo vecto v ^ 0 la kit qua cua viec 
thuc hien lien tiep hai phep dd'i xflng qua hai true song song vdi nhau. 

gidi 

Liy dudng thing d nhan v lam 
vecto phap tuyen. Ggi d' la anh cua d 

qua phep tinh tiln theo vecto — v • 

Lay dilm M tuy y. Ggi Mj = D^(M), 

M' = £)^ '(Mj).Khiddtacd 

MM' = MMi +MiM' = 2/Mi + 2M^I' 

= 2 / r = v . 

Vay T-{M)=M': 

M I 

d 

A/i / ' M 

d' 

Hmh 1.19 

VAN ai J 

Chiing minh hai hinh bang nhau 

1. Phuang phdp gidi 

Chflng minh hai hinh dd la anh cua 
nhau qua mdt phep ddi hinh. 

2. Vidu 

Vidu. Cho hinh chu nhat ABCD. Ggi 
O la tam ddi xflng cua nd ; E, F, G, 
H, I, J theo thfl tu la trung dilm cua 
cac canh AB. BC, CD. DA. AH, OG. 
Chflng minh ring hai hinh thang 
AIOE va G.fFC bing nhau. 

H D 

^ ^ ^ ^ k 

0 
J 

^m 
F 

Hinh 1.20 

C 

gidi 

Ta cd phep tinh tien theo AO bien A, /, O. E lan lirgt thanh O. J, C, F. Phep dd'i 
\irng qua dfldng trung true cua OG bie'n O, J, C, F lan lugt thanh G, J, F, C. 
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Tfl dd suy ra phep ddi hinh cd dugc bang each thue hien lien tiep hai phep 
bie'n hinh tren se bien hinh thang AIOE thanh hinh thang GJFC. Do do hai 
hinh thang ay bing nhau. 

C. CAU HOI VA BAI TAP 

1.19, Trong mat phing Oxy, cho v(2;0) va dilm M(l ; 1). 

a) Tm toa dd cua dilm M' la anh cua dilm M qua phep ddi hinh cd dugc 
bing each thuc hien lien tiep phep dd'i xung qua true Oy va phep tinh tiln 
theo vecto v . 

b) Tm toa do cua dilm M" la anh cua dilm M qua phep ddi hinh cd dugc 
bing each thuc hien lien tilp phep tinh tien theo vecto v va phep dd'i 
xflng qua true Oy. 

1.20, Trong mat phing Oxy, cho vecto v̂  = (3 ; 1) va dudng thing d cd phuong 
trinh 2x - y = 0. Tim anh cua d qua phep ddi hinh cd dugc bing each thuc 

o _ 

hien lien tiep phep quay tam O gdc 90 va phep tinh tien theo vecto v . 
1.21, Chflng minh ring mdi phep quay diu cd thi xem la kit qua cua viec thuc 

hien lien tiep hai phep dd'i xflng true. 

1.22, Cho hinh vudng ABCD cd tam /. Tren tia BC lay dilm E sao cho BE = AI. 
a) Xac dinh mgt phep ddi hinh biln A thanh fi va / thanh E. 
b) Dung anh cua hinh vudng ABCD qua phep ddi hinh ay. 

§7. PHEP VI Tir 

A. CAC KIEN THLTC CAN N H 6 

I, DINH NGHIA 

Cho dilm / va mdt sd k i^O. Phep biln hinh bien mdi dilm M thanh dilm M' 
sao cho IM' = k.IM dugc ggi \aphep vi tutdm I, ti sdk. 

II, TINH CHAT 

1) Gia sfl M', N' theo thfl tu la anh cua M, N qua phep vi tu ti sd k. Khi dd 

a) M'N' = LMN ; b) M'N' = \k\.MN ; 
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2) Phep vi tu ti so k 

a) Bie'n ba dilm thing hang thanh ba dilm thing hang va bao toan thfl tu 
gifla cac dilm iy ; 

b) Bien mgt dudng thing thanh dudng thing song song hoac trflng vdi dudng 
thing di. cho, bien tia thanh tia, biln doan thing thanh doan thing ; 

c) Biln mgt tam giac thanh tam giac ddng dang vdi tam giac da cho, bie'n 
gdc thanh gdc bing nd ; 

d) Bie'n mdt dudng trdn cd ban kfnh R thanh dudng trdn cd ban kfnh \k\R. 

HI, TAM VI TU CUA HAI DUCJNG TRON 

Dinh li: Vdi hai dudng tron bd't ki luon co mgt phep vi tu bie'n dudng trdn ndy 
thdnh dudng trdn kia. 

Tam eua phep vi tu ndi trdn dugc ggi la tdm vi tu ciia hai dudng trdn 

Cho hai dudng trdn (/ ; R) va (/'; /?')• Co ba trudng hgp xay ra : 
/?' /?' 

• Ne'u I triing vdi / ' thi phep vi tu tam / ti sd — va phep vi tu tam / ti sd 
R R 

biln dudng trdn (/ ; R) thanh dudng trdn (/ ; R') (h.1.21). 

R' 
• Ne'u I khdc T vd R i^ R' thi phep vi tu tam O ti sd ^ = — va phep vi tu tam O, 

R 
R' 

ti sd ki= se biln dudng trdn (/ ; R) thanh dudng trdn (/'; R'). Ta ggi O la 
R 

tdm vi tu ngodi con O j Id tdm vi tu trong ciia hai dudng trdn noi tren (h.1.22). 

M' 

Hmh 1.21 Hinh 1.22 

D 

• Ne'u I khdc T vd R = R' thi chi cd phep vi tu tam Oj ti sd k= = - 1 biln 
R 

dudng trdn (/ ; /?) thanh dudng trdn (/' ; R') (h.l.23). Dd chfnh la phep ddi 
xflng tam O]. 
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Hinh 1.23 

B. DANG TOAN CO BAN 

VAN ai 1 

Aac dinh anh cua mot hinh qua mot phep vi tU 

1. Phuang phdp gidi 

Dung dinh nghla va tfnh chat cua phep vi tu. 

2. Vidu 

Vidu. Trong mat phing Oxy cho dudng thing d cd phucmg trtnh 3x + 2j - 6 = 0. 
Hay vie't phuong trinh eua dudng thing d' la anh cua d qua phep vi tu tam 0 
ti sd k = -2. 

gidi 

Do d' song song hoac trflng vdi d ntn phuong trinh cua nd cd dang : 3x + 2v + 
+ C = 0. Lay M(0 ; 3) thudc J. Ggi M'{x'; y') la anh cua M qua phep vi tu' 

tam O, ti sd k = -2. Di y ring OM = (0;3), OM' = {x; y') = -20M, ta cd 

jc' = 0,>'' = -2.3 =-6 . Do M' thudc d'ntn 2.(-6) + C = 0. Do dd C = 12. 

Tfl dd suy ra phuong trinh cua d' la 3x + 2}' +12 = 0. 

Bai nay cung cd thi giai bing each sau : 

Liy hai dilm M, N phan biet thudc d, tim anh M', N' ciia chflng qua phep vi tu 
tam O, ti sd k = -2. Khi dd d' chfnh la dudng thing M'N'. 

Ggi M'(x'; jO li anh cua M qua phep vi tu tren. Khi do 

1 , 1 , 
x' = -2x, y' = -2y ^x = - - x , y = --y . 
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E 

Ta cd : Me ^ ^ 3x + 2y - 6 = 0 <^ - - x ' - - / - 6 = 0 ^ 3x' + 2 /+12 = 0 

2 2 

<=̂  M' thudc dudng thing d' cd phuong trinh 3x + 2^ +12 = 0. 

Vay anh cua d qua phep vi tu tren chfnh la d'. 

VAN ai 2 

Tim tam vi tu cua hai dudng tron 

/. Phuang phdp gidi 

Sfl dung each tim tam vi tu da neu d muc IIL 

2. Vidu 

Vidu 1. Cho hai dudng trdn (O ; /?) va (O'; 3^) 
nhu hinh 1.24. Tm cac phep vi tu bie'n dudng 
trdn {O ; R) thanh dudng trdn {O'; 3R). 

gidi 

Sfl dung each tim tam vi tu da ndu d muc III 
ta dugc hai phep vi tu Vij 3) va V,j' _3) bien 

dudng trdn (O ; R) thanh dudng trdn (O'; 3R). 

Vidu 2. Trong mat phing Oxy cho hai dilm A(2 ; 1) va fi(8 ; 4). Tm toa dd 
tam vi tu cua hai dudng trdn {A ; 2) va {B ; 4). 

gidi 

Day la hai dudng trdn khdng ddng tam va khae ban kfnh, ndn cd hai phep vi tu 
ti so ±2 biln dudng trdn {A ; 2) thanh dudng trdn (fi ; 4). Ggi /(x ; y) la tam vi 

' l - x = ±2(2-x) 
tu Khidd tacd /fi = ±2M<=> 

4 - j = ±2(l->;). 

Giai cac he phucmg trinh tren se tim dugc tam vi tu ngoai la /(-4 ; -2) va tam 
vi tu trong la /'(4 ; 2). 
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VAN ai f 

oh dung phep vi tU dc giai toan • 

1. Phuang phdp gidi 

De xac dinh mdt dilm M ta xem nd nhu la anh cua mdt dilm da biet qua mdt 
phep vi tu, hoac xem M nhu la giao cua mdt dudng cd dinh vdi anh cua mdt 
dudng da biet qua mdt phep vi tu. 

2. Vidu 

Vi du. Cho tam giac ABC cd hai gdc B, C diu nhgn. Dung hinh chfl nhat 
DEFG cd EF = 2DE vdi hai dinh D, E nim tren BC va hai dinh F, G lin lugt 
nim tren AC, AB. 

gidi 

Gia su da dung dugc hinh chfl nhat 
DEFG thoa man dieu kien diu bai 
(h.l.25). Khi dd tfl mdt dilm G' tuy y 
tren doan thing AB ta dung hinh chfl 
nhat D'E'F'G' cd E'F' = 2b'E', hai dinh 
D', E' nim tren BC. Ta cd 

BG GD 2GF GF 
G'F' 

B D E' D E 

Hinh 1.25 BG' G'D' 2G'F' 

Do dd B, F, F thing hang. 

Tfl dd cd thi xem hinh chfl nhat DEFG la anh eua hinh chfl nhat D'E'F'G' theo 
RC 

phep vi tu tam B ti sd • Tfl dd ta cd each dung : 
BG 

- Lay dilm G' tuy y tren canh AB ; 
- Dimg hinh ehu nhat D'E'F'G' cd E'F' = 2D'E', hai dinh D', E' nim tren BC ; 

- Dudng thing BF' cit AC tai F. Dudng thing qua F song song vdi BC cit AB 
tai G. Ggi E, D lin lugt la hinh chid'u vudng gdc cua F, G Itn dudng thing BC. 

Ta se chiing minh DEFG la hinh can dung. 

GF BG 
That vay, vi GF II G'F', GD II G'D' ndn 

G'F' BG' 
— ^ - Tu do suy ra 

GD 
GF 

G'D' 
G'F' 

= 2 . Do dd hinh chfl nhat DEFG la hinh cin dung. 
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C. CAU HOI VA BAI TAP 

1.23. Trong mat phing toa dd Oxy cho dudng thing d cd phuong ttinh 2x + y - 4 = 0. 
a) Hay vid't phuong trinh eua dudng thing d^ la anh cua d qua phep vi tu tam 

Otisd/t = 3. 
b) Hay vid't phuong trinh cua dudng thing d^ la anh cua d qua phep vi tu tam 

/(-I ; 2) tl sd i = -2. 
1.24. Trong mat phing toa do Oxy cho dudng trdn (C) cd phuong trinh 

( x - 3 ) % ( y + l ) ^ = 9. 
Hay vie't phuong trinh cua dudng trdn (C) la anh cua (C) qua phep vi tu tam 
/(I ;2) t isdi t = -2. 

1.25. Cho nfla dudng trdn dudng kfnh PiB. Hay dung hinh vudng cd hai dinh nim 
trdn nfla dudng trdn, hai dinh cdn lai nim tren dudng kfnh Afi cua nua dudng 
trdn dd. 

1.26. Cho gdc nhgn xOy va dilm C nim trong gdc dd. Tm trdn Oy dilm A sao cho 
khoang each tii A din Ox bing AC. 

§8. PHEP DONG DANG 

A. CAC KIEN THLTC CAN NHd 

I. DINH NGHIA 

Phep biln hinh F dugc ggi la phep ddng dang ti sd k (k > 0) nlu vdi hai dilm 
M, N bat ki va anh M', N' tuong flng cua chung ta ludn cd M'N' = k.MN. 

Nhdn xet 

- Phep ddi hinh la phep ddng dang ti sd 1. 
- Phep vi tu tl so k la phep ddng dang ti sd \k\. 
- Nlu thuc hien lien tie'p hai phep ddng dang thi dugc mdt phep ddng dang. 

n. TINH CHAT 

Phep ddng dang ti sd k 

a) Bien ba dilm thing hang thanh ba dilm thing hang va bao toan thfl tu gifla 
cae dilm ay; 
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b) Biln mdt dudng thing thanh dudng thing ; bien tia thanh tia ; biln doan 
thing thanh doan thing ; 

c) Biln mdt tam giac thanh tam giac ddng dang vdi tam giac da cho ; bidn gdc 
thanh gdc bing nd ; 

d) Bid'n mdt dudng trdn ban kfnh R thanh dudmg trdn ban kfnh kR. 

IIL HINH DONG DANG 

Hai hinh dugc ggi la ddng dang vdi nhau nd'u cd mdt phep ddng dang biln 
hinh nay thanh hinh kia. 

1 
B. DANG TOAN CO BAN 

VAN ai 1 

Aac dinh anh cua mot hinh qua mot phep dong dang 

/ . Phuang phdp gidi 

Dung dinh nghia va tfnh chat cua phep ddng dang. 

2. Vidu 

Vidu. Trong mat phing Oxy cho dudng thing d cd phuong trinh x + y -2 = 0. 
Viet phucmg trtnh dudng thing d' la anh cua d qua phep ddng dang ed dugc 

bing each thue hidn lien tie'p phep vi tu tam /(-I ; -1) ti sd ^ = — va phep 

quay tam O gdc -45° . 

gidi 

Ggi d.^ la anh cua d qua phep vi tu tam /(-I ; -1) tis6k= — .Vid.^ song song 

hoac trflng vdi d ntn phuong trtnh eua nd cd dang : x + _y + C = 0. 

Liy M(l ; 1) thudc d, thi anh cua nd qua phep vi tu ndi tren la O thudc d.^. 

Vay phuong trtnh cua J^ la : x + j = 0. Anh cua rf^ qua phep quay tam O gdc -45° 
la dudng thing Oy. Vay phuong trtnh cua d'lax = 0. 
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VAN ai 2 

Tim phep dong dang bien hinh Jl^ thanh hinh t^' 

1. Phuang phdp gidi 

T m each bilu thi phep ddng dang dd nhu la kit qua cua viec thuc hien lien 
tie'p cac phep ddng dang quen bilt. 

2. Vi du 

Vidu. Cho hai hinh chfl nhat ed ti sd giua ehilu rdng va ehilu dai bing — 

Chiing minh rang ludn cd mdt phep ddng dang bien hinh nay thanh hinh kia. 

Gidi 
^ D' . C 

Gia sfl ta cd hai hinh chfl 
nhat ABCD, A'B'C'D' va 
BC B'C' 1 ,^ , ^^, 

= ^ = - (h.1.26). 
AB A'B' 2 

Phep tinh tiln T—7 biln ^'J^^ ' x 1̂ 2 \B' 

hinh ehfl nhat ABCD 
thanh hinh chfl nhat 

A'B^C^D^. 

Phep quay <2(A', cr) vdi 

a = {A'B.^^, A'B') bien hinh 

chu nhat A'B^C^D.^ thanh g Hinh 1.26 

hinh chu nhat A 'B2C<P2-

n 

A' 

^ / \ ^ . ^ ^ 
C, 

B, 

D 

fi, 

V i ^ 
A'D' 1 

A'B-. A'B' 
= — ntn 

A'Do A'B-y A'Cn n _ ^ ^ 2 _ 
2 : AD' AB' AC 

V , J t ) V ' ^ ^ = 
AD' 

AD-, 
AD' 

AD 

Tfl dd suy ra phep vi tu 

se biln hinh chfl nhat A'figCgZ^g thanh hinh chfl 

nhat A'B'C'D'. Vay phep ddng dang cd dugc bing each thuc hien lien tilp cac 
phep bie'n hinh T—,, Q^^. ^^ va V(^' ^) se bie'n hinh chfl nhat ABCD thanh 

hinh chfl nhat A'fi'C'D'. 
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VAN ai ? 

Diing phep dong dang de giai toan 

1. Phuang phdp gidi 

Dflng cac tfnh chit cua phep ddng dang. 

2.Vidu 

Vidu. Cho hai dudng thing avab cit nhau va dilm C (h.l.27). Tm trdn avab 
cae dilm A va fi tuong ung sao cho tam giac ABC vudng can d A. 

giai 

Ta tha'y gdc lugng giac (CA ; CB) = -45° 
CR I— 

va — = v2. Do dd cd thi xem B la anh 
CA 

ciia A qua phep ddng dang F cd dugc bang 
each thuc hien lien tiep phep quay tam C, 

gdc -45° va phep vi tu tam C, ti sd v2. 

Vi A e a ndn fi e a" = F(a), B lai thudc b. 
Do dd B la giao cua a" vdi b. 

^a 
Hinh 1.27 

C. CAU HOI VA BAI TAP 

1.27. Trong mat phing Oxy cho dudng thing d cd phuong trtnh x = 2v2 . Hay vilt 
phuong trinh dudng thing d'- la anh cua d qua phep ddng dang cd dugc bing 

each thue hien lien tiep phep vi tu tam O ti sd /: = — va phep quay tam 0 

gde 45°. 
• 2 2 

1.28. Trong mat phang Oxy eho dudng trdn (Q cd phuong trtnh (x-1) + (y - 2) =4. 
Hay vilt phuong trinh dudng trdn ( O la anh cua (C) qua phep ddng dang cd 
dugc bing each thuc hien lien tie'p phep vi tu tam O ti sd A: = -2 va phep dd'i 
xung qua true Ox. 

1.29. Chflng minh ring hai da giac diu ed cung sd canh ludn ddng dang vdi nhau. 
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1.30. Cho hinh thang ABCD cd AB song song vdi CD, AD = a, DC = b cdn hai 
dinh A, B cd dinh. Ggi / la giao diem cua hai dudng cheo. 
a) Tm tap hgp cac dilm CkhiD thay ddi. 
b) Tm tap hgp cac dilm / khi C va D thay ddi nhu trong cau a). 

CAU HOI vA BAI TAP ON TAP CHUONG I 

1.31. Trong mat phing Oxy cho dudng thing d cd phuong trinh 3x - 5y + 3 = 0 va 
vecto V (2 ; 3). Hay vid't phuong trinh dudng thing d' la anh cua d qua phep 
tinh tiln theo vecto V . 

1.32. Cho hinh binh hanh ABCD cd Afi cd dinh, dudng cheo AC cd do dai bing m 
khdng ddi. Chiing minh rang khi C thay ddi, tap hgp cac dilm D thudc mdt 
dudng trdn xac dinh. 

1.33. Cho tam giac ABC. Tim mdt dilm M trtn canh AB va mdt dilm Â  tren canh 
AC sao cho MN song song vdi BC va AM = CN. 

1.34. Trong mat phing Oxy cho dudng thing d ed phuong trinh 3x - 2^ - 6 = 0. 

a) Viet phuong trinh efla dudng thing d^ la anh cua d qua phep dd'i xiing 
qua true Oy. 

b) Vie't phucmg trinh cua dudng thing ^2 1̂  î ih cua d qua phep dd'i xflng 

qua dudng thing A cd phucmg trinh x + y -2 = 0. 

1.35. Cho dudng trdn (C) va hai dilm cd dinh phan bidt A, B thudc (C). Mdt dilm 
M chay tren dudng trdn (trfl hai dilm A, B). Hay xac dinh hinh binh hanh 
AMBN. Chiing minh rang tap hgp cae dilm N cung nim trdn mdt dudng trdn 
xac dinh. 

1.36. Cho hai dudng trdn cflng cd tam O, ban kinh lin lugt laRvar,(R>r).Ala 
mdt dilm thudc dudng trdn ban kfnh r. Hay dung dudng thing qua A eit dudng 
trdn ban kfnh r tai fi, cit dudng trdn ban kfnh /? tai C, Z) sao cho CD = 3AB. 

1.37. Trong mat phing Oxy cho dudng thing d cd phuong trinh x + y - 2 = 0. 
Hay vilt phuong trinh cua dudng thing d' la anh cua d qua phep quay 

tam O gde 45°. 

1.38. Qua tam G cua tam giac deu ABC, ke dudng thing a cit BC tai M va cit AB 
tai N, ke dudng thing b cit AC tai fi va Afi tai Q, ddng thdi gdc gifla avab 

bang 60°. Chung minh rang tfl giac MPNQ la mdt hinh thang can. 
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1.39. Ggi A', B', C tuong flng la anh cua ba dilm A, fi, C qua phep ddng dang ti so k. 

Chflng muih ring ~AB'7^' = k'^JsAC. 

1.40. Ggi A', B' va C tuong ung la anh cua ba dilm A,BvaC qua phep ddng dang. 
Chung minh ring nlu AB = pAC thi A'B' = pAC, trong dd p la mdt sd. Tfl 
dd chiing minh ring phep ddng dang biln ba dilm thing hang thanh ba dilm 
thing hang va nlu dilm B nim giua hai dilm A va C thi dilm B' nim gifla 
haidilmA'vaC. 

1.41. Trong mat phing Oxy xet phep biln hinh F biln mdi dilm M(x ; y) thanh 
M'(2x - 1 ; - 2^ + 3). Chung minh F la mdt phep ddng dang. 

1.42. Dung tam giac BAC vudng can tai A cd C la mdt dilm cho trudc, cdn hai 
dinh A, B lan lugt thudc hai dudng thing a, h song song vdi nhau eho trudc. 

CAU HOI TRAC NGHIEM 

1.43. Trong mat phing Oxy cho dilm A(2 ; 5). Phep tinh tien theo vecto v (1 ; 2) 
bie'n A thanh dilm nao trong cac dilm sau ? 
(A)fi(3;l); (B)C(1;6); (C)D(3;7); (D)£(4;7). 

1.44, Trong mat phing Oxy cho dilm A(4 ; 5). Hdi A la anh cua dilm nao trong 
cac dilm sau qua phep tinh tien theo vecto v (2 ; 1) ? 
(A)fi(3;l); (B) C(l ; 6); (C)D(4;7); (D)£(2;4). 

1.45, Cd bao nhieu phep tinh tien bien mdt dudng thing cho trudc thanh chfnh nd ? 
(A) Khdng cd; (B) Chi cd mdt; (C)Chicdhai; (D) Vd sd. 

1.46, Cd bao nhieu phep tinh tie'n biln mdt dudng trdn cho trudc thanh chfnh nd ? 
(A) Khdng cd; (B) Mdt; (C) Hai; (D) Vd so. 

1.47. Cd bao nhieu phep tinh tien bien mdt hinh vudng thanh chfnh nd ? 
(A) Khdng cd;- (B) Mdt; (C) Bd'n ; (D) Vd sd. 

1.48. Trong mat phing Oxy cho dilm M(2 ; 3), hdi trong bdn dilm sau dilm nao la 
anh cua M qua phep dd'i xung qua true Ox ? 

(A)A(3;2); (B)fi(2;-3); (C) C(3;-2) ; (D)D(-2;3). 
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1.49. Trong mat phang Oxy cho dilm M(2 ; 3), hdi M la anh cua dilm nao trong 
bd'n dilm sau qua phep dd'i xflng qua true Oy ? 

(A)A(3;2); (B)fi(2;-3); . (C) C(3 ; - 2 ) ; , (D)D(-2;3). 

1.50. Trong mat phing Oxy cho dilm M(2 ; 3), hdi trong bd'n dilm sau dilm nao la 
anh cua M qua phep dd'i xflng qua dudng thing x-y = 01 

(A)A(3;2); (B)fi(2;-3); (C) C(3; -2) ; (D)D(-2;3). 

1.51. Hinh gdm hai dudng trdn cd tam va ban kfnh khae nhau cd bao nhidu true 
ddi xflng ? 

(A) Khdng cd; (B) Mdt; (C) Hai; (D) Vd sd. 

1.52. Trong cac mdnh dl sau menh dl nao dflng ? 

(A) Dfldng trdn la hinh cd vd sd true dd'i xflng. 
(B) Mdt hinh cd vd sd true dd'i xiing thi hinh dd phai la dudng trdn. 

(C) Mdt hinh cd vd sd true dd'i xflng thi hinh dd phai la hinh gdm nhung 
dudng trdn ddng tam. 

(D) Mdt hinh cd vd so true ddi xflng thi hinh dd phai la hinh gdm hai dudng 
thing vudng gdc. 

1.53. Trong mat phing Oxy, cho hai dilm 7(1 ; 2) va M(3 ; -1). Trong bd'n dilm 
sau dilm nao la anh cua M qua phep dd'i xflng tam / ? 

(A)A(2;1); (B)fi(-1;5); (C) C(-1 ; 3); (D)D(5;-4). 

1.54. Trong mat phing Oxy, cho dudng thing A cd phucmg trinh x = 2. Trong bd'n 
dudng thing cho bdi cac phuong trinh sau dudng thing nao la anh cfla A 
qua phep ddi xflng tam O ? 

(AJx = - 2 ; (B)y = 2; (C)x = 2; (D)y = -2. 

1.55. Trong cac mdnh dl sau menh dl nao dflng ? 

(A) Phep ddi xflng tam khdng cd dilm nao bien thanh chfnh nd. 
(B) Phep dd'i xflng tam cd dung mdt dilm biln thanh chfnh nd. 
(C) Cd phep ddi xung tam cd hai dilm bid'n thanh chfnh nd. 
(D) Cd phep dd'i xflng tam ed vd sd dilm biln thanh chfnh nd. 

1.56. Trong mat phing Oxy, cho dudng thing A cd phuong trinh x - >' + 4 = 0. 
Hdi trong bd'n dudng thing cho bdi cac phuong trtnh sau dudng thing nao cd 
thi biln thanh A qua mdt phep dd'i xflng tam ? 
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(A)2x + y-4 = 0; (B)x + j - 1 = 0 ; 

(C) 2x - 2^ + 1 = 0 ; (D)2x + 2y-3 = 0. 

1.57. Hinh gdm hai dudng trdn phan bidt ed cflng ban kfnh cd bao nhidu tam dd'i 
xung ? 
(A) Khdng cd; (B) Mdt; (C) Hai; (D) Vd sd. 

1.58. Trong mat phing Oxy cho dilm M(l ; 1). Hdi trong bd'n dilm sau dilm nao 

la anh cua M qua phep quay tam O, gdc 45° ? 

(A)A(-1;1); (B)fi(l;0); ( C ) C ( V 2 ; 0 ) ; (D) D(0; yf2). 

1.59. Cho tam giac deu tam O. Hdi cd bao nhieu phep quay tam O gdc a, 
0<a<2n:, biln tam giac tren thanh chfnh nd ? 
(A) Mdt; (B)Hai ; (C) Ba ; (D) Bd'n. 

1.60. Cho hinh vudng tam O. Hdi cd bao nhieu phep quay tam O gde a, 
0<a<2n, bie'n hinh vudng tren thanh chfnh nd ? 

(A) Mdt; (B)Hai ; (C) Ba ; (D) Bd'n. 

1.61. Cho hinh chfl nhat cd O la tam dd'i xflng. Hdi cd bao nhieu phep quay tam 0 
gdc a, 0<a<27r , bien hinh chfl nhat tren thanh chfnh nd ? 

(A) Khdng cd; (B) Hai ; (C) Ba ; (D) Bd'n. 

1.62. Cd bao nhieu dilm bien thanh chfnh nd qua phep quay tam O gdc a ^ 2kn, 
k la mdt sd nguydn ? 
(A) Khdng cd; (B) Mdt ; (C) Hai ; (D) Vd so. 

1.63. Trong mat phing Oxy cho dilm M(2 ; 1). Hdi phep ddi hinh cd duge bing 
each thuc hidn lien tilp phep dd'i xflng qua tam O va phep tinh tiln theo 
vecto V (2 ; 3) biln M thanh dilm nao trong cac dilm sau ? 
(A)A(1;3); (B)fi(2;0); (C) C(0; 2); (D)D(4;4). 

2 2 
1.64. Trong mat phang Oxy cho dudng trdn (C) cd phuong trtnh (x-1) +(y + 2) = 4. 

Hdi phep ddi hinh cd dugc bing each thuc hien lien tilp phep dd'i xiing qua 
true Oy va phep tinh tiln theo vecto v (2 ; 3) biln (C) thanh dudng trdn nao 
trong cac dudng trdn cd phuong trtnh sau ? 

2 2 
(A) x^+y'^ =4; (B)(x-2) +(y-6) =4; 
(C)(x-2f + (y-3f = 4; (D)(x-1) +(y-l) =4. 
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1.65. Trong mat phang Oxy cho dudng thing d cd phuong trtnh x + j - 2 = 0. Hdi 
phep ddi hinh cd dugc bing each thuc hien lien tilp phep dd'i xung qua tam O 
va phep tinh tien theo vecto i? (3 ; 2) bie'n d thanh dudng thing nao trong cac 
dudng thing cd phuong trinh sau ? 

(A)3x + 3>'-2 = 0; (B)x-y + 2 = 0; 

(C)x + y + 2 = 0; (D)x + y-3 = 0. 

1.66. Trong cac menh dl sau menh dl nao dflng ? 
(A) Thuc hien lien tilp hai phep tinh tie'n se dugc mdt phep tinh tiln. 
(B) Thuc hien lien tilp hai phip dd'i xflng true se dugc mdt phep dd'i xflng true. 
(C) Thuc hien lien tilp phep dd'i xflng qua tam va phep dd'i xflng true se dugc 

mdt phep dd'i xflng qua tam. 
(D) Thuc hien Uen tiep phep quay va phep tinh tiln se dugc mdt phep tinh tien. 

1.67. Trong cac menh dl sau menh dl nao dung ? ' 
(A) Cd mdt phep tinh tien theo vecto khae khdng bien mgi dilm thanh chfnh nd. 
(B) Cd mdt phep dd'i xflng true bie'n mgi dilm thanh chfnh nd. 
(C) Cd mdt phip dd'i xflng tam biln mgi dilm thanh chfnh nd. 
(D) Cd mdt phep quay bien mgi dilm thanh chfnh nd. 

1.68. Trong mat phing Oxy cho dilm M(-2 ; 4). Hdi phep vi tir tam O ti sd k = -2 
biln M thanh dilm nao trong cac dilm sau ? 

(A)A(-8;4); (B)fi(-4;-8); 
(C)C(4;-8); (D)D(4;8). 

1.69. Trong mat phing Oxy cho dudng thing d cd phuong trtnh 2x + >' - 3 = 0. Hdi 
phep vi tu tam O tis6k = 2 bid'n d thanh dudng thing nao trong cac dudng 
thing cd phuong trtnh sau ? 

(A)2x + y + 3 = 0; (B)2x-\-y-6 = 0; 

(C)4x-2)^-3 = 0; (D) 4x + 2 ^ - 5 = 0. 

1.70. Trong mat phang Oxy cho dudng thing d cd phuong trtnh x + y-2 = 0. Hdi 
phep vi tu tam O ti sd k = -2 bid'n d thanh dudng thing nao trong cac dudng 
thing cd phucmg trinh sau ? 

(A) 2x + 2^ = 0 ; (B) 2x + 2>' - 4 = 0 ; 

(C) X + ̂ ^ + 4 = 0 ; (D) x + y-4 = 0. 
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2 2 
1.71. Trong mat phang Oxy cho dudng trdn (Q cd phuong trtnh (x-1) + Cv - 2) =4. 

Hdi phep vi tu tam O ti sd k = -2 biln (C) thanh dudng trdn nao trong cac 
dudng trdn cd phuong trtnh sau ? 

(A)(x-2) +(y-4)=l6; {^)(x-4) +{y-2) =4; 

(C) (x - 4)^ + (j - 2)^ = 16 ; (D) (x + 2) +(^ + 4) = 16. 

1.72. Trong mat phing Oxy, cho dilm M(2 ; 4). Hdi phep ddng dang cd dugc bing 

each thuc hidn lidn tilp phep vi tu tam O ti sd ^ = — va phep dd'i xiing qua 

true Oy se bien M thanh dilm nao trong cac dilm sau ? 

(A)A(1;2); (B)fi(-2;4); 

(C)C(-1;2); (D)D(l;-2). 

1.73. Trong mat phing Oxy cho dudng thing d cd phuong trtnh 2x - y = 0. Hdi 
phep ddng dang cd dugc bing each thuc hidn lien tidp phep vi tu tam O, ti sd 
A: = -2 va phep ddi xung qua true Oy se bie'n d thanh dudng thing nao trong 
cac dudng thing cd phuong trtnh sau ? 

(A) 2x - y = 0 ; (B) 2x + J = 0 ; 

(C)4x- j = 0; (D)2x + }'-2 = 0. 

2 2 
1.74. Trong mat phing Oxy cho dudng trdn (C) cd phuong trtnh (x-2) + (y - 2) =4. 

Hdi phep ddng dang cd dugc bing each thuc hidn lien tilp phep vi tu tam O 

ti sd ^ = — va phep quay tam O gdc 90° se biln (C) thanh dudng trdn nao 

trong cac dudng trdn sau ? 

(k)(x-2^ + (y-2^=l; (B) (x-1)^ +(y-1)^ = 1 ; 

(C)(x + 2) +(y-\)=l; (D) ( x + 1 ) % Cv - 1)^= 1. 
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HU6NG DAN GIAI VA DAP SO 

§1. PHEP BIEN HINH - §2. PHEP TjNH TIEN 

rx=3+2 rx=5 
l.L a)GiasflA = (x;v). Khidd <̂  . ,=>1 

b = 2 - i [̂  = 1. 
VayA = (5 ; l ) 

f3 = x + 2 rx = 3 -2 fx^ l 
b)GiasflA = (x;j).Khidd ^ n ^^\ a 

[2 = ̂ - 1 [̂  = 2 + 1 [y = 3. 
Vay A = (1 ; 3). 

1.2. a) Liy mdt dilm thudc d, ching han M = ( 0 ; 1). Khi dd 

M'=T^(M) = (0-2; 1 + 1) = (-2 ; 2) thudc d'. Vi d' song song vdi d ntn 
phuong trtnh cua nd cd dang 2x - 3y + C = 0. Do M' e d' ntn 
2(- 2) - 3. 2 + C = 0. Tfl dd suy ra C = 10. Do dd d' ed phuong trtnh 
2x-3^+10 = 0. 

b) Liy mdt dilm thudc d, ching han M = (0 ; 1). Dudng thing ^2 1"^ ^ 

vudng gdc vdi d cd vecto chi phucmg la v = (2 ; -3). Do dd phucmg trtnh eua 

^2 la ^^^ = ̂ ^^ hay3x + 2y -2 = 0. GgiM'lagiaocua Jj vdi ^2 thi toa 

\2x-3y-5 = 0 
dd cua nd phai thoa man he phuong trtnh < 

[3x + 2y-2 = 0 

,16 24. 

16 
x = — 

13 
11 

y = - -

Tfl dd suy ra w = MM' = (— ; ). 
^ 13 13 

1.3. Giao cua d vdi true Ox la dilm A(3 ; 0). Phep tinh tiln phai tim ed vecto tinh 

tie'n i; = AO = (-3 ; 0). Dudng thing d' song song vdi d va di qua gd'c toa do 

ndn nd cd phuong trtnh 3x - j = 0. 

1.4, Cdch I. Dd thiy (C) la dudng trdn tam 7(1 ; -2), ban kinh r = 3. Ggi 
7' = T^(I) = (1 - 2 ; -2 + 5) = (-1 ; 3) va (C) la anh cua (C) qua T̂  thi (C) 
la dudng ttdn tam 7' ban kihh r = 3. Do dd (CO cd phuong trtnh 

(x+l)^ + (y-3)^ = 9. 
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Cdch 2. Bilu thflc toa dd cfla 7̂7 la 
fx' = X - 2 [x = x' + 2 

[y = y'-5. [y=y+5 
Thay vao phuong trtnh cua (C) ta dugc 

(x'+ 2)^ + Cy'-5)^ - 2(x'+ 2) + 4Cy'-5) - 4 = 0 

<^ x'^+y'^ + 2 x ' - 6 / + l = 0 

<^(x'+l)^ + ( / - 3 ) 2 = 9 . 
2 2 

Do dd (CO cd phuong trtnh (x+1) +(y-3) =9. 

1,5. Do tfl giac ABMM' la hinh binh hanh 

ndn ^ = MM'. Tfl dd suy ra M' la anh 
cua M qua phep tinh tid'n theo vecto 

BA . Tfl dd suy ra tap hgp cac dilm M' 
la dudng ttdn (CO, anh efla (C) qua phep 

tinh tie'n theo vecto BA (h.l.28). 

Hinh 1.28 

§3. PHEP 061 XLTNG TRUC 

1.6. Ggi M', d' va (CO theo thfl hi la anh cua M, d va (C) qua phep dd'i xung qua 
true Ox. Khi dd M' = (3 ; 5). Di tim d' ta vilt bilu thflc toa do cua phip ddi 

ix ^ X I X ^ X 

/ =^1 / (1) • 
y =-y [y = -y 

Thay (1) vao phuong trtnh cua dudng thing d ta dugc 3x' - 2^' - 6 = 0. Tfl 
dd suy ra phucmg trtnh cua J ' la 3x - 2>' - 6 = 0. 
Thay (1) vao phucmg trinh cua (C) ta dugc x'^ + y'-^ -2x'- 4y'- 4 = 0. Tfl 

2 2 

dd suy ra phuong trtnh cfla (CO la (x - 1) + (y - 2) =9. 

Cung cd thi nhan xet (Q cd tam la 7(1; -2), ban kuih bing 3, tfl dd suy ra tam 7' 

cua (CO CO toa do (1; 2) va phuong trtnh cua (CO la (x -1) + Cv - 2) =9. 
1.7. Dl tha'y d va d' khdng song song vdi nhau. Do dd true dd'i xflng A cua phep 

ddi xflng bie'n d thanh d' chinh la dudng phan giac cua gdc tao bdi d va d'. 
Tfl dd suy ra A cd phucmg trinh 
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| A : - 5 J + 7| | 5 X - J - 1 3 | < ^ x - 5 j + 7 = ±(5x->'-13). 
Vl + 25 V25 + 1 

Tfl dd tim dugc hai phep dd'i xflng qua cac true : 
Al cd phucmg trtnhx + J - 5 = 0, A2 cd phuong trtnh x - 3; - 1 = 0 

1.8. Cho hinh vudng ABCD. Ggi F la phep dd'i A 
xung true d bid'n hinh vudng dd thanh chfnh 
nd. Ll luan tucmg tu nhu vf du da ndu d vin 
dl 2, §3, ta tha'y A chi cd thi bie'n thanh cac 
dilm A,B,C hoac D. 

- Nlu A bie'n thanh chinh nd thi C chi cd thi 
bie'n thanh chfnh nd va B biln thanh D. Tfl dd 
suy ra F la phep dd'i xflng qua true AC. 

- Nlu A bie'n thanh fi thi (i la dudng trung true 
cua Afi. Khi dd C bie'n thanh D. 

1.9. 

Hinh 1.29 

Cac trudng hgp khae lap luan tucmg tu. Do dd hinh vudng ABCD cd bd'n true 
ddi xflng la cac dudng thing AC, BD va cac dudng trung true cua AB va BC 
(h.1.29). 

Ta tha'y ring B, C theo thfl tu la 
anh cua A, D qua phep dd'i xflng 
qua dudng trung true eua canh AB, 
tfl dd suy ra each dung : 

• - Dung dudng trung true A eua 
doan Afi. 
- Dung d' la anh cua d qua phdp 
dd'i xung qua true A. 
GgiC= d'nc. 
- Dung D la anh eua C qua phep 
dd'i xflng qua true A (h. 1.30). 

1.10. Ggi B' la anh eua B qua phep dd'i 
xflng qua true d. Khi dd vdi mdi 
dilm M thudc d 
MA + MB = MA + MB' ndn 
MA + MB be nhat <^ MA + MB' ht nhit 
<=> A, M, B' thing hang. 

TflclaM= (AfiOnd (h.1.31). ^. . . o. 
Hmh 1.31 

A 

A 

A 
B 

Tc 

/d' 

Hinh 1.30 
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§4. PHEP DOI XLTNG TAM 

1.11. Dung anh cua tflng dilm A, B, C qua phep dd'i xung dd. 

1.12. a) Ggi M', d' va (CO theo thfl tu la anh cfla M,dv& (C) qua phep ddi xung 
qua O. Dflng bilu thflc toa dd cua phep dd'i xflng qua gdc toa do ta cd: 

M' = (2 ; -3), phuong trtnh cua d': 3x-y -9 = 0, phuong trtnh cfla dudng 
trdn (O : x^ + y^ -2x + 6y + 6 = 0. 

b) Ggi M', d' va (CO theo thfl tu la anh cua M, d va (C) qua phep dd'i xflng 
qua 7. 

Vi 7 la trung dilm cua MM' ntn M' = (4 ; 1). 

Vl d' song song vdi d ntn d' cd phuong trtnh 3x - y + C = 0. Liy mdt dilm 
tren d, chang han Â (0 ; 9). Khi dd anh cua N qua phep dd'i xflng qua tam 7 la ' 
N'(2 ; -5). Vi Â ' thudc d' ntn ta cd 3. 2 - (-5) + C = 0. Tfl dd suy ra C = -11. 

vay phuong trtnh cfla d' la.3x - y - ll = 0. 

Di tim (CO, tiudc hit ta dl y ring (C) la dudng ttdn tam / ( - 1 ; 3), ban kfnh 
bing 2. Anh cfla / qua phep dd'i xung qua tam 7 la J'(3 ; 1). Do dd (CO la dudng 

ttdn tam / ' ban kfnh bing 2. Phuong tiinh cfla (CO la (x - 3)^ + (j -1)^ = 4 . 

1.13. Giao cua d va d' vdi Ox lin lugt la A( -2 ; 0) va A'(8 ; 0). Phip dd'i xflng qua 
tam cin tim bie'n A thanh A' nen tam dd'i xflng cua nd la 7 = (3 ; 0). 

1.14. Gia sfl tam giac ABC da dung dugc 
(h.1.32). Liy dilm M hit ki. Ggi Â  la 
anh eua M qua phep ddi xflng tam 7. P la 
anh cua N qua phep dd'i xflng tam / , Q la 
anh cua P qua phep dd'i xflng tam K. Khi 

dd CM = -m = JP = -CQ. Do dd C la 
trung dilm cua QM. Tfl dd suy ra each 
dung tam giac AfiC. 

Hinh 1.32 

§5. PHEP QUAY 

1.15. a) Phep quay tam O gdc 120° bie'n F, A, B lin luat thanh B, C, D ; biln 
trung dilm 7 cua AB thanh tmng dilm J ciia CD. Ntn nd bie'n tam giac A7F 
thanh tam giac CJB (h. 1.33). 
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b) Phep quay tam E gdc 60° bidn A, O, F 
lin lugt thanh C, D, O. 

1.16. Ggi Q^^ ^^„^ la phep quay tam O, 

gdc quay 90° (h.1.34). 

A ' = ( - 3 ; 3 ) , 

fi'=(-5;0), 

C' = ( - l ; l ) . 

rfdiquafivaM(-3;0), 

M'=Q^^,Q.^(M) = i.0;-2>) 

ntn d' la dudng thing B'M' cd 

phuong trtnh 3x + 5^ + 15 = 0. 

1.17. Xem E la anh cua A qua phep quay 

tam B, gdc 90°. Khi A chay tren 
nfla dudng ttdn (O), E se chay tren 
nfla dudng ttdn (OO la anh cfla nfla 
dudng ttdn (O) qua phlprquay tam B, 

gdc 90° (h.1.35). 

Hinh 1.33 

B' 

A' 

M 

d) 

4' 

y 
B 

C 

0 

M 

t| i 
1 
1 ^ 

1 

A 

X 

Hinh 1.34 

1.18. a) Phep quay tam C gdc 90° bie'n 
MB thinh Al. Do dd MB bing va 
vudng gde vdi A7. DP song song va 
bang nfla BM, DO song song va 
bang nfla A7. Tfl dd suy ra DP bing 
va vudng gdc vdd DO (h.1.36). 

b) Tfl cau a) suy ra phep quay tam D, 

gdc 90° bie'n O thanh P, biln A 
thanh Q. Do dd OA bang va vudng 
gdc vdi PQ. 

Hinh 1.36 
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§6. KHAI NIEM VE PHEP DOl HINH VA HAI HINH BANG NHAU 

1.19.a)M'=(l; 1) =M. 
b)M" = ( - 3 ; l ) . 

1.20. Ggi dl la anh efla d qua phep quay tam O gde 90°. Vi d chfla tam quay O 

ntn dl cung chfla O. Ngoai ra d^ vudng gde vdi d ndn d^ cd phucmg trtnh 

x + 2y = 0. 

Ggi d' li anh cua d^ qua phep tinh tiln vecto v . Khi dd phuong trtnh cua d' 
cd dang x + 2^ + C = 0. ViJ ' chfla 0'(3 ; 1) la anh cfla O qua phep tinh tie'n 
vecto V nen 3 + 2 + C = 0, tfl dd C = -5 . Vay phuong trtnh cua d' la 
x + 2y-5 = 0. 

1.21. Ggi Q(/ Q,) la phep quay tam 7 gdc a (h.l.37). Liy dudng thing d hit ki qua 7. 

ct 
Ggi d' la anh cua d qua phep quay tam 7 gdc — • Lay dilm M hit ki va ggi 

M' = Qf^i Q,) (M). Ggi M" la anh cua M qua phep dd'i xflng qua true d, M^ la 

anh cfla M" qua phep dd'i xflng qua true d'. Ggi / la giao cua MM" vdi d, H la 
giao cua M"M^ vdi d'. Khi dd ta cd ding thflc giua cac gdc lugng giac sau : 

(IM, IMi) = (IM, IM") + (IM", IMi) 

= 2(IJ, IM") + 2(IM", IH) 

= 2(77,777) 
Af, =M' 

= 2— = a 
2 

(IM, IM'). 

Tfl dd suy ra M' = M-^. Nhu vay M' 
cd thi xem la anh cfla M sau khi 
thuc hien lien tilp hai phep dd'i xflng 
qua hai true d va d'. 

Hinh 1.37 

1.22. a) Ggi F la phep dd'i xung qua dudng trung true d ciia canh AB, G la phep dd'i 
xflng qua dudng trung true d' efla canh IE. Khi dd F biln AI thanh BI, G bid'n 
fi7 thanh BE. Tfl dd suy ra phep ddi hinh ed dugc bang each thue hien hen tidp 
hai phep biln hinh F va G se biln AI thanh fiF (h. 1.38). 

48 

www.truongbachviet.com



Hon nua, ggi J la giao cua d va 
d', thi de tha'y J A = JB, JI = JE 

va 2(/7, JB) = (JI, JE) = 45° 
(vi JE II IB). Do dd theo ke't qua 
cfla bai 1.21, phep ddi hinh ndi 
tren chfnh la phep quay tam / 

gdc 45°. 

Luu y. Cd thi tim dugc nhilu 
phep ddi hinh bid'n A7 thanh BE. 
b) F bie'n cac dilm A, B, C, D 
thanh B, A, D, C ; G bie'n cac 
dilm B, A, D, C thanh B,A', D', 
C. Do dd anh cfla hinh vudng 
ABCD qua phep ddi hinh ndi tren 
la hinh vudng BA'D'C dd'i xung 
vdi hinh vudng BADC qua d'. 

d , ^ 

cl/^' 

\V 

Hinh 1.38 

D' 

^C 

§7. PHEP Vj TL/ 

1.23. a) Liy hai dilm A(0 ; 4) va fi(2 ; 0) thude d. Ggi A', B' theo thfl tu la anh cua 
A va fi qua phep vi tu tam O ti sd k = 3. Khi dd ta cd 

0 ^ = 30^, 0B' = 30B. 

Nl aA = (0;4) nen OA*' = (0 ; 12). Do dd A' = (0 ; 12). Tuong tufi' = (6 ; 0); 
dl ehfnh la dudng thing A'B' ndn nd cd phuong trtnh 

^ ^ = ^ hay 2x + >'-12 = 0. 
-6 12 

b) Cd thi giai tuong tu nhu cau a). Sau day ta se giai bing each khae. 
Vi d2/l d ntn phuong trtnh cua d2 cd dang : 2x + y + C = 0. Ggi 
A'=(x';y')li anh cfla A qua phep vi tu dd thi ta cd : 

M*' = -2M h a y x ' + l = - 2 , 3 ; ' - 2 = -4. 

Suyrax' = -3,>'' = -2. 

Do A' thudc ^2 ndn 2(-3) - 2 + C = 0. Tfl dd suy ra C = 8. 

Phuong trtnh cfla ^2 la 2x + j + 8 = 0. 
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1.24. Ta cd A(3 ; -1) la tam cua (C) nen tam A' cfla (CO la anh cfla A qua phep vi 
tu da cho. Tfl dd suy ra A' = (-3 ; 8). Vi ban kfnh efla (C) bing 3, nen ban 
kfnh cua (CO bing 1-21. 3 = 6. 

Vay (CO CO phuong trtnh : (x + 3)^ +(y-%f = 36. 

1.25. Ggi O la trung dilm cua AB (h.l.39). Gia sfl dung dugc hinh vudng MNPQ 
cd M, N thudc dudng kfnh AB;P,Q thudc nfla dudng trdn. Khi dd O phai la 
trung dilm cua MN. Nlu liy mdt hinh vudng M'N'P'Q' sao eho M', N' thudc 
Afi, O la trung dilm M'N', thi dl thiy 

OM ON OP _ OQ 
'0M'~ 0N'~ 0P'~ OQ'' 

Tfl dd suy ra hinh vudng MNPQ la anh eua hinh vudng M'N'P'Q' qua phep 
vi tu tam O, suy ra O, P, P' va O, Q, Q' thing hang. Vay ta cd each dung : 

- Dung hinh vudng M'N'P'Q' nim 
trong nfla hinh trdn da cho sao cho 
M'N' thudc AB va O la trung dilm 
cua M'N'. Tia OP' cit nfla dudng 
trdn tai P ; tia OQ' cit nfla dudng 
trdn tai Q. 

Khi dd de thiy tfl giac MNPQ la 
hinh vudng can dung. M M' O N' N 

Hinh 1.39 

1,26. Gia sfl dilm A da dung duge 
(h.1.40). Ggi B la hinh chieu vudng 
gdc cfla A tren Ox, khi dd AB = AC. 
Liy dilm A' bit ki tren Oy, goi B' la 
hinh chie'u vudng gdc cua A' tren 
Ox, dudng thing qua A' song song 
vdi AC cit dudng thing OC tai C. 
Khi dd cd thi coi tam giac ABC la 
anh cfla tam giac A'B'C qua phep vi 

AC 
tu tam O ti sd ntnA'C = A'B'. 

A'C 
Tfl dd suy ra each dung : 
- Liy dilm A' hit ki tren Oy, dung 
B' la hinh ehilu vudng gdc cua A' 
len Ox. 
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- Lay C la mdt giao dilm cua dudng trdn tam A' ban kfnh A'B' vdi dudng 
thing OC. 

- Dudng thing qua C song song vdi A 'C cit Oy tai A. 

De tha'y A la dilm phai dung. 

Bai toan cd hai nghiem hinh. 

§8. PHEP DONG DANG 

1.27. Ggi d la anh cfla d qua phep vi tu tam O 

ti sd k 
1 

thi phucmg trtnh cfla c?j la 

y 

2 

1 

0 

, 

\ ^ ' 

\ M ' 

/ • 1 

IM 
1 

d, 
1 

2 \ 

rf 

Jf, 

Hinh 1.41 

X = V2 (h.l.41). Gia sfl d' la anh cua Jj 

qua phep quay tam O gdc 45°. Lay 

M( v2 ; 0) thudc lî  thi anh cfla nd qua 

phep quay tam O gdc 45° la M'(l ; 1) 
thudc d'. Vi OMLdi ntn OM'Ld'. 

Vay d' la dudng thing di qua M' va 
vudng gdc vdi OM'. Do dd nd cd phuong 
trtnh X + _y - 2 = 0. 

1.28, Dd tha'y ban kfnh cfla (CO bing 4. Tam 7' cfla (CO la anh cfla tam 7(1 ; 2) cfla 
(C) qua phep ddng dang ndi trdn. Qua phep vi tu tam O ti so k = -2,1 bid'n 

thanh 7ĵ ( - 2 ; -A). Qua phep dd'i xflng qua true Ox, 7ĵ  biln thanh 7'( -2 ; 4). 

2 2 
Tfl dd suy ra phuong trtnh cfla (CO la (x + 2) +(y-4) =16. 

1.29, Dung phep tinh tien dua vl hai da giac diu ciing tam dd'i xflng, sau dd dung phep 
quay dua vl hai da giac diu cflng tam dd'i xiing cd cac dinh tuong flng thing hang 
vdi tam, cud'i cung dung phep vi tu biln da giac nay thanh da giac kia. 

1.30, a) Dung hinh binh hanh ADCE. Ta cd DC = AF khdng ddi (h. 1.42). 

Do AE = b khong ddi, nen E cd dinh. Do AD = EC = a ntn khi D chay tren 
dudng trdn (A ; a) thi^C chay tren dudng trdn (E ; a) la anh cua (A : a) qua 
phep tinh tiln theo AE. 
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b) Dudng thing qua 7, 
song song vdi AD cit 
AE tai F. 

, Al AB 
Ta CO — = 

7C CD 
Al AB 

Al + lC AB + b 

Al AB 
Hinh 1.42 

AC AB+b 

AB + b 
AB 

Do dd cd thi xem 7 la anh efla C qua phep vi tu tam A, ti sd Vay 
AB + b 

khi C chay trdn (E ; a) thi 7 chay tren dudng trdn la anh cfla (E ; a) qua 
phep vi tu ndi tren. 

CAU HOI VA BAI TAP ON TAP CHl/ONG I 

1.31. Phuong trtnh d'•.3x-5y + 12 = 0. 

1.32. Xem D la anh eua C qua phep tinh tie'n theo vecto fiA: Do C chay trdn 
dudng trdn (C) tam A ban kfnh m, trfl ra giao dilm efla (C) vdi dudng thing 
Afi, ndn D thudc dudng trdn la anh cua dudng trdn ndi trdn qua phep tinh 

tie'n theo vecto BA . 

1.33. Gia sfl da dung dugc hai dilm M, N thoa man dilu kien dau bai. Dudng 
thing qua M va song song vdi AC cit BC tai D. Khi dd tfl giac MNCD la 
hinh binh hanh. Do dd CÂ  = DM. Tfl dd suy ra tam giac AMD can tai M. Do 

dd MAD = MDA = DAC . Suy ra AD la phan giac trong cua gde 4̂. Do dd 

AD dung dugc. Ta lai cd NM = CD, ntn cd the xem M la anh cfla Â  qua 

phep tinh tie'n theo vecto DC. 

Tfl dd suy ra each dflng : 

- Dung dudng phan giac trong cua gdc A. Dudng nay cit BC tai D. 
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- Dung dudng thing d la anh cfla dudng 
thing AC qua phep tinh tie'n theo vecto 

CD. cf cit Afi tai M. 

- Dung Â  sao cho NM = CD. 

Khi dd de thay M, N thoa man dilu kidn 
diu bai (h.l.43). 

1.34. a) c?i: 3x + 2y + 6 = 0. 

b) Giao cfla <i va A la A(2 ; 0). Lay 
fi(0 ; -3) thugc d. Anh cua B qua phep 
ddi xung qua dudng thing A la fi'(5 ; 2). 
Khi dd d' chfnh la dudng thing AB' : 
2x-3y-4 = 0. 

1.35. Tap cac dilm Â  thudc dudng trdn (CO la 
anh cua (C) qua phep dd'i xung qua 
trung dilm cfla AB. 

1.36. Ggi (C) la dudng trdn tam O ban kfnh r, 

(C^) la dudng trdn tam O ban kinh 7? 

(h.1.44). Gia sfl dudng thing da dung 
dugc. Khi dd cd thi xem D la anh cua B 
qua phep dd'i xflng qua tam A. Ggi (CO 
la anh cua (C) qua phep dd'i xflng qua 

tam A, thi D thudc giao efla (CO va (C-^). 

Sd nghidm cua bai toan phu thude vao sd 

giao dilm cua (CO vdi (C-f). 

1.37. Dl thiy d chfla dilm 77(1 ; 1) va 077 1 d. 
Ggi 77' la anh cfla 77 qua phep quay tam 

O gdc 45° thi 77' = (0 ; >/2 ). Tfl dd suy 
ra d' phai qua 77' va vudng gdc vdi 077'. 
vay phuong trinh eua d'lay= s[2. 

1.38. Ggi Q.^ j20°) ^̂  P"̂ ?̂ 1"^^ ^^ ^ 8^^ 

120° (h.1.45). Phep quay nay biln b 
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thanh a, bien CA thanh Afi ; do dd nd bien P thanh Â . Tuong tU Q ^^o") 

cung biln Q thanh M. Tfl dd suy ra GP = GN, GQ = GM. Do dd hai tam giac 
GNQ va GPM bing nhau, suy ra NQ = PM. Vi Q „ bien PQ thanh 

(0,120 ) 

NM ntn PQ = NM. Tfl dd suy ra hai tam giac NQM va PMQ bing 

nhau. Do dd 'NQM = 'PMQ. Tuong tu QNP = MPN. Tfl dd suy ra 
FNQ + 'NQM = 180°. Do dd Â P // QM. Vay ta cd tfl giac MPNQ la mdt 
hinh thang can. 

1.39. Theo dinh nghia cua phep ddng dang ta cd B'C = kBC, tfl dd suy ra 

B'C'"^ =k^BC^. Hay (AC*' - A^')'^ =k^(AC- ~ABf. Suy ra 

A'C'^ - 2Ac*'.Afi' + P:B'^ = k^ (AC^ - 2AC.AB + AB'^). 

Di y ring AC'^ = k^AC^, A'B'^ = k^AB^ ta suy ra dilu phai chung minh. 

. '^ '2 1.40. Di y ring AC'^ = k^AC"-, A'B'^ = k^AB^, A'C'.A'B'= k^ AC.AB , ta cd 

(AB'- ^AC'f = A'B'^ - 2iAB'j[c' + p^A'C'^ 

= k^(AB'^ -ipABAC + p^AC^) 

= k'^('AB-p'AC)^ =0. 

Tfldd suyra A f i - p A C =0. 

Gia sfl ba dilm A, B, C thing hang va dilm B nim giua hai dilm A va C. Khi 

dd Afi = tJc , vdi 0 < f < 1. Ap dung bai 1.39 ta cflng cd A^' = tWC, vdi 
0 < f < 1. Do dd ba dilm A', B',C' thing hang va dilm B' nim gifla hai dilm 
A ' v a C 

1.41. La'y dilm N(Xp y^), thi dilm Â '( 2xi^-I ;-2yi^ + 3) = F(N). Ta cd 

M'N'^ = (2xi - 2x)̂  + (-2y.i^ + 2y) = 4\(x^ -x) +(yy-y)\ = 4MN^. 

Tfl dd suy ra vdi hai diem M, N tuy y va M', N' lin lugt la anh cfla chflng qua 
F ta cd M'N' = 2MÂ . Vay F la mdt phep ddng dang vdi ti sd ddng dang la 2. 

1.42, Xem B la anh cua A qua phep ddng dang cd dugc bing each thuc hien lien 

tilp phep quay tam C gdc ± 45° va phep vi tu tam C ti sd /: = V2 (h. 1.46). 
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Vi A thudc a ntn B thudc dudng thing a' la anh cua a qua phep ddng dang 
ndi tren. Vay B la giao cua a' vab. Tfl dd suy ra each dung. Bai toan cd hai 
nghiem hinh. 

Hinh 1.46 

CAU HOI TRAC NGHIEM 

1.43. 

1,44. 

1.45. 

1.46. 

1.47. 

1.48. 

1,49. 

1,50. 

1,51. 

1,52. 

1.53. 

1,54. 

1,55. 

1,56. 

1,57. 

1.58. 

(C). 

(D). 

(D). 

(B)D6 

(B)D6 

(B). 

(D). 

(A). 

(B). 

(A). 

(B). 

(A). 

(B). 

(C). 

(B). 

(D). 

la phep tinh tien theo vecto 0. 

la phep tinh tien theo vecto 0. 

1.59. (C). 

1.60. (D). 

1.61. (B). 

1.62. (B). 

1.63. (C). 

1.64. (D). 

1.65. (D). 

1.66. (A). 

1.67. (D). 

1.68. (C). 

1.69. (B). 

1.70. (C). 

1.71. (D). 

1.72. (C). 

1.73. (B). 

1.74. (D). 
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CHUtiNC I I 
2 

DimNG THANG VA MAT PHANG 
TRONG KHONG GIAN. QUAN HE SONG SONG 

yv'' 

§1. DAI CUONG VE DirONG THANG 
VA MAT PHANG 

A. CAC KIEN THLTC CAN N H 6 

I. CAC TINH CHAT THl/A NHAN 

Tinh chdt 1. Cd mdt va chi mdt dudng thing di qua hai dilm phan biet. 

Tinh chdt 2. Cd mdt va chi mdt mat phing di qua ba dilm khdng thing hang. 

Tinh chats. Nlu mdt dudng thing cd hai dilm phan bidt thudc mdt mat phing 
thi mgi dilm cfla dudng thing diu thudc mat phing dd. 

Tinh chdt 4. Cd bd'n dilm khdng cflng thudc mdt mat phing. 

Tinh chdt 5. Nd'u hai mat phing phan biet cd mdt dilm chung thi chflng cdn cd 
mdt dilm chung khae nfla. 

Tfl dd suy ra : Nd'u hai mat phing phan bidt cd mdt dilm chung thi chflng se 
cd mdt dudng thing chung di qua dilm chung iy. 

Tinh chdt 6. Trdn mdi mat phing, cac kit qua da bidt ttong hinh hgc phang diu dflng. 

n . CACH XAC DINH MAT P H A N G 

Mdt mat phing hoan toan dugc xae dinh khi bid't: 
1. Nd di qua ba dilm khdng thing hang ; 
2. Nd di qua mdt dilm va chfla mdt dudng thing khdng di qua dilm dd ; 
3. Nd chfla hai dudng thing cit nhau. 
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Ki hieu 

- (ABC) bilu thi mat phing xac dinh bdi ba dilm phan bidt khdng thing hang 
A,fi,C(h.2.1). ' ' 

- (M, d) bilu thi mat phing xac dinh bdi dudng thing d va dilm M khdng nim 
trdn c? (h.2.2). 

- (^1, ̂ 2) bilu thi mat phing xac dinh bdi hai dudng thing cit nhau rfj, ^2 (h.2.3). 

(ABC) (M,d) (di,d2) 

Hinh 2.1 Hinh 2.2 Hinh 2.3 

m . HINH CHOP VA HINH TlTDIEN 

1. Hinh chop 

Trong mat phing (a) cho da giac ldi A1A2 ...A„. Liy dilm S nim ngoai (a). 

Lin lugt nd'i 5 vdi cac dinh Ai,A2, ...,A„ ta dugc n tam giac 5A1A2, 

5A2A3,..., SAfjAi. Hinh gdm da giac AiA2...A„ va n tam giac 5A1A2, 

5A2A3,..., 5A„Ai dugc ggi la hinh ehdp, kf hieu la S.A1A2... A„. 

2. Hinh td dien 

Cho bd'n dilm A, B, C, D khdng ddng phing. Hinh gdm bd'n tam giac ABC, 
ABD, ACD va BCD dugc ggi la hinh tfl dien, kf hieu la ABCD. 

E 
B. DANG TOAN CO BAN 

VAN ai 1 

Aac dinh giao tuyen cua hai mat phang 

1. Phuang phdp gidi 

Mud'n tim giao tuyin eua hai mat phing, ta tim hai dilm chung cfla chflng. 
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2. Vidu 

Vidu 1. Cho S la mgt dilm khdng thudc mat phing hinh binh hanh ABCD. Tim 
giao tuyin cua hai mat phing (5AC) va (SBD). 

gidi 

Ggi O la giao dilm cua AC va BD 
(h.2.4). Ta cd 5 va O la hai diem 
chung cua (SAC) va (SBD) ntn : 

(SAC) n (SBD) = SO. 

Vay giao tuyin cua hai mat phing 
(SAC) va (SBD) la dudng thing SO. 

Vidu 2. Cho S la mdt dilm khdng 
thudc mat phing hinh thang 
ABCD (AB II CD va AB > CD). 
Tim giao tuyin cua hai mat phing 
(SAD) va (SBC). 

gidi 

Ggi 7 la giao dilm AD va BC (h.2.5). 

Ta cd 5 va 7 la hai dilm chung cfla 
(SAD) va (SBC) nen 

(SAD) n (5fiC) = S7. 

Vay giao tuyin cua hai mat phing 
(SAD) va (5fiC) la dudng thing 57. 

VAN ^E 2 

Hinh 2.4 

Tim giao diem cua dudng thang dva mat phang (a) 

1. Phuang phdp gidi 

Trudng hgp 1. Trong (a) cd sin dudng thing d' cit d tai 7. 

Ta cd ngay d n (a) = I. 

Trudng hgp 2. Trong (a) khdng cd sin d' cit d. Khi dd ta thuc hien nhu sau : 

- Chgn mat phing phu (^ chfla d va (/^ cit (or) theo giao tuyin d'. 
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- Ggi I = d' n d. . , 

Ta cd cf n (a) = 7. 

2. Vidu 

Vidu 1. Cho tfl dien ABCD. Ggi 7, / la cac dilm lin lugt nim tren cac canh AB, 
1 3 , , 

AD vdi Al = —IB va AJ = —JD. Tim giao didm cua dudng thing IJ vdi mat 
phing (BCD). 

gidi 

Do 
A7 = -7fi 

2 

AJ = -JD 
2 

Hinh 2.6 

ndn IJ keo dai se cit BD, goi giao dilm 
la K (h.2.6). Ta cd Ti: = 7/ n (fiCD). 

-P̂ IVM 2. Cho tfl dien AfiCD. Ggi 7, / va 
A' lin lugt la cac dilm tren cac canh AB, 
BC va CD sao cho 

Al= -AB ; BJ= -BC ; CK = -CD. 
3 3 5 

Tm giao dilm cua mat phing (UK) vdi 
dudng thing AD. 

gidi 

Ggi E la giao dilm cfla JK va BD, F 
la giao dilm cfla AD va IE (h.2.7). 

Ta cd F = AD n (UK). 

L VAN ai J 

Chiing minh ba diem thang hang 

1. Phuang phdp gidi 

Neu phai chflng minh ba dilm nao dd thing hang, ta chflng minh ba dilm iy 
cflng thudc hai mat phing phan biet. 
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2. Vidu 

Vidu. Cho ba dilm A, B, C khdng thugc 
mat phing (Q) va cac dudng thing BC, 
CA, AB cit (Q) lin lugt tai M, N, P. 
Chiing minh ring M, N, P thing hang. 

gidi 
Ta cd M, N, P lin lugt thudc vl hai mat 
phing (Q) va (ABC) ntn M, N, P thudc 
giao tuyin d ciia (Q) va (ABC) (h.2.8). 
Vay M, Â , P thing hang. 

Hinh 2.8 

C. CAU HOI VA BAI TAP 

2.1. Cho tfl dien ABCD va dilm M thudc miln trong cfla tam giac ACD. Ggi 7 
va / tuong ling la hai dilm tren canh BC va BD sao cho IJ khdng song song 
vdi CD. 
a) Hay xac dinh giao tuyen cfla hai mat phing (UM) va (ACD). 
b) Liy A'' la dilm thudc miln trong cua tam giac ABD sao cho JN cit doan 

AB tai L. Tim giao tuyeh cfla hai mat phing (MNJ) va (ABC). 

2.2. Cho hinh chdp S.ABCD cd day la tfl giac ABCD cd hai canh dd'i dien khdng 
song song. Liy dilm M thudc miln trong cfla tam giac 5CD. 
Tm giao tuyin cfla hai mat phing : 
a) (SBM) va (SCD); 
h) (ABM) va (SCD); 
c) (ABM) va (SAC). 

2.3. Cho tfl dien ABCD. Trtn canh AB liy dilm 7 va lay cac dilm J, K lin lugt la 
dilm thudc miln trong cac tam giac BCD va ACD. Ggi L la giao dilm cua 
y^ vdi mat phing (AfiC). 
a) Hay xac dinh dilm L. 

b) Tm giao tuye'n cfla mat phing ( 7 / ^ vdi cac mat cua tfl dien ABCD. 

2.4. Cho tfl dien ABCD cd cac dilm M va N lin lugt la trung dilm cua AC va BC. 
Liy dilm K thudc doan BD (K khdng la trung dilm cua BD). Tim giao dilm 
cua dudng thing AD va mat phing (MNK). 
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2.5. Cho hinh chdp S.ABCD. Liy M,NvaP lin lugt la cac dilm tren cac doan SA, 
AB va BC sao cho chflng khdng trung vdi tinng dilm cfla cac doan thing a'y. 
Tm giao dilm (neu cd) cua mat phing (MNP) vdi cac canh cua hinh chdp. 

2.6. Cho hinh chdp S.ABCD. M va N mang ung la cac dilm thudc cac canh SC va 
BC. Tim giao dilm cua dfldng thing SD vdi mat phing (AMN). 

2.7. Cho tfl didn SABC. Trtn SA, SB va SC lin lugt liy cac dilm D, E va F sao 
cho DE cit AB tai 7, EF cit BC tai / , FD cit CA tai K. 
Chflng minh ba dilm 7, / , K thing hang. 

2.8. Cho hai mat phing (a) va (/?) cit nhau theo giao tuyen d. Trong (a) liy hai 
dilm A va fi sao cho AB cit d tai 7. O la mgt dilm nim ngoai (a) va (/3) sao 
cho OA va OB lan lugt eit (J3) tai A' va fi'. 
a) Chiing minh ba dilm l,A',B' thing hang. 

b) Trong (a) liy diim C sao eho A,B,C khdng thing hang. Gia sfl OC eit (J3) 
tai C, BC eit B'C tai / , CA cit CA' tai K. Chiing muih 7, / , K thing hang. 

2.9. Cho tfl dien SABC cd D, E Hn lugt la trung dilm AC, BC va G la trgng tam 
tam giac ABC. Mat phing (a) qua AC cit SE, 5fi lin lugt tai M, Â . Mdt mat 
phing (/?) qua fiC cit SD va SA lin lugt tai P va Q. 
a) Ggi 7 = AM n DA ,̂ J = BP n EQ. Chung minh bd'n dilm S, 7, 7, G 

thing hang. 
b) Gia sfl AÂ  n DM = K, BQ n EP = L. Chflng minh ba dilm 5, K, L 

thing hang. 

§2. HAI DUCING THANG CHEO NHAU 
vA HAI DUCfNG THANG SONG SONG 

A. CAC KIEN THLTC CAN NHCJ 

L VI TRI Tl/ONG DOI CUA HAI Dl/^NG THANG 
TRONG K H O N G GIAN 

Cho hai dudng thing avab ttong khdng gian. Cd hai trudng hgp sau day xay 
ra dd'i vdi avab: 
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Trudng hgp 1 : Cd mdt mat phing chfla a va b. 

Xay ra ba kha nang sau : 

\. avab cit nhau tai dilm M, ta kf hieu a n b = M ; 
2. avab song song vdi nhau, ta ki hieu a II b hoac h II a ; 
3. a va h trflng nhau, ta kf hieu a = h. 

Trudng hgp 2 : Khdng cd mat phing nao chfla ca a va b, khi dd ta ndi avab 
cheo nhau. 

II. CAC DINH LI VA TINH CHAT 

1. Trong khdng gian, qua mdt dilm khdng nim tren dudng thing cho trudc, cd 
mdt va chi mdt dudng thing song song vdi dudng thing da cho. 

2. Nd'u ba mat phing phan biet ddi mdt cit nhau theo ba giao tuyd'n phan biet 
thi ba giao tuyen iy hoac ddng quy hoac ddi mdt song song vdi nhau. (Dinh 
ll ve giao tuyin cfla ba mat phing.) 

3. Neu hai mat phing phan biet lin lugt chfla hai dudng thing song song thi 
giao tuye'n cua chflng (neu cd) cung song song vdi hai dudng thing dd hoac 
trflng vdi mdt trong hai dudng thing dd. 

4. Hai dudng thing phan bidt cflng song song vdi dudng thing thfl ba thi song 
song vdi nhau. 

B. DANG TOAN CO BAN 

VAN ai 1 

Tim giao tuyen cua hai mat phang (dung quan he song song) 

7. Phuang phdp gidi 

Nlu hai mat phing (a) va (P) cd dilm chung S va lin lugt chfla hai dudng 
thing song song d va d' thi giao tuyd'n cua (a) va (J3) la dudng thing A di 
qua S va song song hoac trflng vdi d hay d'. 

2. Vidu 

Vidu. Cho hinh binh hanh ABCD va S la dilm khdng thudc mat phing cua 
hinh binh hanh. Tm giao tuyd'n cfla (SAD) va (SBC). 
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gUi 
Hai mat phing (5AD) va (5fiC) cd dilm 
chung S va chfla hai dudng thing song 
song AD va BC ntn giao tuyen cua 
chflng la dudng thing d di qua S va song 
song vdi AD vafiC(h.2.9). 

VAN ai 2 Hinh 2.9 

9 

Chiing minh hai dildng thang song song 

/. Phuang phdp gidi 

a) Chiing minh chflng cflng thudc mdt mat phing va dflng phuong phap chiing 
minh hai dudng thing song song trong hinh hgc phing. 

b) Chiing minh chflng cflng song song vdi dudng thing thfl ba. 

c) Dung tfnh chit : Hai mat phing phan bidt lin lugt chfla hai dudng thing 
song song thi giao tuyen cfla chflng (nd'u cd) cung song song vdi hai dudng 
thing a'y. 

d) Dflng dinh If vl giao tuyd'n cfla ba mat phing. 

2. Vidu 

Vidu. Cho tfl didn ABCD. Ggi M, Â  theo thfl tu la trung dilm cfla AB, BC va Q 
la mdt dilm nim trdn canh AD va P la giao dilm cfla CD vdi mat phing 
(MNQ). Chflng minh ring PQ II MN va PQ II AC. 

gidi 

Ba mat phing (ABC), (ACD) va 
(MNQ) lin lugt eit nhau theo cac 
giao tuyd'n AC, MN va PQ. 

Vi MN II AC (tinh chit dudng tiung 
binh cfla tam giac), ndn PQ II MN II AC 
(theo dinh If vl giao tuydn cfla ba 
mat phing) (h.2.10). 
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VAN ^E ? 

Chiing minh hai dudng thang cheo nhau 

1. Phuang phdp gidi 

Ta thudng dflng phucmg phap phan chiing nhu sau : 

Gia sfl hai dudng thing da cho cflng nim trong mdt mat phing rdi rflt ra dilu 
mau thuin. 

2. Vidu 

Vidu. Cho dl, ^2 la hai dudng thing cheo nhau. Trdn rfj, liy hai dilm phan 

bidt A va fi ; trdn ^2 liy h^i ^^^"^ P ^ ^ ^^^^ ^ ^^ ^- Chu^g minh ring AC va 

BD cheo nhau. 

gidi 

Gia sfl AC va BD khdng cheo nhau. 

Nhu vay cd mdt mat phing (fi) chfla 
ca dl va (72- Khi dd ta cd di va d2 
cung nim trdn (P). Dilu nay mau 
thuin vdi gia thid't rfj va ^2 ^^^^ 
nhau. vay AC va BD cheo nhau 
(h.2.11). ' Hinh 2.11 

C. CAU HOI VA BAI TAP 

2.10. Cho hinh chdp S.ABCD cd day la hinh binh hanh ABCD. Tm giao tuyd'n cua 
cac cap mat phing sau day : 
a) (SAC) va (SBD); b) (SAB) va (5CD); c) (5AD) va (5fiC). 

2.11. Cho tfl dien ABCD. Trtn cac canh AB va AC lin lugt liy cac dilm M va Af 

sao cho = Tm giao tuyin cua hai mat phing (DBC) va (DMN). 

2.12. Cho tfl dien ABCD. Cho 7 va / tuong ung la trung dilm cua BC va AC, M la 
mdt dilm tuy y tren canh AD. 
a) Tra giao tuyin d cua hai mat phing (MU) va (ABD). 
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b) Ggi N la giao dilm cfla BD vdi giao tuye'n d, K la giao dilm cua IN va JM. 
Tim tap hgp dilm Â  khi M di ddng tten doan AD (M khdng la trung dilm 
cua AD). 

c) T m giao tuye'n cua hai mat phing (ABK) va (MU). 

2.13. Cho tfl dien AfiCD. Ggi M, N, P, Q,RvaS lan lugt la trung dilm cua AB, CD, 
BC, AD, AC va BD'. Chflng minh ring tfl giac MPNQ la hinh binh hanh. Tfl 

• dd suy ra ba doan thing MN, PQ va RS cit nhau tai trung dilm mdi doan. 

2.14. Cho tfl dien ABCD cd 7 va / lin lugt la trgng tam cac tam giac ABC va ABD. 
Chflng minh ring IJIICD. 

2.15. Cho hinh ehdp S.ABCD cd day la hinh thang ABCD vdi day la AD va BC. 
Bie't AD = a, BC = b. Ggi 7 va / lin lugt la trgng tam cfla cac tam giac SAD 
va 5fiC. Mat phing (ADJ) cit SB, SC lan lugt tai M, N. Mat phing (BCF) cit 
SA, SD lan iugt tai fi, 2 . 

a) Chflng minh MN song song vdi PQ. 

b) Gia sfl AM cit BP tai E ; CQ cit DA^ tai F. Chung minh ring EF song 
song vdi MN va PQ. Tinh EF theo,a va b. 

§3. DUCING THANG 
vA MAT PHANG SOP^G SONG 

A. CAC KIEN THLTC CAN N H 6 

L VI TRI Tl/ONG DOI CUA D U 6 N G THANG VA MAT PHANG 

Gifla dudng thing d va mat phing (or) ta cd ba vi trf tuong ddi nhu sau : 

/ . d va (a) cit nhau tai M, kf hieu dn(a) = {M]; 

2. d song song vdi (a), kf hieu d // (a) hay (a) II d ; 

3. d nam trong (a), ki hieu d c (d). 
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n . DINH LI VA TINH CHAT 

1. Nlu dudng thing d khdng nim trong mat phing (a) va d song song vdi 
dudng thing d' nim trong (a) thi d song song vdi (a). 

d(t(a) 

dlld' 

d'cz((2) 

d 11(a). 

2. Cho dudng thing d song song vdi mat phang (or). Nlu mat phing (P) chfla d 
va cit (or) theo giao tuyen d' thi d' song song vdi d. 

dll(a) 

(P)^d 

(P)n(a) = d' 

dlld'. 

3. Ne'u hai mat phing phan biet cung song song vdi mdt dudng thing thi giao 
tuyen cfla chflng (ndu cd) cung song song vdi dudng thing dd. 

(a) lid 

(P)lld 

(a)n(P) = d' 

•dlld'. 

4. Cho hai dudng thing cheo nhau. Cd duy nhat mdt mat phing chfla dudng 
thing nay va song song vdi dudng thing kia. 

B. DANG TOAN CO BAN 

VAN ai 1 

Chiing minh duong thang song song voi mat phang 

/ . Phuang phdp gidi 

a) Ta chiing muih dudng thing va mat phing khdng cd dilm chung. 

b) Ta chflng minh dudng thing dd khdng nim ttong mat phang va song song 
vdi mdt dfldng thing nim trong mat phing. 
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2. Vidu 

Vidu. Cho tfl didn ABCD. G la ttgng tam tam giac ABD. Trtn doan BC liy 
diim M sao cho MB = 2MC. Chdng minh ring MG II (ACD). 

gidi 
Ggi 7 la trung dilm AD (h.2.12). 

Trong tam giac CBI ta cd 

BM BG 2 ^ .,^,.^, 
= = — nen MG II CI. 

BC BI 3 
Ma C7 nim ttong mat phing (ACD) 
suy raMG//(ACD)." 

VAN ^E 2 

Hinh 2.12 

Dung thiet dien song song voi mot dudng thang 

1. Phuang phdp gidi 

Ta cd thi dung dinh If sau : 

Cho dudng thing d song song vdi mat phing (cir). Ne'u mat phing (P) chfla d 
va cit (or) theo giao tuyin <7'thi (i'song song vdi J. 

2. Vidu 

Vidu. Cho hinh chdp SABCD cd day la 
hinh binh hanh ABCD, O la giao dilm 
cfla AC va BD, M la trung dilm cua SA. 
Tm thiit dien cua mat phang (or) vdi 
hinh chdp SABCD neu (or) qua M va 
ddng thdi song song vdi SC va AD. 

gidi 

Vl (or) song song vdi AD ntn (or) cit 
hai mat phing (SAD) va (ABCD) theo hai 
giao tuydn song song vdi AD (h.2.13). 

Tuong tu (or) song song vdi SC ntn (or) cit hai mat phing (SAC) va (SCD) 
theo cac giao tuydn song song vdi SC. 

Hinh 2.13 
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Ggi O = AC r\ BD, ta cd SC II MO (dudng trung binh trong tam giac SAC). 
Qua O ke dudng thing song song vdi AD, cit AB va CD lin lugt tai QvaP. 
Qua M, ke dudng thing song song vdi AD cit SD tai N. 

Theo nhan xet tren, ta cdMAf//fig va A^fi//SC. 

Vay thie't dien la hinh thang MNPQ. 

C. CAU HOI VA BAI TAP 

2.16. Cho tfl dien ABCD. Ggi Gj va G2 lin lugt la ttgng tam cfla cac tam giac ACD va 

BCD. Chiing minh ring G1G2 song song vdi cac mat phing (ABC) va (ABD). 

2.17. Cho hai hinh binh hanh ABCD va ABEF nim trong hai mat phing phan biet. 
Ggi O la giao dilm cfla AC va BD, O' la giao dilm cua AE va BF. 

a) Chflng minh ring 00' song song vdi hai mat phing (ADF) va (BCE). 

b) Ggi M va N lin lugt la trgng tam cfla cac tam giac AfiDva ABE. Chflng 
minh ring MN II (CEF). 

2.18. Cho hinh chdp S.ABCD cd day la hinh binh hanh AfiCD. Ggi G la trgng tam 
cfla tam giac SAB va 7 la trung dilm cua AB. Liy diim M trong doan AD sao. 
cho AD = 3AM. 

a) Tm giao tuyin cua hai mat phing (SAD) va (SBC). 

b) Dudng thing qua M va song song vdi AB cit C7 tai Â . Chiing minh ring 
NGII (SCD). 

c) Chflng minh ring MG II (SCD). 

2.19. Cho hinh chdp SABCD cd day la hinh thang ABCD, day ldn la AD va AD = 2fiC. 
Ggi O la giao diem cfla AC va BD, G la trgng tam cua tam giac SCD. 

a) Chflng minh ring OG II (SBC). 

b) Cho M la trung dilm cua SD. Chdng minh ring CM II (SAB). 

, , ^ - 3 
c) Gia su didm 7 nam trong doan SC sao cho SC = —SI. Chflng minh rang 

SA II (BID). 

2.20. Cho tfl dien ABCD. Qua dilm M nim tren AC'ta dung mdt mat phing (a) 
song song vdi AB va CD. Mat phing nay lin lugt cit cac canh BC, BD va AD 
tai N,PvaQ. 

a) Tfl giac MNPQ la hinh gi ? 
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b) Ggi O la giao dilm hai dudng cheo cfla tfl giac MNPQ. Tim tap hgp cac 
dilm O khi M di dgng tren doan AC. 

2.21. Cho hinh chdp S.ABCD cd day la hinh binh hanh ABCD. M la mdt dilm di 
dgng tren doan AB. Mdt mat phing (or) di qua M va song song vdi SA va BC ; 
(or) cit SB, SC va CD lan lugt tai Â , P va Q. 
a) Tfl giac MNPQ la hinh gi ? 
b) Ggi 7 la giao dilm cua MN va PQ. Chiing minh ring 7 nim tren mdt 

dudng thing cd dinh. 

§4. HAI MAT PHANG SONG SONG 

A. CAC KIEN THLTC CAN N H 6 

I. DINH NGHIA 

Hai mat phing (or) va (P dugc ggi la song song vdi nhau neu chflng khdng cd 
dilm chung, kf hidu (or) // (P) hay (/?) // (or). 

(a)ll(P)^(a)r^(P)^0. 

IL DINH LI VA TINH CHAT 

1. Nd'u mat phing (or) chfla hai dudng thing cit nhau a, b va hai dudng thing 
nay cung song song vdi mat phing (P thi mat phing (a) song song vdi mat 
phing (P. 

a c (or), bci(a) 

-a cit 6 ^(a)ll(p) 

J \all(P),hll(P) 

2. Qua mdt dilm nim ngoai mdt mat phing cho trudc cd mdt va chi mdt rnat 
phing song song vdi mat phing da cho. 

77̂  qud I 

Nd'u dudng thing d song song vdi mat phing (or) thi qua d cd duy nhit mdt 
mat phing song song vdi (or). 
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77̂  qud 2 

Hai mat phing phan bidt cung song song vdi mat phing thfl ba thi song 
song vdi nhau. 

He qud 3 

Cho dilm A khdng nim tren mat phing (or). Mgi dudng thing di qua A va 
song song vdi (or) diu nim trong mat phing di qua A va song song vdi (or). 

3. Cho hai mat phing song song vdi nhau. Nd'u mdt mat phing cit mat phing 
nay thi cung cit mat phing kia va hai giao tuyd'n song song vdi nhau. 

He qud 

Hai mat phing song song chin trdn hai cat tuyd'n song song nhflng doan 
thing bing nhau. 

4. Dinh li Ta-let (Thales) 

Ba mat phing ddi mdt song song chin ttdn hai cat tuyd'n bit ki nhung doan 
thing tuong ling ti Id. 

HI. HINH LANG TRU VA HINH CHOP CUT 

• Hinh lang tru 

Cho hai mat phing song song (or) va (orO- Trdn (or) cho da giac ldi 

AiA2...A„ . Qua cac dinh Ai,A2, ..., A„ ta ve cac dudng thing song song vdi 

nhau va cit (orO lan lugt tai AJ, A2, ,..,A^. 

Hinh gdm hai da giac 
AiA2...A„, A(A2...A^ va cac 
hinh binh hanh AjA(A2A2, 
A2A2A3A3, ..., A„A'„A{Ai <̂ d̂c 
ggi la hinh ldng tru va kf hieu la 
AIA2...A„.AI'A2...A; (h.2.14). 

Lang tru cd day la hinh binh 
hanh dugc ggi la hinh hdp. 

Hinh 2.14 
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• Hinh chop cut 

Cho hinh chdp S.AjA2 ... A^. Mdt mat 
phang khdng qua dinh, song song vdi 
mat phing day cua hinh ehdp cit cac 
canh SAj, SA2, ..., SA^ lin luat tai 

A[, A^, ..., A'^. Hinh tao bdi thie't dien 

Aj'Â  ... Â  va day AjA2... Â  cfla 

hinh chdp eung vdi cac tfl giac 
A;4A2A,, 4A;A3A2, ..., KA'iAiA^ 
ggi la hinh chdp cut, kf hieu la 
A{A^... A;.AIA2...A„ (h.2.15). Hinh 2.15 

B. DANG TOAN CO BAN 

VANdEl 

Chiing minh hai mat phang song song vdi nhau 

1. Phuang phdp gidi 

a) Ta Cd thi chting minh chflng cflng song song vdi mat phing thfl ba. 

b) Ta chting minh mat phing nay chfla hai dudng thing cit nhau cflng song 
sOng vdi mat phing Ida. 

2.Vidu 

Vidu. Cho hinh binh hanh ABCD. Tfl cac dinh A, B,CvaD lin lugt ke cac nfla 
dudng thang Ax, By, Cz va Dt song song vdi nhau va khdng nim ttong mat phing 
(ABCD). Chflng minh mat phing (Ax, By) song song vdi mat phing (Cz, Dt). 

gidi 
Ta cd Cz II By ndn Cz II (Ax, By) 
(h 2.16). Do ni giac ABCD la hinh binh 
hanh ndn CD II AB do dd CD II (Ax, By). 

Mat phang (Cz, Dt) chfla hai dudng 
thing cit nhau Cz, CD cflng song song 
vdi (Ax, By) ndn (Cz, Dt) II (Ax, By). 

Hinh 2.16 
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VAN ai 2 

Aac dinh thiet dien tao bdi mat phang (a) vdi mot hinh chop khi cho biet 
9 

(a) song song vdi mot mat phang xac dinh nao do 

7. Ph uang phdp gidi 

a) Ap dung. Khi (a) song song vdi mdt mat phing (P nao dd thi (or) se song 
song vdi tit ca dudng thing nim trong (P. 

b) Dl xac dinh giao tuyd'n cfla (or) vdi cac mat cfla hinh chdp, ta lam nhu sau : 

- Tm dudng thing d nim trong (P. 

- Nl (a) II d ndn (a) cit nhflng mat phing chfla d theo cac giao tuyin song 
song vdi d. 

2. Vidu 

Vidu. Cho hinh chdp S.ABCD vdi day la hinh thang ABCD cd AD II BC, 
AD = 2fiC. Ggi E la trung dilm AD va O la giao dilm cfla AC va BE-1 la mdt 
dilm di ddng tren canh AC khic vdi A va C. Qua 7, ta ve mat phing (or) song 
song vdi (SBE). Tim thiet dien tad bdi (a) va hinh chdp S.ABCD. 

Hinh 2.17 
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Ta thay ring tfl giac BEDC la hinh binh hanh vi 

( I ^ EDIIBC,ED = BC =-AD 
\ 2 

, (h.2.17). 

Trudng hgp I. I thudc doan AO va 7 khae O. Ggi vi tri nay ia 7i, (or) // (SBE) 

ntn (a) II BE va (a) II SO. 

• (or) // BE ntn (a) cit (ABE) theo giao tuyin MjA ĵ di qua 7i va 

MiNi II BE (Ml eAB, NiG AE). 

• (or) II SO-ntn (a) cit (SAC) theo giao tuyin Sili di qua 7̂  va song song 

vdiSO(SieSA). 

Ta cd thie't dien la tarn giac S^M^A î. 

Trudng hgp 2.1 thudc doan OC va 7 khae O. Ggi vi tri nay la 72, (or) // (SBE) 

ntn (a) HBEva (or) I I SO. 

• (or) // BE ndn (or) cit (BEDC) theo giao tuyd'n M2A 2̂ ^^ '^^^ h ^^ 

M2N2 IIBE (M2e BC, N2 e ED). 

• (or) // SO ndn (or) cit (SOC) theo giao tuyd'n 272 di qua 72 va song song • 

vdi SO (Q e SC). 

Do (or) // CD (vi CD II BE) ndn (or) se cit hai mat phing (BEDC) va (SDC) 

theo hai giao tuyd'n M2N2 , PQ cflng song song vdi CD (P e SD). 

, Ta cd thid't didn la hinh thang M2N2PQ. 

Trudng hgp 3.1 = 0 

Dl tha'y thid't didn la tam giac SBE. Khi dd, (SBE) = (or) (loai). 

C. CAU HOI VA BAI TAP 

2.22. Cho tfl didn ABCD. Ggi Gj, G2, G3 lan lugt la trgng tam cua cac tam giac 

ABC, ACD, ABD. Chdng minh ring (G1G2G3) // (BCD). 

2.23. Tfl bd'n dinh cfla hinh binh hanh ABCD ve bdn nfla dudng thing song song 
cflng chieu Ax, By, Cz va Dt sao eho chflng cit mat phing (ABCD). Mdt mat 
phing (or) cit bdn nfla dudng thing theo thfl tu ndi trdn tai A', B', C va D'. 
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a) Chung minh ring (Ax, By) II (Cz, Dt) va (Ax, Dt) II (By, Cz). 
b) Tfl giac A'fi'C'D' la hinh gi ? 
c) Chflng minh AA' + CC = BB' + DD'. 

2.24. Cho hai hinh vudng ABCD va ABEF d trong hai mat phing phan bidt. Trdtt 
cac dudng cheo AC va BF lin lugt liy cac dilm M va N sao cho AM = BN. 
Cac dudng thing song song vdi AB ve td M va N lin lugt cit AD va AF tai 
M' vi N'. Chdng minh 
a) (ADF) II (BCE). 
h)M'N'IIDF. 
c) (DEF) II (MM'N'N) va MN II (DEF). 

2.25. Cho hinh lang tru tam giac ABCA'B'C cd cac canh bdn la AA', BB', CC. Ggi 
7 va 7' tuong ung la trung dilm cfla hai canh BC va B'C. 

a) Chung minh ring A7 // A 7'. 
b) Tm giao dilm cfla 7A' vdi mat phing (Afi'CO-
c) Tm giao tuyin cua (AB'C) va (ABC). 

2.26. Cho hinh lang tru tam giac ABCA'B'C. Ggi H la trung dilm cua A'fi'. 
a) Chung minh ring CB' II (AHC). 
b) Tm giao tuyin d ciia (AB'C) va (ABC). 

2.27. Cho hai hinh binh hanh ABCD va ABEF khdlig cung nim trong mdt mat 
phing. Ggi M va Â  la hai dilm di ddng tuong ung tren AD va BE sao cho 

AM ^ BN 
MD~ NE 

Chiing minh ring dudng thing MN ludn ludn song song vdi mdt mit phang 
cd dinh. Hay chi ra mat phing cd dinh dd. 

2.28. Cho hinh chdp S.ABCD cd day la hinh binh hanh ABCD, O la giao dilm hai 
dudng cheo, AC = a, BD = b, tam giac SBD diu. Ggi 7 la dilm di ddng trdn 
doan AC vdi A7 = x (0 < x < a). Liy (or) la mat phing di qua 7 vi song song 
vdi mat phing (SfiD). 

a) Xac dinh thid't didn cua mat phang (or) vdi hinh chop SABCD. 
b) Tm dien tfch S cua thie't dien d cau a) theo a, b, x. Tim x dl S ldn nhit. 

2.29. Cho ba mat phing (or), (P, (f) song song vdi rihau. Hai dudng thing a va a' cit 
ba mat phing iy theo thfl tu ndi trdn tai A, B, C va A', B', C. Cho Afi = 5, 
BC = 4, A'C = 18. Tfnh dd dai A'B', B'C. 
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2.30. Cho tfl didn ABCD. Ggi 7 va / lin lugt la hai dilm di ddng tren cac canh AD 

va BC sao cho —- = Chflng minh rang U ludn ludn song song vdi mdt 
ID JC 

mat phing cd dinh. 

2.31. Cho hai tia Ax, By cheo nhau. La'y M, N lin lugt la cac dilm di ddng trdn Ax, 
By. Ggi (or) la mat phang chfla By va song song vdi Ax. Dudng thing qua M 
va song song vdi AB cit (or) tai M'. 
a) Tim tap hgp dilm M'. 
b) Ggi 7 la trung dilm cua MN. Tm tap hgp cac dilm 7 khi AM = BN. 

§5. PHEP CHIEU SONG SONG. 
HINH BIEU DifeN CUA M O T HINH KHONG GIAN 

A. CAC KIEN THLTC CAN NHd 

I. PHEP CHlfi'u SONG SONG 

Cho mat phing (or) va dudng thing A cit (or). Vdi mdi dilm M trong khdng 
gian, dudng thing di qua M va song song hoac trflng vdi A cit (or) tai dilm M' 
xac dinh. 

Dilm M' dugc ggi la hinh chie'u song song ciia dilm M trtn mat phing (or) 
theo phucmg A. 

Mat phing (or) dugc ggi la mat phang chie'u, phucmg cfla dudng thing A dugc 
ggi la phuong chid'u. 

Phdp dat tuong flng mdi dilm M trong khdng gian vdi hinh chid'u M' cua.nd 
trdn mat phing (or) dugc ggi la phep chie'u song song len (or) theo phuong A. 

IL CAC TINH CHAT CUA PHEP CHI^U SONG SONG 

1. Phep chie'u song song biln ba dilm thing hang thanh ba dilm thing hang 
va khdng lam thay ddi thfl tu ba dilm dd. 

2. Phep ehilu song song bidn dudng thing thanh dudng thing, bien tia thanh 
tia, bien doan thing thanh doan thing. 
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3. Phep chie'u song song biln hai dudng thing song song thanh hai dudng 
thing song song hoac trflng nhau. 

4. Phep chie'u song song khdng lam thay ddi ti sd do dai cua hai doan thang 
nim tren hai dudng thing song song hoac cflng nim tren mdt dudng thang. 

III. HINH BIEU DlfiN CUA M O T SO HINH KHONG GIAN 
TREN MAT PHANG 

1. Mdt tam giac bat ki bao gid cung cd thi coi la hinh bilu diln cfla mdt tam giac 
tuy y cho trudc (cd thi la tam giac diu, tam giac can, tam giac vudng ...). 

2. Mdt hinh binh hanh bit ki bao gid cung cd thi coi la hinh bilu diln cfla mgt 
r-̂  hinh binh hanh tuy y cho trudc (cd thi la hinh binh hanh, hinh vudng, hinh 

chfl nhat, hinh thoi...). 

3. Mdt hinh thang bit ki bao gid cung cd thi coi la hinh bilu didn cfla mdt 
hinh thang tuy y cho trudc, miln la ti sd dd dai hai day cfla hinh bilu diln 
phai bing ti sd dd dai hai day cfla hinh da cho. 

4. Ngudi ta thudng dflng hinh elip dl bilu diln hinh trdn. 

B. DANG TOAN CO BAN 

VAN ai 

Ve hinh bieu dien cua mot hinh ^ cho trudc 

1. Phuang phdp gidi 

a) Xac dinh cae ylu td song song cfla hinh ^̂ î . 

b) Xac dinh ti sd dilm M chia doan AB. 

. c) Hinh tj^' la hinh bilu diln cfla hinh o^ phai cd tfnh chat 

- Bao dam tfnh song song tren hinh J ^ ; 

- Bao dam ti sd cfla dilm M chia doan AB. 

2. Vidu 

Vidu 1. Chiing minh ring trgng tam G cfla tam giac ABC cd hinh chie'u song 
song la trgng tam G' cfla tam giac A'B'C, trong dd A'B'C la hinh chieu song 
song cfla tam giac ABC. 
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3gi 7 la trung dilm efla canh Afi. 

Hii.ii chie'u /' efla 7 la trung 
dilm cfla A';:?'(h.2.18). 

Ge ClntnG e CT; 

GC ^ , G'C 
= 2 nen 

G7 G'7' 

• 2 . 

vay G' la trgng tam tam giac A 'B'C 

Hinh 2.18 

Vidu 2. Hinh thang cd thi la hinh bilu diln cua hinh binh hanh khdng ? 

gidi 

Hinh thang khdng thi la hinh bilu diln efla hinh binh hanh vi hai canh ben 
cua hinh thang khdng song song trong khi dd cap canh dd'i efla hinh binh hanh 
thi song song. 

C. CAU HOI VA BAI TAP 

2.32. Hinh chie'u song song cfla hai dudng thing cheo nhau cd thi song song vdi 
nhau hay khdng ? Hinh ehilu song song cua hai dudng thing cit nhau cd 
song song vdi nhau hay khdng ? 

7.33. Trdng mat phing (or) cho mdt tam giac ABC hit ki. Chflng minh ring cd thi 
xem tam giac ABC la hinh chid'u song song cfla mgt tam giac diu nao dd. 

2.34. Ve hinh bilu didn cfla mdt hinh luc giac diu. 

2.35. Hay ve hinh bieu diln cfla mdt dudng trdn cflng vdi hai dudng kfnh vudng 
gdc cfla dudng trdn dd. 

2.36. Hay chgn phep chid'u song song vdi phuong chid'u va mat phing chid'u 
thfch hgp dl hinh chid'u song song cua mdt tfl dien cho trudc la mdt hinh 
binh hanh. 
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CAU HOI VA BAI TAP 6 N TAP CHUONG II 
• • 

2.37, Trong mat phing (a) cho tam giac ABC: Tfl ba dinh cfla tam giac nay ta ke 

cac nfla dudng thing song song cflng chiiu Ax, By, Cz khdng nim trong (or). 

Trdn Ax liy doan AA' = a, ttdn By liy doan BB' = b, trtn Cz liy doan CC = c. 

a) Ggi l,JvaK lin lugt la cac giao dilm B'C, CA' va A'fi' vdi (a). 

^ , . ^ . IB JC KA ^ 
Chung minh rang — = 1. 

^ ^ IC JA KB 

h) Ggi G va G' lan lugt la ttgng tam cfla cac tam giac ABC vi A'B'C. 

Chflng minh :GG'//AA'. 

c) Tfnh GG' theo a, b, c. 
2.38, Cho ni dien ABCD va dilm M nim trong tam giac BCD. 

a) Dung dudng thing qua M song song vdi hai mat phing (ABC) va (ABD). 
Gia sfl dudng thing nay cit mat phang (ACD) tai B'. 

Chflng minh ring AB', BM va CD ddng quy tai mdt dilm. 
MB' dt(AMCD) 

b) Chiing minh 
BA dt(ABCD) 

c) Dudng thing song song vdi hai mat pjiang (ACB) va (ACD) ke tfl M cit 
(ABD) tai C va dudng thing song song vdi hai mat phing (ADC) va (ADB) 
ke tfl M cit (ABC) tai D'. Chung muih ring 

MB' MC' MD' , 
+ + = 1. 

BA CA DA 
2.39. Tfl cac dinh cfla tam giac ABC ta ke cac doan thing AA', BB', CC song song, 

cung chiiu, bing nhau va khdng nim trong mat phing cfla tam giac. Ggi 7, G 
va K lin luat la trgng tam cfla cac tam giac ABC, ACC vi A'B'C. 

a) Chflng minh (IGK) II (BB'C'C). 

b) Chflng muih ring (A'GTQ // (A7fiO. 

2.40. Cho hinh hdp ABCD.A'B'CD'. Ggi M va Â  lin lugt la tmng dilm cfla hai 
canh bdn AA'viCC'. Mdt dilm P nim tren canh ben DD'. 

a) Xac dinh giao dilm Q ciia dudng thing BB' vdi mat phing (MNP). 
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b) Mat phing (MA f̂i) cit hinh hdp theo nadt thiet dien. Thiit dien dd cd tfnh 
chat gi ? 

c) Tun giao fliydn cfla mat phang (MNP) vdi mat phing (ABCD) cfla hinh hdp. 

2.41. Cho hinh hdp ABCD.ABC'D'. Hai dilm M va N lin lugt nim trdn hai canh 

An ^ r^r^, u ^ ^ CN AD va CC sao cho — = -• 
MD NC 

a) Chung minh ring dudng thing MN song song vdi mat phing (ACB^. 
h) Xac dinh thid't didn cfla hinh hdp cit bdi mat phing di qua MN va song 
song vdi mat phang (ACB"). 

2.42. Cho hinh lang tru tfl giac ABCD.A'B'C'D'. 
a) Chiirig minh ring hai dfldng cheo AC va A'C cit nhau va hai dfldng cheo 
fiD'vafi'D cit nhau. 

b) Cho EviF Hn lugt la trung dilm ciia hai dudng cheo AC va BD. 
Chdng minh MN = EF. 

2.43. Cho hai mat phing (or) va (P cit nhau theo giao tuyd'n m. Trtn dudng thing 
<7 cit (or) d A va cit (P b Bta liy hai dilm cd dinh Sj, S2 khdng thudc (cc), 

(P. Ggi M la mdt dilm di ddng tren (P- Gia sfl cac dudng thing MSi, MS2 

cit (oi) lin lugt tai Mj va M2. 

a) Chflng minh ring M1M2 ludn ludn di qua rndt dilm cd dinh. 

b) Gia sfl dudng thing M1M2 ck giao tuyd'n m tai K. Chdng ininh ring ba 

dilm K, B, M thing hang. 

c) Ggi b la mdt dudng thing thudc mat phang (P nhung khdng di qua dilm 
B va cit m tai 7. Chflng minh ring khi M di ddng trdn b thi cac dilm Mj va 

M2 di ddng tren hai dudng thing cd dinh thudc mat phing (or). 

2.44. Cho hinh lap phucmg ABCD.A'B'CD' va cac trung dilm E, F ciia cac canh 
AB, DD'. Hay xac dinh cac thidt di?n cua hinh lap phucmg cat bdi cac mat 

. phing (EFB), (EEC), (EEC) va (EFK) vdi K la trung dilm cfla canh B'C. 

79 

www.truongbachviet.com



CAU HOI TRAC NGHIEM 

2.45, Cac yd'u to nao sau day xac dinh mdt mat phang duy nha't ? 
(A) Ba dilm ; (B) Mgt dilm va mdt dudng thing ; 
(C) Hai dudng thing cit nhau ; (D) Bdn dilm. 

2.46, Cho hai dudng thing a va b. Dilu kidn nao sau day dfl dl kd't luan a vab 
cheo nhau ? 
(A) avab khdng cd dilm chung ; 
(B) a va 6 la hai canh cfla mdt hinh tfl dien ; 
(C) a vab nim tren hai mat phing phan biet; 
(D) a va h khdng cflng nim tten bit ki mat phing nao. 

2.47, Cho tam giac ABC, liy dilm 7 tten canh 
AC keo dai (h.2.19). Cac menh dl nao 
sau day la menh dl sai ? 
(A) A G (ABC); 
(B) 7 G (ABC); 
(C)(ABC) = (BIC); 
(D) BI (Z (ABC). 

Hinh 2.19 

2.48. Cho tam giac ABC. Cd thi xac dinh dugc bao nhieu mat phing chfla tit ca 
cac dinh tam giac JiBC ? . 
(A) 4 ; (B)3; (C) 2 ; (D) 1. 

2.49. Trong khdng gian cho bd'n dilm khdng ddng phing, cd thi xac dinh nhilu 
nhit bao nhieu mat phing phan biet tfl cac dilm dd ? 
(A) 6; (B)4; (C) 3 ; (D) 2. 

2.50. Cho hinh chdp S.ABCD vdi day la tfl giac ABCD cd cac canh dd'i khdng song 
song. Gia sii AC r-^ BD = O ̂  AD r^ BC = I. Giao tuye'n cfla hai mat phing 
(SAC) va (SfiD) la : 
(A)SC; (B)Sfi; (C)SO; (D)S7. 

2.51. Cho hinh chdp S.ABCD vdi day la tfl giac ABCD. Thie't dien cfla mat phing 
(or) toy y vdi hinh chdp khdng thi la 
(A) Luc giac ; (B) Ngu giac ; 
(C) Tfl giac; (D) Tam giac. 
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2.52. Cho hinh lap phuong ABCD.A'B'C'D'. Cd bao nhidu canh cfla hinh lap 
phuong cheo nhau vdi dudng cheo AC ciia hinh lap phuong ? 

(A) 2 ; (B)3 ; (C) 4 ; (D) 6. 

2.53. Cho hai dudng thing phan bidt a va h trong khdng gian. Cd bao nhieu vi trf 
tuong dd'i gifla avabl 

(A) 1 ; (B) 2 ; (C) 3 ; (D) 4. 

2.54. Cho hai dudng thing phan biet cflng nim trong mdt mat phing. Cd bao nhidu 
vi tri tuong dd'i gifla hai dudng thing dd ? 

( A ) l ; (B)2; (C) 3 ; (D) 4. 

2.55. Cho tfl didn ABCD. Ggi M, Â , P, Q, R, S lin lugt la trung diem cac canh AC, 
BD, AB, CD, AD, BC Bd'n dilm nao sau day khdng ddng phing ? 

(A)P,Q,R,S; (B)M,P,R,S; 

(C)M,R,S,N; (D)M,N,P,Q. 

2.56. Trong cac mdnh dl sau day, mdnh de nao dflng ? 

(A) Hai dudng thing lin lugt nim ttdn hai mat phing phan bidt thi cheo nhau ; 

(B) Hai dudng thing khdng cd dilm chung thi cheo nhau ; 

(C) Hai dudng thing cheo nhau thi khdng cd dilm chung ; 

(D) Hai dudng thing phan bidt khdng song song thi cheo nhau. 

2.57. Cho hai dudng thing a va h cheo nhau. Cd bao nhidu mat phing chfla a va 
song song vdi b ? 

(A) Vd sd ; (B) 2 ; (C) 1 ; (D) Khdng cd mat phing nao. 

2.58. Cho tfl dien ABCD. Dilm M thudc doan AC. Mat phing (or) qua M song 

song vdi AB va AD. Thid't didn cua (or) vdi tfl didn ABCD la : 

(A) Hinh tam giac ; (B) Hinh binh hanh ; 

(C) Hinh chu nhat; (D) Hinh vuOng. 

2.59. Cho cac gia thid't sau day. Gia thiet nao kit luan dudng thing a song song vdi 
mat phing (or) ? 

(A) a lib vab II (a); (B)a n(a) = 0; 

(C) aIIb vab ^ (a); (D) aII (p) va (p) II (a). 

2.60. Trong cac menh dl sau day, tim mdnh dl dflng. 

(A) Nlu (a) II (P) via (Z (a), ha (P) thi allb; 
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(B) Nd'u a II (a) vi b I I (p) thi aljb; 

(C) Nd'u (a) II (P) va a c (a) thi a II (p); 

(D) Nd'u a lib via a (a),b cz (P) thi (a) II (P). 

2.61. Trong khdng gian, cho hai mat phing phan bidt (a) va (P. Cd bao nhidu vi 
tri tuong dd'i gifla (a)va(Pl > 
(A) l ; (B)2; (C) 3 ; (D) 4. 

2.62. Cho hinh chdp S.ABCD cd day la hinh binh hanh ABCD. Giao tuyd'n cua hai 
mat phing (SAD) va (SBC) la dudng thing song song vdi dudng thing nao 
sau day ? 
(A) AC; (B)fiD; (C)AD; (D) SC. 

2.63. Cho hinh chdp S.ABCD co diy la hinh binh hanh ABCD. Gia sfl M thudc 
doan thing SB. Mat phing (ADM) cit hinh chdp S.ABCD theo thid't dien 
la hinh , I 
(A) Tam giac ; (B) Hinh thang ; 
(C) Hinh binh hanh ; (D) Hinh chfl nhat. 

2.64. Cho tfl dien AfiCD. Gia sfl M thudc doan BC. Mdt mat phang (or) qua M 
song song vdi AB va CD. Thiit dien cfla (or) va hinh tfl dien ABCD la 

(A) mnh thang; (B) Hinh binh hanh ; 
(C) Hinh tam giac ; (D) Hinh ngu giac. 

HU6NG DAN GIAI VA DAP SO 

§1. DAI CUONG VE OLTONG THANG VA MAT PHANG 

2.1. a) Nhan xet: 

Do gia thie't cho 7/ khdng song song vdi CD vi chflng cflng nam ttong mat 
phing (BCD) ntn khi keo dai chflng gap nhau tai mdt dilm (h.2.20). 

GgiK = lJ n CD. 

Ta cd : M la dilm chung thfl nhit cfla (ACD) va (UM); 

\KeU iKeCD ^ ,^^^^ 
i ^Ke(MlJ) vi i ^^^^^^Ke(ACD). 
[U(Z(MIJ) [CD (z (ACD) 
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Le(MNJ) 

Le(ABC). 

Tacd 

va 

Qe(MNJ) 

Qe(ABC) 

vay (MU) n (ACD) = MK 

h)Y6iL = JN n Afi, tacd 

iLe JN 

[JN c (MNJ) 

UeAB 

[AB c (ABC)' 

Nhu vay L la dilm chung thfl nhit 
cua hai mat phing (MNJ) vi (ABC). 

GqiP = JL n AD,Q = PM n AC. 

\QePM 

[PM c (MA f̂i) 

\Qe AC 

[AC c (ABC)" 

nen Q la dilm chung thfl hai cfla (MNJ) va (ABC). 

vay LQ = (ABC) n (MNJ). 

2.2. a) Ta cd ngay S, M la hai dilm chung cfla 
(SBM) va (SCD) ntn (SBM) n (SCD) = SM 
(h,2.21). 
b) M la dilm chung thfl nhit efla (AMB) va (SCD). 

Ggi 1 = AB n CD. 

Tacd: 7G Afi =>7G(AfiM). 

Mat khae leCD^lG (SCD) 

ntn (ABM) n (SCD) = IM. 

c)GoiJ = IM n SC. Tacd: /G S C = > / G (SAC) 

va / G 7M => / G (ABM). Hiin nhidn A G (SAC) 

vi Ae (ABM), vay (SAC) n (AfiAf) = A7. 

2.3. a) Ggi Â  = D/i: n AC ; M = Dy n BC (h.2.22). 
Ta cd (D/70 n (AfiC) = MN ^MNcz (ABC). 

Vi L = (AfiC) n 77i: ndn dl thiy L = JK n MN. 

Hinh 2.20 

83 

www.truongbachviet.com

file:///QePM


b) Ta cd 7 la mdt dilm chung cfla (ABC) vi (UK) 

Mat khae vi L = MN n JK ma 
MN c (ABC) va JK c (7770 nen L la 
dilm chung thfl hai cfla (ABC) va 
(UK), suy ra (UK) n (ABC) = IL. 

Ggi E = IL n AC; F = EK n CD. Li 
luan tuong tu ta cd EF = (7/70 n (ACD). 
Nd'i FJ cit BD tai fi ; fi la mdt giao 
dilm (UK) va (BCD). 

Ta cd fiT^ = (UK) n (BCD) 

valP = (ABD) n(lJK). 

2.4. Nhdn xet. Trtn hinh ve 2.23 khdng cd 
sin dudng thing nao cfla mat phing 
(MNK) cit AD. Ta xet mat phing chfla 
AD ching han (ACD) rdi tim giao 
tuyd'n A cfla (ACD) vdi (MNK). Sau 
dd tim giao dilm 7 cfla A va AD, I 
chfnh la giao dilm phai tim. 

Ggi L = NK n CD. 

TacdL G NK => Le (MNK) 
Le CD ^ Le (ACD) 

ntn ML = (ACD) n (MNK) = A. 
AnAD = l ^ 1 = (MNK) n AD. 

2.5. Ta lin lugt tim giao dilm cfla mat 
phing (MNP) vdi cac dudng thing 
chfla cac canh cfla hinh chdp (h.2.24). 
Goi I = MN n SB. 

Tacd 
[ 7GMA^ 

[MN C (MA f̂i) • 
le(MNP). 

Vay 7 = Sfi n (MA^fi). 

Tfl dd, lam tucmg tu ta tim dugc giao 
dilm cfla (MNP) vdi cac canh cdn lai. 
Cu thi: 

Hinh 2.22 
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Ggi J = IP n SC, ta c6 J = SC n (MNP). 

Ggi E = NP n CD, ta ed £ = CD n (MA f̂i) 

Ggi K = JE n SD, ta c6 K = SD n (MNP). 

2.6. Ggi O = AC n fiD ; 

K = SO n AM; 

L = BDnAN; 

P = KL n SD (h.2.25). 

Ta CO P = SD n (AMN). 

Nhdn xet. Trong each giai tren, ta liy 
(SBD) la mat phing chfla SD, rdi tim 
giao tuye'n efla (SBD) vdi (AMA )̂. Tfl 
dd tim giao dilm cfla giao tuyin nay 
va SD. 

2.7. Ta cd 7 = Dfi n AB 
DE c (DEF) => 7 G (DEF) 

AB c (ABC) ^ le (ABC) (h.2.26). 

Lf luan tuong tu thi J, K cung lin lugt 
thudc vl hai mat phing tren nen 7, / , K 
thudc vl giao tuyin cfla (ABC) va 
(DEF) ntn I, J, K thing hang. 

2.8. a) 7, A', fi' la ba dilm chung cua hai 
mat phing (OAB) va (P) ntn chflng 
thing hang (h.2.27). 
b) 7, / , K la ba dilm chung cfla hai 
mat phing (ABC) va (A'B'C) ntn 
chflng thing hang. 

2.9. Hudng ddn 
a) S, I, J, G la dilm chung efla (SAE) va (SBD) 

b) S, K, L la dilm chung cfla (SAB) va (SDE). 

Hinh 2.25 

Hinh 2.27 
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§2. HAI DUONG THANG CHEO NHAU 
VA HAI DUONG THANG SONG SONG 

2.10. a) (h.2.28). 

rSG(SAC) 
Tacd:<^ ^Se(SAC)n(SBD). 

\Se(SBD) 

\0e (SAC) 

\Oe(SBD) 
Giasd-.AC n BD = 0 • 

^Oe(SAC)r^(SBD) 

^(SAC)n(SBD) = SO. 

b) Ta cd : J ^ ^ S G (SAB) n (SCD). Hinh 2.28 
IsG (SCD) 

Ta lai cd 

AB c (SAB) 

CD c (SCD) =^ (SAB) n (SCD) = Sx va Sx // AB II CD. 

ABIICD 

c) Lap luan tuong tu cau b) ta cd (SAD) n (SBC) = Sy va Sy II AD II BC. 

2.11. 
MeAB 

MN c (ABC) (h.2.29). 
[Â G AC 

Trong tam giac ABC ta cd : 
AM AN 

^MNIIBC. 
AB AC 

Hiln nhien De (DBC)n(DMN) 

BC c (DBC) 

MN c (DMA )̂ 

BCIIMN 

(DBC) n (DMA )̂ = Dx va Dx // BC II MN. 

2.12. a) 
\Me(MU) 

[MeAD^Me(ABD) 
Me(MU)n(ABD) (h.2.30) 
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Ta cung cd 
UIIAB 

U c (MU) 

AB c (ABD). 

=> (MU) n (ABD) =d = Mt 

viMtllABIIU. 

b) Tacd Mr//Afi ^ Mt n BD = N 

. [Ke IN 
IN r\JM = K^ \ 

[KeJM. 

Nl K e IN ^ K e (BCD) 

vi Ke JM ^ Ke (ACD). 

Hinh 2.30 

Mat khae (BCD) n (ACD) = CD do do K e CD. Do vay K nim tren hai nfla 
dudng thing Cm vi Dn thudc dudng thing CD. (Di y ring nlu M la trung 
dilm cua AD thi se khdng cd dilm Â .) 

[Ke (ABK) 
c)Taed:<^ ^ Ke(ABK)n(MIJ) 

{KelN^Ke(MIJ) 

ma < 

AB c (AfiTiT) 

U c (MIJ) =^ (ABK) n (MU) = Kx vi Kx II AB IIU. 

ABIIU 

2.13. Trong tam giac ABC (h.2.31) ta cd : 
AC 

MPIIACviMP=-^-

QNIIACviQN = 

Tfl dd suy ra 

B 

Trong tam giac ACD ta cd : 

AC_ 
2 ' 

\MP HQN 

[MP = QN 

=^ tfl giac MfiA^e la hinh binh hanh. 

Do vay hai dudng cheo MN va PQ cit nhau tai trung dilm O cua mdi dudng. 

M 

P 

\ 
^/? 

/ y 

/^ -̂  
/ v "̂  

>^f 

^ ^^ 
p / ' 
>>, 

'5 \ 
\ 

n 

N 

D 

C 

Hinh 2.31 
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Tuong tu : PR II QS va PR = QS = AB 

Do dd tfl giac PRQS la hinh binh hanh. 

Suy ra hai dudng cheo 7?S va PQ cit nhau tai trung dilm O cfla PQ vi 
OR = OS. 

vay ba doan thing MN, PQ va 7?S cit nhau tai trung dilm mdi doan. 

2.14. Ggi K trung dilm cfla AB (h.2.32). 
Vi 7 la trgng tam cfla tam giac ABC ndn 
7 G KC va vi J la trgng tam cfla tam giac 
ABD ndn J e KD. 

Kl KJ I 
Tu do suy ra = = — 

KC KD 3 

UIICD. 

vay 

2.15. a) (h.2.33). 
Ta cd : 7 G (SAD) => 7 G (SAD) n (7fiC). 

ADIIBC 

AD c (SAD) ^ (SAD) n (IBC) = PQ 

BC c (7fiC) 

viPQII ADJIBC. (1) 

Tuong tu : 7 G (SBC) ̂  Je (SBC) n (JAD) 

ADIIBC 

Vay j AD c (JAD) ^ (JAD) n (SBC) = MN 

BC c (SBC) 

vaMN IIBC HAD. (2) 

Tfl (1) va (2) suy ra PQ II MN. 

b) Ta cd : 

'.Ee(AMND) 

Ee(PBCQ) 
E = AM n BP 

F = DN nCQ 
\F e (AMND) 

[Fe(PBCQ). Hinh 2.33 
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Do do :EF = (AMND) n (PBCQ). 

^ ^ I AD // BC ^^ ^^ ^^ ^ ^^ ^^ 1^ ^^ II 

[MNIIPQ ^ 

TinhEF-.CP n EF = K ^ EF = EK + KF 

EK ^PE 
BC~ PB 

EKII BC i^^:L_ (*) 

PMIIAB^^ = ^ 
EB AB 

, , . PM SP 2 PE 2 
Ma = — = — suy ra = — • 

AB SA 3 EB 3 
EK PE 

Tfl(*) suyra = = 
PE I I 

BC PB PE + EB ^ ^ EB 
PE 

2 
Tuong tu ta tfnh dugc TiTF = -a. 

vay :£F= -a + -b= -(a + b).' 
•^ 5 5 5 

. 4 5 
2 

2 2 
EK= -BC = -b. 

5 5 

§3. DUONG THANG VA MAT PHANG SONG SONG 

2.16, Ggi 7 la trung dilm CD (h.2.34). 

Vi GJ la trgng tam cfla tam giac ACD ndn Gj G A7. 

Vl G2 la ttgng tam cfla tam giac BCD ndn G2 G fi7. 

Tacd 

7Gi 

7A 

7G2 

1 

3 

1 

7Gi _ 7G2 
IA'IB' ^GiG2llAB. 

I 7fi 3 

AB c (ABC) => G1G2 II (ABC) 

vaAfi c (ABD) => G1G2 // (ABD). 
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2,17, a) Ta cd : 00' II DF (dudng trung binh cfla tam giac BDE) (h.2.35). 

ViDF c (AD7 )̂ ^ 00'II (ADF). 

Tuong tu 00' II EC (dudng tmng binh cfla tam giac AEC). 

Vi EC c (BCE) ntn 00' II (BCE). 

h) Ggi 7 la trung dilm cfla AB ; 

Vi M la trgng tam cfla tam giac ABD ntn M e DI. 

Vi Â  la trgng tam cfla tam giac ABE ntn N e EI. 

Tacd 

Ma 

IM_ 

ID 

IN_ 

[IE ' 

CDIIAB 

CD = AB 

EFIIAB 

EF = AB 

l_ 

3 

l_ 

3 

IM 

ID 

1N_ 

IE 
•MNJIDE 

ntn CD II EF va CD = EF, suy ra 
tfl giac CDFE la hinh binh hanh. 

[MNIIDE 

[DEC (CEF) 
MNH (CEF). 

2.18, a) Dl thiy S la mdt dilm chung cfla 
hai mat phing (SAD) va (SBC) (h.2.36). 

'AD(Z(SAD) 

Ta cd : • fiC c (SBC) 

ADIIBC 

^(SAD)n(SBC) =Sx 

vaSx II ADIIBC. 

h) Taco-.MN IIIA II CD 

AM IN I 

AD ~TC~^ Hinh 2.36 
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ma — = - (G la trgng tam cfla ASAB) ndn ^ = — = - ^GNHSC 

SC cz (SCD) ^ GN 1/(SCD). 

c) Gia sfl IM cit CD tai K^SKa (SCD) 

MN IN__}_ IM _ I 
C~ 3^ IK ~ 3 

GMIISK =>GMII(SCD). 

MNH CD ^ 
CK 

Ta cd : • 

T G I 
7S ~ 3 _ 
7 M _ 1 ^ 

.77i: ~3 

2,19, a) Ggi 77 la trung dilm cua SC (h.2.37) 
D G _ 2 
D77~3 

OD OA AD 

Tacd (1) 

BCH AD = 2 
OB OC BC 

^0D = 20B 

OD 2 
=> = - • (2) 

fiD 3 

Tfl (1) va (2) => ^ = — ^ OG //fi77. 
DH BD 

BH c (SBC) => OGIKSBC). 

Hinh 2.37 

AD 
h) Ggi M' la trung dilm cfla SA => MM' II AD va MM' = ^ ^ - Mat khae vi 

AD 
BC HADvi BC = nen BC // MM' vi BC = MM'. 

2 

Do dd tfl giac BCMM' la hinh binh hanh => CM II BM' ma fiM' c (SAB) 

^CMH(SAB). 
OC 1 OC 1 3 C7 1 

c)Tacd: = - nen = - • MatkhacviSC= -S7nen — = -
' OA 2 CA 3 • 2 CS 3 
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2,20, a) 

CA CS 

01 c (fi7D) => SA II (BID). 

[(a)IIAB 

[AB c (ABC) 

^ (a) n (ABC) = MN va MN // AB. 

Taco Ne (BCD) (h.2.3%) 

. \(a)IICD 
va < 

[CD c (BCD) 

ntn (a) n (BCD) = NP va Â fi // CD. 

Tacd Pe(ABD) 

\(a)IIAB 

[AB C (ABD) 
vas _ nen(or)n(AfiD) = fiG vafiG//Afi. 

rgG (ACD) 
nen (a)n(ACD) = Mg va MQ // CD. 

[(a)//CD 

Do dd MN II PQ va Â fi // MQ. Vay tfl giac MA f̂iQ la hinh binh hanh. 

b) Ta CO : MP n NQ = O. Ggi 7 la trung dilm cfla CD. 

Trong tam giac ACD cd : MQ // CD => A7 cit Mg tai trung dilm E ciia MQ. 

Trong tam giac BCD cd : Â fi // CD =>Bl cit Â fi tai tinng dilm F ciia NP. 

\EFIIMN • 

[Ola trung dilm fi^T^. 

EFIIMN^EFHAB. 

Trong AAfi7 ta cd EF II AB suy ra : 70 cit AB tai trung dilm J 

==>l,0,J thing hang 

=:> O e U cd dinh. 

Vi M di ddng tren doan AC ntn O chay trong doan 77. Vay tap hgp cac dilm 
O la doan 77. 

Vi MA f̂ig la hinh binh hanh nin ta cd 
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2.21, a)ViMG (SAfi) (h.2.39) 

va I ̂ ^^" ^^ ne n {a) n (SAB) = MÂ  va MÂ  // SA 
[SA(Z(SAB) 

Vi Ne(SBC) 

\(a)IIBC 
va [BC C (SBC) 

viNPIIBC (1) 

| / ' ,ge(or) 

lfi,gG(SCD) 

gG CD =>gG (AfiCD) 

{(a) IIBC 

ntn(a)n(SBC) = NP 

(a)n(SCD) = PQ. 

Hinh 2.39 

va ne n (or) o (ABCD) = gM 
[BC c (ABCD) 

viQMHBC (2) 

Tfl (1) va (2) suy ra tfl giac MNPQ la hinh thang. 

Se(SAB)n(SCD). 

AB c (SAB), CD c (SCD) => (SAB) n (SCD) = Sx va Sx // ABH CD. 

ABIICD ^ 

[leMN 

[lePQ. 

MN c (SAB) =» 7 G (SAfi), fig c (SCD) ^ 7 G (SCD) 

^le (SAB)n(SCD) => 7G SX. 

(SAB) va (SCD) cd dinh => Sx cd dinh =:>7 thudc Sx cd dinh. 

b) Ta cd: 

MNnPQ = l 

§4. HAI MAT PHANG SONG SONG 

2.22. Ggi 7,7 va A" lin iugt la ttiing dilm cfla cac canh BC, CD va BD. 
Theo tfnh chit ttgng tam cfla tam giac ta cd : 
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AG, AG2 _AG^ _2 

' AI AJ AK 3 

=> G1G2 // 77 (h.2.40). 

77 c (BCD) => G1G2 // (BCD). 

Tuang tu ta cd G2G3 // (BCD). 

GiG 2, G2G3 c (GJG2G3) 

^ (GiG2G^)II(BCD). 

AxHDt 1 
2.23. a) Ta cd : ^ \ 

Dtc:(Cz,Dt)\ 

=> Ax//(Cz, DO (h.2.41). 

^"•^" UABHCD,). 
CDci(Cz,Dt)\ 

T\iAx,ABa (Ax, By) suy ra (Ax, fij) // (Cz, Dt). 

Tucmg tu tacd (Ax, DO II (By,Cz). 

'(a)r\(Ax,By) = A'B' 

(a)n(Cz,Dt) = C'D' ^A'B'HCD' (1) 

(Ax,By)H(Cz,Dt) 
b) 

(a)n(Ax,Dt) = A'D' 

(a)n(By,Cz) = B'C' 

(Ax,Dt)H(By,Cz) 

A'D'H B'C. (2) 

Tfl (1) va (2) suy ra tfl giac A'B'C'D' la hinh binh hanh. 

c) Ggi O, O' lin lugt la tam cac hinh binh hanh ABCD, A'B'C'D'. Dt thiy 00' 
AA' + CC' 

la dudng trung binh cfla hinh thang AA'CC, suy ra 00' = 

Tuong tu ta ed : 00' = 
BB' + DD' AA' + CC = BB' + DD'. 
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'j'yA . ADHBC 
^•^^- ^M n^ ^ ADII (BCE) 

[BC c (BCE) 

>AFII(BCE) 
{AFIIBE 

[BE c (BCE) 

Ma AD, Afi c (ADF) 
ntn (ADF) II (BCE) (h.2.42). 

b) Vi ABCD va ABEF la cac hinh 
vudng nen AC = BF. Ta cd : 

AM' AM 
Hinh 2.42 

MM'II CD 

NN'IIAB 

AD AC 

AN' _ BN 

AF ~~BF 

(1) 

(2) 

Sosanh(l)va(2)tadugc 
AM' AN' 

=> M'N'HDF. 

EF II (MM'N'N). 

AD AF 

c) Tfl chung minh tren suy ra DF II (MM'N'N) 

NN'HAB^NN'IIEF] 

NN' c (MM'N'N) J 

Ma DF, EF c (DEF) ntn (DEF) // (MM'N'N). 

Vi MN c (MM'N'N) vi (MM'N'N) H (DEF) ntn MN II (DEF). 

2.25. a) Ta cd 77' // BB' va IF = BB'. 

Mat khae AA'II BB' viAA'= BB'ntn: 

AA'//77'vaAA'= 77' 

=> AA 77 la hinh binh hanh 

=> A7//A'7'(h.2.43). 

\Ae(AB'C') 

\Ae(AAl'l) 

^Ae(AB'C')r^(AAl'l). 

^ ^ ^ ^ ^ ' ^ ^ { 7 ' G ( ! ^ ' 7 ' 7 ) = " ' ' ^ ( ^ ' ^ ' > ' Hinh2.43 

h) Ta cd : 
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=> 7'G (AB'O n (AA'7'7) ^ (AB'C) n (AA'7'7) =A7'. 

Dat A7 'nA7 = fi. Tacd: ^^^^^ , .^£e(A5 'C ' ) . 

vay E la giao dilm cfla A 7 va mat phing (AB'C). 

\M G (AB'C) 

[M G (ABC). 

\N e (AB'C) 

[N e (ABC). 

Vay (AB'O n (A'BC)=MN. 

c)Tacd:A'fi n Afi' = M = 

Tuong tu: AC n A'C = Â  

b) Ta cd: 

2.26. a) Ta cd tfl giac AA'CC la hinh binh 
hanh (h.2.44) suy ra A'C cit AC tai 
trung dilm 7 cfla mdi dudng. 

Do dd 777 // CB' (dudng trung binh cfla 
tam giac CB'A'). 

Mat khae 777 c (A77C0 ndn CB // (A77C0. 

fAG(AS'G') 

lAG(AfiC) 

A la dilm chung cfla (AB'C) va (ABC), 

B'C IIBC 

B'C cz (AB'C) 

BC c (ABC) 

ntn (AB'O n (ABC) = AxvaAxHBCHB'C-

1.11. Trong mat phing (ADF), ke dudng 
thing Mfi//D7=^(fiG AF). 

™ , AP AM BN 
Ta CO = = (h 2 45i 

fiT^' MD NE ^ ^ ^ ^ 

ndn fiA^ // FE. Do dd (MA f̂i) // (DEF). 

vay MN song song vdi mat phing ^ 

ma < 

(DEF) c6 dinh. 
Hinh 2.45 
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2.28. a) Trudng hgp I. 

7 thudc doan AO t O < x < - ) 
2 

Khidd7dvitri 7j (h.2.46). 

Tacd :(«)//(SfiD) 

^ [(a)IIBD 

^ [(a)HSO 

Vl (o) // BD ntn (or) cit 
(ABD) theo giao tuydn 
MjA/̂ j (qua 7j) song 

song vdi BD. 

Tuong tu (or) // SO ntn 
(or) cit (SOA) theo giao 
tuye'n Sj7j song song 

vdi SO. 

Hinh 2.46 \ 

Ta cd thie't dien trong trudng hgp nay la tam giac SjMjA ĵ. 

Nhdn xet. Di thiy ring SjMj HSB vi SjÂ j HSD. Lfle dd tam giac SjMjNj diu. 

Trudng hgp 2.1 thudc doan OC (— < x < a) 

Khi dd 7 d vi tri 72- Tuong tu nhu trudng hgp 1 ta cd thie't dien la tam giac diu 

S2M2N2 CO M2N2 H BD, S2M2 H SB, S2N2 H SD. 

Trudng hgp 3.1 = 0: Thiet dien chfnh la tam giac diu SBD. 

b) Ta lin lugt tim dien tich thiit dien ttong cac trudng hgp 1,2,3. 

Trudng hgp 1. 7 thude doan AO (0 < x < —) 

\MINI 

^SBD 

'M jAf j^ 

I BD J 

2 r2xf 
[ a ] 

4x^ ^ 4x^ b^S 
\MINI ^2 ^SBD ^2 4 -

7.BT.HINHHOC11(C)-A 

6VV3 
a^ 
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a Trudng hgp 2.1 thudc doan OC (— <x<a) 
2 

\M^N^ _ f ^ 2 ^ 2 ^ 

^SBD BD 
2(a-x) 

\M2N2 - ^2 ^^ -̂ ^ 
4 , O b^y/3 b^S 

(a-xY 

Trudng hgp 3.1 =0 

. b'S 
''SBD 

T6mlaiS^^..-^^..^ 

b\^S 
a 

4 

b'S 
a 

nd'u 0 < X < — 
2 

neu X = — 
2 

, (a-x) neu —<x<a. 
2 2 

c) D6 thi cfla ham sd S theo biln x nhu sau 

Hinh 2.47 

^ ^ y ^thie't dien ^^ ^^^ ^^ va chi khi X = a 
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2.29. Vl (a)H(P)H(Y) ntn - ^ = ^ 
AB BC 

Mat khae ta cd 

AB BC AB + BC_^AC_ (j^2.48). 
AB' B'C A'B'+ B'C A'C 

„ .,_, AC.AB 18.5 
Suy ra : A fi = = = 10. 

AC 9 
vay A'fi'= 10 va B'C = 

vay fi'C'= 8. 

ACBC 18.4 

AC 
= 8. 

2.30. Qua 7 ke dudng thing song song 
vdi CD cit AC tai 77, ta cd : 

— = —(h.2.49). 
77C 7D 

^, , ^ . 7A 7fi 
Mat khae -^— = — 

7D 7C 
77A 7fi 

Hinh 2.48 

Hinh 2.49 

nen 
77C 7C 

Suyra 777//Afi. 
Nhu vay mat phing (7777) song song 
vdi AB va CD. 

Ggi (or) la mat phing qua AB vi song song vdi CD, ta cd 

{(a)ll(lJH) 
\ ^U (a). 
[U c (7777) 

Vay 77 song song vdi mat phing (or) cd dinh. 

2.31. a) Ggi (P la mat phing xac dinh bdi hai dudng thing AB va Ax. 

Do Ax // (or) ndn (P se cit (or) theo giao tuyd'n Bx' song song vdi Ax (h.2.50). 

Ta cd M' la dilm chung cfla (or) va (P ndn M' thudc Bx'. 

Khi M trflng A thi M' trung B ndn tap hgp M' la tia Bx'. 
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b) Ta cd tfl giac ABM'M la hinh binh 
hanh nen BM' = AM = BN. 

Tam giac fiM'A^ can tai B. 

Suy ra trung dilm 7 cfla canh day NM' 
thudc phan giac trong Bt cfla gdc B 
trong tam giac can BNM'. Dl thiy ring 
Bt cd dinh. 

Ggi O la trung diem cfla AB. Trong mat 
phing (AB, Bt), tfl giac Ofi77 la hinh binh 

hanh nen 77 = BO. Do dd 7 la anh cfla 7 

trong phep tinh tiln theo vecto BO. Vay 
tap hgp 7 la tia Of song song vdi Bt. 

Hinh 2.50 

§5. PHEP CHIEU SONG SONG. 
HINH BIEU D I I N CUA MOT HINH KHONG GIAN 

2.32. Gia sfl a va Z? la hai dudng thing cheo 
nhau cd hinh ehilu la a' va b'. Nlu mat 
phing (a, a') va mat phing (b, b') song 
song vdi nhau thi a'11 b'. Vay hinh ehilu 
song song cfla hai dudng thing cheo 
nhau cd thi song song (h.2.51). 

Nlu a va ft la hai dudng thing cit nhau 
tai O va hinh ehilu cfla O la O' thi O'e a' 
va O' G b' tflc la a' va b' cd dilm chung. 
vay hinh chid'u song song cfla hai dudng 
thing cit nhau khdng thi song song dugc. 

2.33. Cho tam giac ABC bit ki nim trong 
mat phing (a). Ggi (P la mat phing qua 
BC va khae vdi (or). Trong (P ta ve tam 
giac diu BCD. Vay ta cd thi xem tam 
giac ABC cho trudc la hinh chid'u song 
song cua tam giac diu DBC theo phuong 
chie'u DA Itn mat phing (or) (h.2.52). 

Hinh 2.51 

Hinh 2.52 
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2.34. Vdi hinh luc giac diu ABCDEF ta nhan thay : 

- Tfl giac OABC la hinh binh hanh (vfla la hinh thoi); 

- Cac dilm D, E, F lin luot la cac dilm dd'i xflng cua cac dilm A, B, C qua 
tam O (h.2.53). 

A^ ^ B 

Hinh 2.54 

Tfl dd ta suy ra each ve hinh bilu diln cfla luc giac diu ABCDEF nhu sau : 

- Ve hinh binh hanh O'A'B'C bilu didn cho hinh binh hanh OABC. 

- Liy cic dilm D', E', F' lin luot dd'i xflng cfla A', B', C qua tam O', ta duoc 
hinh bilu diln A'B'CD'E'F' cfla hinh luc giac diu ABCDEF (h.2.54). 

Chu. y. Ta cd thi ve hinh bilu diln hinh luc giac diu dua ttdn si; phan tfch sau 
day d hinh thuc ABCDEF (h.2.53): 

- Tfl giac AfiDfi la hinh chu nhat; , --.̂  

- Ggi 7 la trung dilm cfla canh AE va 77 la trung dilm cfla canh BD ; 

- Cac dilm F va C dd'i xflng cfla O lin lugt qua 7 va 77. 

Tfl dd ta cd each ve sau day : 

- Ve hinh binh hanh 
A'B'D'E' bilu didn cho hinh 
chu nhat AfiDfi. 

- Ggi 7' va 77' lan lugt la 
trung dilm cfla A'£" va B'D'. 

- Liy E' dd'i xflng vdi O' qua 
7' va C dd'i xflng vdi O' qua 
77', ta dugc hinh bilu diln 
A'B'CD'E'F' cfla hinh luc 
giac diu (h.2.55). 

Hinh 2.55 
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2.35. Gia sfl trdn hinh thuc ta cd dudng trdn tam O cflng vdi hai dudng kfnh vudng 
gdc cfla dudng trdn dd la AB va CD (h.2.56). Nd'u ta ve them mdt day cung EF 
song song vdi AB thi dudng kfnh CD se di qua trung dilm 7 cfla doan EF. Tfl 
dd ta suy ra each ve sau day : 

a) Ve hinh elip bilu diln cho dudng 
trdn va ve dudng kfnh A'B' ciia hinh 
elip dd. Dudng kfnh nay di qua tam O' 
cfla elip. 

b) Ve mdt day cung E'F' song song vdi 
dudng kfnh A'B'. Ggi 7' la trung dilm 
cfla E'F'. Dudng thing 07 ' cit elip tai 
hai dilm C va D'. Ta cd A'fi' va CD' la 
hinh bilu diln cua hai dudng kfnh 
vudng gdc vdi nhau cfla dudng trdn 
(h.2.57) 

Nhdn xet. Hinh binh hanh A'C'B'D' la 
hinh bilu didn cfla hinh vudng ACBD 
ndi tid'p trong mdt dudng trdn. 

Hinh 2.57 

2.36. Cho tfl didn ABCD. Ggi d la mdt dudng 
thing khdng song song vdi cac canh cfla 
tfl didn va (or) la mdt mat phing cit d. 
Ggi A, B', C, D' lin lugt la hinh chid'u 
cfla A, B, C, D ttdn mat phing (or). Ggi P 
vi Q lan lugt la trung dilm cfla hai canh 
dd'i dien AB va CD. Khi dd hinh ehilu P' 
va g ' cfla fi va g se lin lugt la trung 
dilm cfla A'fi'va CD'. 

Mud'n cho A', fi', C, D' la cac dinh cfla 
mdt hinh binh hanh ta chi cin chgn 
phucmg chie'u d sao cho d song song 
vdi dudng thing fig (h.2.58). 

vay dl hinh chid'u song song cfla mdt tfl 
didn la mdt hinh binh hanh ta cd thi chon : 

:-jD' 

Hinh 2.58 

- Phuong chid'u d la phuong cfla mdt trong ba dudng thing di qua trung dilm 
cua hai canh dd'i didn cua tfl dien cho trudc ; 

- Mat phing chiiu (or) la mat phing tuy y, nhung phai cit dudng thing d. 
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CAU HOI VA BAI TAP 6 N TAP CHl/ONG II 

2.37. a) CC'HBB' => MCC w A7fifi' (h.2.59) 

IB BE' _h 
^ Ic" CC'~ c 

CC'HAA' => UCC w A7AA' 

7C CC c 
=> = 7 = - -

7A AA a 

A'AIIBB' ^ ^KAA'<fi AKBB' 

KA AA' a 
^ KB~ BB'~b 

^ ^. IB JC KA b c a , 
Dodo: = = 1 

IC JA KB cab 
b) Ggi 77 va 77' lin lugt la trung dilm 
cac canh BC vi B'C. Vi 7777' la dudng 
trung binh cfla hinh thang BB'C'C ndn 
HH'IIBB'. 

Mafifi'//AA'suyra HH'HAA'. 

Hinh 2.59 

AH "̂  
Tacd:GG A77vaG'G A'77'vatacd: <̂  , , ^ 

^ AG' 2 

AG 2 

AA'HGG'HHH'. 

AH' 

c) AH' n GG'= 1^ => GG'= G'M + MG 

Ta cd : G'M // AA' => A77'G'M co A77A A 

G'M H'G' I 1 1 
, , - -^G'M=-AA' = -a 

AA' H'A 3 3 3 

MGHHH'^ AAMG^ AAH'H 

HH' AH 3 3 
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Mat khae 7777' la dudng trung binh eua hinh thang BB'C'C ntn 

HH' = 
BB' + CC b + c 

MG = \HH' = ̂ .^^=^-(b + c). 
3 3 2 3 

Dodd :GG' = G'M + MG= -a + -(b + c) = -(a + b + c) 
3 3 3 

Vay GG'=-(a + b + c). 

2.38. a) MB' qua M va song song vdi (ABC) vi (ABD) => MB' song song vdi giao 
tuyd'n AB cfla hai mat phang nay. Ta cd : MB' II AB ntn MB' va AB xac dinh 
mdt mat phing. Gia sfl Mfi cit Afi'tai 7 (h.2.60) 

Ta cd : 7 G fiM ^ 7 G (BCD) 

le AB' ^ le (ACD) 

z^ le (BCD) n (ACD) = CD 

^ le CD. 

vay ba dudng thing AB', BM va CD ddng quy tai 7. 

h)MB'HAB^^ = l^. 
AB IB 

Ke MM' 1 CD va fi77 1 CD. 

IM MM' 
Ta CO-.MM'II BH 

Mat khae : 

7fi fi77 

1 
dt(AMCD) = -CD.MM' 

dt(ABCD) = -CD.BH 

dt(AMCD)_2^^-^^' MM' 
dt(ABCD) l ^ ^ g ^ ~ fi77 ' 

Do dd • ^^' = ^^ ^ ^^' - dt(^MCD) MB' ^ dt(bMCD) 
AB~ IB~ BH ~ dt(NBCD) '^ AB ~ dt(NBCD) 
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c) Tuong tu ta cd 

vay 

MC' _ dt(AMBD) 
CA ~ dt(ABCD) 

MD' dt(AMBC) 
DA~ dt(/SBCD) 

MB' MC' MD' dt(AMCD) dt(AMBD) dt(AMBC) 

AB CA 
• + + - - + -DA dt(ABCD) dt(NBCD) dt(NBCD) 

dt(AMCD) + dt(NMBD) + dt(NMBC) 

dt(ABCD) 
dt(ABCD) 

dt(ABCD) 

= 1. 

2.39. a) Ggi M va M' tuong flng la tmng dilm 
cua AC va A 'C', ta cd : y 
le BM,Ge C'M,Ke fi'M'(h.2.61). 

Theo tinh chit trgng tam cua tam giac ta cd : 

M7 _ MG ^ 1 
MB ~ MC ~ 3 

IG II BC; 

Ml M'K I . , . , . , ., __, 
= - vaMM II BB 

3 MB M'B' 
IKIIBB'. 

Tacd 
[IGIIBC 

IG II (BB'C'C) 

IK II (BB'C'C). 

[BC (Z (BB'C'C) 

ilKIIBB' 

[BB' ^(BB'C'C) 

Mat khae 7G va 77«: c (7G70 ndn (IGK) // (BB'C'C). 

b) Ggi EviF tuong ung la trung dilm efla BC va B'C,^ O trung diem cua A'C. 

A, 7, E thing hang nen (A7fi0 chfnh la (AfifiO. A', G, C thing hang nen (A'GK) 
chfnhla(A'Cfi'). 

Ta cd B'E II Cfi'Jdo B'FCE la hinh binh hanh) va Afi //A'fi nen (A7fiO // (A'GK). 

2.40. a) Ta cd mat phing (AA', DD') song song vdi mat phing (BB', CC). Mat 
phing (MNP) cit hai mat phing ndi trdn theo hai giao tuyin song song. 
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Nd'u ggi g la diem trdn canh 
BB' sao cho Â g // PM thi g la 
giao dilm cfla dudng thing BB' 
vdi mat phing (MA f̂i) (h.2.62). 

Nhdn xet. Ta cd thi tim dilm ^ 
g bing each ndi P vdi trung 
dilm 7 cfla doan MÂ  va dfldng 
thing fi7 cit BB' tai g. 

b) Vi mat phing (AA', BB') 
song song vdi mat phing 
(DD', CC) ndn ta cd Mg // fiA^. 
Do dd mat phing (MNP) cit 
hinh hop theo thid't didn 
MPNQ la mdt hinh binh hanh. 

c) Gia sfl P khdng phai la trung dilm cua doan DD'. Ggi 77 = fiA^ n DC, 
K = MP n AD. Ta cd i7 = 777sr la giao tuyd'n cua mat phing (MNP) vdi mat 
phing (ABCD) cua hinh hop. Chfl y ring giao dilm E = AB r\ MQ cung nim 
trdn giao tuyd'n d ndi ttdn. Khi P la trung dilm cfla DD' mat phing (MNP) song 
song vdi mat phing (ABCD). 

Hinh 2.62 

2.41. a) Ve MP song song vdi AC va cit CD tai P. 

AM CP^ CN 

PD 
Tacd 

MD PD NC 

Do dd PN II DC II AB' (h.2.63) 

Dudng thing MÂ  thudc mat 
phing (MNP) vi mat phing 
nay cd MP II AC vi PN II AB'. 
vay mat phing (MNP) song 
song vdi mat phing (ACB') va 
doddMA^//(ACfiO. 

b) Vi mat phing (MNP) song 
song vdi mat phing (ACB') ntn 
hai mat phing dd cit cac mat 
bdn cua hinh hop theo cac giao 
tuyd'n song song. 

A M 
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Ta ve A ĝ // CB', QR II CA' (II CA), RS II AB' (II PN) vi tit nhidn SM II QN. 
Thid't didn cua hinh hdp cit bdi mat phing di qua MÂ  va song song vdi mat 
phang (ACB') la hinh luc giac MPNQRS cd cac canh ddi didn song song vdi 
nhau tflng ddi mdt: MP II RQ, PN II SR, NQ II MS. 

2.42. a) Hinh binh hanh ACCA' cd hai 
dudng^cheo la AC vi A'C eit nhau tai 
trung dilm M cfla mdi dudng. Tuong tu, 
hai dudng cheo BD' vi B'D cit nhau tai 
trung dilm Â  cua mdi dudng (h.2.64). 

b) Trung dilm E ciia AC la hinh chid'u 
cfla trung dilm M cfla AC theo phuong 
cua canh lang tru. Tuong tu, trung dilm 
F la hinh chid'u trung dilm Â  cfla dudng 
cheo BD' trdn BD. Ta cd EM II CC va 

CC 
EM = 

Mat khae FÂ  // DD' va FÂ  = DD' 
Tfl Hinh 2.64 

do ta suy ra tfl giac MA^FF la hinh binh 
hanh va ta cd MÂ  = EF. 

2.43. a) Mat phang (M, d) cit (or) theo giao 
tuye'n MjM2. Dilm.A cung thudc giao 

tuye'n dd. Vay dudng thing MjM2 ludn 

ludn di qua dilm A cd dinh (h.2.65). 

b) Mat phing (M, d) cit (P theo giao 
tuyin BM. Diim K thudc giao tuyen dd 
nen ba dilm K, B, M thing hang. 

c) Gia sfl b cit m tai 7 thi mat phang 
(Sj, b) ludn ludn cit (or) theo giao tuye'n 

7Mj. Do dd dilm Mj di ddng tren giao 

tuyd'n 7Mj cd dinh. Cdn khi M di ddng 

trdn b thi mat phing (S2, &) cit (a) theo 

giao tuyd'n 7M2. Do dd dilm M2 chay 

trdn giao tuyd'n 7M2 ed dinh. 
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2.44. Ta xac dinh thiit dien cua hinh lap phuong cit bdi cac mat phing sau : 
- Mat phing (EFB) : ta ve FG II AB va dugc thie't dien la hinh chfl nhat ABGF 
(h.2.66), G la trung dilm cfla CC 

D 
yMM^^ 
.^Ik 

A'l 
G 

D' c 

Hinh 2.66 

D 
/^^><S^\ 
/ ^ssssA 

^ ^ 
A'l 

• 
• 

y 
y 

/ 

/ 

t 

D' c 

Hinh 2.67 

Hinh 2.69 

- Mat phing (EEC) : Nd'i EC va ve EG II FC, ta dugc thid't didn la hinh thang 

ECFG (h.2.67) (AG = - AA 0. 
4 

- Mat phing (FFCO : Nd'i F C va ve EG II EC. Nd'i GC va ve F77 // GC. Ta 
dugc thid't didn la hinh ngu giac EGC'FH (h.2.68) 

(BG=-BB',AH=-AD). 
4 3 
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- Mat phing (EFK) vdi K la trung dilm cfla doan B'C. Liy trung diem E' ciia 
doan A'B'. Ta co I = EF n E'D'. Ta cd IK la giao tuyd'n efla hai mat phing 
(EFK) va (A'B'C'D'). Ggi G = lKn CD'. Nd'i F vdi G, ve F77 // FG. Nd'i K vdi 
H, ve FL II KH va nd'i L vdi E. Ta dugc thie't dien la hinh luc giac diu 
EHKGFL (h.2.69). 

(G, 77, L theo thfl tu la trung dilm cfla D'C, fi'fi, AD). 

CAU HOI TRAC NGHIEM 

2.45. (C) 2.46. (D) 2.47. (D) 2.48. (D) 2.49. (B) 

2.50. (C) 2.51. (A) 2.52. (D) ' 2.53. (C) 2.54. (B) 

2.55. (B) 2.56. (C) 2.57. (C) 2.58. (A) 2.59. (B) 

2.60. (C) 2.61. (B) 2.62. (C) 2.63. (B) 2.64. (B) 
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CHI/dlNC I I I . 

VECTO TRONG KHONG GIAN. 
QUAN HE VUONG GOC TRONG KHONG GIAN 

§1. VECTO TRONG KHONG GIAN 

A. CAC KIEN THLTC CAN N H 6 

I. CAC DINH NGHIA 

1. Vecta, gid vd dp ddi cda vecta 

• Vecta trong khong gian la mdt doan thing cd hfldng. 

Kf hidu AB chi vecto cd dilm diu A, dilm cud'i B. Vecto cdn dugc ki hidu la 

a, b,x,y,... 

• Gid cfla vecto la dudng thing di qua dilm diu va dilm cud'i cfla vecto dd. 
Hai vecto dugc ggi la ciing phuang nd'u gia cfla chflng song song hoac trung 
nhau. Ngugc lai hai vecto cd gia cit nhau dugc ggi la hai vecto khong cdng 
phuang. Hai vecto cflng phuong thi cd thi ciXng hudng hay ngugc hudng. 

• Do ddi cua vecta la dd dai cfla doan thing cd hai diu mflt la dilm diu va 
dilm cud'i cfla vecto dd. Vecto cd do dai bing 1 dugc ggi la vecta dan vi. Ta kf 

hidu dd dai cua vecto la |Afi|. Nhu vay lAfil = Afi. 

2. Hai vecta bdng nhau, vecta - khong 

• Hai vecto a vib dugc ggi la bdng nhau nd'u chflng cd cflng do dai va cflng 

hudng. Khi dd ta kf hidu d = h. 
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• "'Vecta - khong" la mdt vecto dac bidt cd dilm diu va dilm cud'i trflng nhau, 

nghia la vdi mgi dilm A tuy y ta cd AA = 0 va khi dd mgi dudng thing di qua 

dilm A diu chfla vecto AA. Do dd ta quy udc mgi vecto 0 diu bing nhau, cd 
dd dai bing 0 va cflng phuong, cung hudng vdi mgi vecto. Do dd ta vilt 

AA = BBv6i mgi dilm A, B tuy y. 

II. PHEP C O N G VA P H E P TRIT VECTO 

/. Dinh nghia 

• Cho hai vecto a vi b. Trong khdng gian la'y mdt dilm A tuy y, ve 

AB = a, BC = b. Vecto AC dugc ggi la tong cua hai vecto a va b, ddng thdi 

dugc kf hidu AC = Afi + fiC = 5 + &. 

• Vecto b la vecto dd'i cua a nd'u \b\ = \d\ va a, b ngugc hudng vdi nhau, 

kf hidu b =-d. 
—• ^ 

• a - b = a +(-b). 

2. Tinh chdt 

• d + b = b + d (tfnh chit giao hoan) 

• (d + l)) + c =d + (b + c) (tfnh chit kd't hgp) 

• d + 0 = 0 + d = a (tfnh chit cua vecto 0) 

• a' + (-d) = -a + a = 0. 

3. Cdc quy tdc cdn nhd khi tinh todn 

a) Quy tdc ba diem 

Vdi ba dilm A, B, C bit ki ta cd : 

'AB+'BC = 7^ 

fiC = AC-Afi (h.3.1). Hinh 3.1 
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b) Quy tdc hinh binh hdnh 

Vdi hinh binh hanh ABCD ta cd : 

AC = JB + JD (h.3.2). ^ 

c) Quy tdc hinh hop 

Cho hinh hdp ABCD.A'B'C'D' 
vdi AB, AD, AA' la ba canh cd 
chung dinh A va AC la dudng 
cheo (h.3.3), ta cd : 

'AC'=~AB+~AD+~AA'. 

d) Md rong quy tdc ba diem 

Cho « dilm Ai,A2, ...,A„ bit ki (h.3.4). 
Hinh 3.3 

ta cd : A1A2 + A2A3 + ... + A„_iA„ = AiA^ 

III. TICH CUA VECTO V6l MOT SO 
Hinh 3.4 

1. Dinh nghia. Cho s6 k^O vi vecto 5 ^ 0 . Tfch cua vecto a vdi sd k la mdt 
vecto, kf hieu la ka , cflng hudng vdi a nd'u ^ > 0, ngugc hudng vdi a nd'u 
^ < 0 va cd do dai bing 1̂1 .|a|. 

2. Tinh chd't. Vdi mgi vecto a, b vi mgi sd m, « ta cd : 

• m(d + b) = nia + mb; 

• (m + n)d = md + na; 

• m(nd) = (mn)d ; 

• l.a = a ; (- I).a =-a ; 

• 0.5 = d;k.d = 0. 

112 

www.truongbachviet.com



IV. mtv KIEN DONG PHANG CUA BA VECTO 

/. Khdi niem ve su dong phdng cua ba vecta trong khong gian 

Cho ba vecto a, b, c diu khae 0 trong khdng gian. Tfl mdt dilm O bat ki ta 

ve OA = d,OB = b, OC = c . Khi dd xay ra hai trudng hgp : 

• Trucmg hgp cac dudng thing OA, OB, OC khdng cflng nim trong mdt mat 

phing, ta ndi ba vecto a, b, c khdng ddng phing. 

• Trudng hgp cac dudng thing OA, OB, OC cflng nim trong mdt mat phing 

thi ta ndi ba vecto a, b, c ddng phang. 

2. Dinh nghia 

Trong khong gian, ba vecta dugc goi Id dong phdng neu cdc gid cua chimg 
cUng song song vdi mot mat phdng. 

3. Dieu kien deba vecta dong phdng 

Dinh li 1. Trong khdng gian cho hai 

vecto khdng cflng phuong a va 6 va 

mdt vecto c. Khi dd ba vecto a, b, c 
ddng phing khi va chi khi cd cap sd 

m, n sao cho c = ma + nb. Ngoai ra 
cap sd m, n la duy nhit (h.3.5). 

/ 
/ / 

yrA / 

/ l \ BV^^' ! / 
1 

1 
1 

I 
T / 

fcj 

Hinh 3:5 

4. Phdn tich (bieu thi) mot vecta theo 
ba vecta khong dong phdng 

Dinhli2 

Cho a, b, c la ba vecto khdng ddng 
phing. Vdi mgi vecto x trong khdng 
gian ta diu tim duge mdt bg ba sd m, 

n, p sao cho x = md + nb + pc. Ngoai 
ra bd ba sd m, n, p la duy nhit. 

Cu thi OX = X, OA = a, 0B = b, 

OC = c (h.3.6) 

C 

/ } c \ 

' A 

Hinh 3.6 

X 

B B' 

8.BT.HINHHOC11(C)-A 113 

www.truongbachviet.com



va OX = OA' + OB' + OC' vdi OA = md, OB'=nb, OC'=pc. 

Khi dd : X = ma + nb + pc. 

B. DANG TOAN CO BAN 

VAN ai 1 

Aac dinh cac yen to cua vectd 

1. Phuang phdp gidi 

a) Dua vao dinh nghla cac ylu td cfla vecto ; 

b) Dua vao cac tfnh chit hinh hgc cua hinh da cho. 

2. Vi du 

Vidu 1. Cho hinh lang tru tam giac ABCA'B'C. Hay ndu tdn cac vecto bing 
nhau cd dilm diu vadilm cud'i la cac dinh cfla lang tru. 

Theo tfnh chit cfla hinh lang tru ta suy ra : \ ^ r ^ ^ \ 

Ti = 'AB', 'BC = WC, CA = CA' \ \ \ . 

JB = - ^ , 'BC = -CB, CA = -Jc ' \ \ \ 

JA = BB'= CC'=-AA =-¥B =-Cc A\r-\-----^c-

AB = -B'A', BC = -CB', CA = -A'C B' 

v . v . . . ( h . 3 . 7 ) ^'"^^•'^ 

Vidu 2. Cho-hinh hdp ABCD .A'B'C'D'. Hay kl ten cac vecto cd dilm diu va 

dilm cud'i la cac dinh cua hinh hdp lin lugt bing cac vecto AB, AA' va AC. 

gidi 

Theo tfnh chit cfla hinh hdp (h.3.8) ta cd : Afi = DC = A'B' = D'C 

AA'= BB'= CC'= DD' 

AC = A'C'. 
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Ta cung ed : Afi = -CD = -B'A' = -C'D' 

AA' = -B'B = -C'C = -D'D 

AC = -C'A, v.v... 

n: VAN ai 2 

Chiing minh cac dang thiic ve vectd 
Hinh 3.8 

1. Phuang phdp gidi 

a) Sfl dung quy tic ba dilm, quy tic hinh binh hanh, quy tic hinh hop dl biln 
ddi ve' nay thanh vl kia va ngugc lai. 

b) Sfl dung cac tfnh chit cfla cac phep toan vl vecto va cac tfnh chit hinh hgc 
cua hinh da cho. 

2. Vidu 

Vidu 1. Cho hinh hdp ABCD.EFGH. Chflng muih ring 'AB + 7iD + JE = JG. 

giai 

Theo tinh chit cfla hinh hdp : 

JB+73+'AE= 'M+'BC+'CG = 'AG. 

Dua vao quy tie hinh hdp ta cd thi 
vie't ngay ke't qua : 

7i + 7^ + 7LE = 'AG (h.3.9). 

B 

^\r^ \ 7--^ 
\ / 
E.-

Hinh 3.9 

7\ 
\ 

V-) 
\ / 
H 

Vidu 2. Cho hinh chdp S.ABCD cd day la hinh 
binh hanh ABCD. Gidng minh ring 

SA + SC = SB + SD. 

gidi 

Ggi O la tam cfla hinh binh hanh ABCD (h.3.10). 

Tacd: SA + SC = 2SO (1) 

wa^ + SD = 2sd (2) 

Sosanh(l)va(2)tasuyra SA + SC = SB + SD. Hinh 3.10 
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Vi du 3. Cho hinh chdp SABCD cd day la 
hinh chfl nhat ABCD. Chung minh ring 
^ 2 — 2 —2 ^ 2 
SA +SC =SB +SD . 

gidi 

Ggi O la tam hinh chfl nhat ABCD (h.3.11). 

Ta cd : IOAI = lofil = locI = |OD| . 

— 2 
SA =(SO + OA)^= SO +0A +2.S0.0A 

Hinh 3.11 
•2 -^ • 2 ^ • 

SC =(SO + OCf = S0 +0C +2S0.0C 

^ ^ +SC =2S0 +dA +0C +2sd(0A + 0C). 

, , _ ,2 •! >2 >2 '2 
Ma OA + OC = 0 nen SA +SC =2S0 +0A +0C . 

,2 .2 >2 '2 >2 
Tuong tu ta cd : Sfi +SD =2S0 +0B +0D . 

—2 ^ 2 — 2 —.2 
Tfl do ta suy ra : SA +SC =SB +SD . 

Vi du 4. Cho doan thing AB. Trtn doan thing AB ta liy dilm C sao cho 
CA m 
— = — Chflng minh rang vdi dilm S bit ki ta ludn cd : 
CB n 

SC = -^SA + -!^SB. 
m+n m+n 

giai 
CA m 

Theo gia thid't ta cd — = — (h.3.12). 
CB n 

Ta suy ra 
AC m 

AC + CB m + n 

m 
AC = (AC + CB) AC = m AB. 

m + n m + n 

Vitacd 'AC = 'SC-'SA va JB = ^ - ^ ntn 
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SC-SA = - m 
m + n 

(SB-SA) ^ SC = SA '^SA + -^^SB 
m + n m + n 

SC = - n 
m + n 

•SA + m SB. 
m + n 

VAN ai f 

Chiing minh ba vectd a, b, c dong phang 

/ . Phuang phdp gidi 

a) Dua vao dinh nghia : Chung td cac vecto a, b, c cd gia song song vdi mdt 
mat phing. • 

—• 

b) Ba vecto a, b, c ddng phing <=̂  cd cap sd m, n duy nha't sao cho 

c = md + nb, trong dd 3 va 6 la hai vecto khdng cflng phucmg. 

2. Vidu 

Vidu 1. Cho tfl dien ABCD. Trtn canh AD Hy diim M sao cho JM = 3MD va 

tren canh BC liy diim N sao cho Â fi = -3NC. Chflng minh ring ba vecto 

^ , IDC, 'MN ddng phing. 

gUi 

Theo gia thiit M4 = - 3 M 5 

va/VB = -3/VC(h.3.13). 

Matkhae MN = MA + AB + BN 

vi MN = MD + DC + CN 

3MN = 3MD + 3DC + 3CN 

(1) 

(2) 

Cdng dang thflc (1) va (2) vdi nhau vd' theo ve, ta cd 

l ^ T t 3 
4MN = MA + 3MD + Afi + 3DC + fiA^ + 3CÂ  ^ MN = -AB + -DC. 

' = ' ' X ' 4 4 

He thflc tren chiing td rang ba vecto MÂ , AB, DC ddng phang. 
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Vidu 2. Cho hinh hdp ABCD.EFGH. Ggi / la giao dilm hai dudng cheo cfla 
hinh binh hanh ABFE va K la giao dilm hai dudng cheo cfla hinh binh hanh 
BCGF. Chdng minh ring ba vecto BD, IK, GF ddng phing. 

gidi 

Vecto BD cd gii thudc mat phing 

(ABCD). Vecto IK cd gia sgng song vdi 
dudng thing AC thudc mat phing (ABCD). 

Vecto GF cd gia song song vdi dudng 
thing BC thudc mat phing (ABCD). Vay ba 

vecto ^ , IK, GF ddng phang (h.3.14). 

Cdch khdc. , „ ^ „ ̂  ^ 
Hmh 3.14 

Ta CO'BD = BC + CD = -GF + (JD-AC) 

= -GF-GF-2IK (vi AC = 27^). I 

vay fiD = -2GF-27^. He thflc nay chflng td ring ba vecto ^ , GF, Ik 
ddng phing. 

C. CAU HOI VA BAI TAP 

3.1. Cho hinh lap phuong ABCD.A'B'C'D' canh a. Ggi O va O' theo thfl tu la tam 
cfla hai hinh vudng ABCD va A'B'C'D'. 

a) Hay bilu diln cac vecto AO, AO' theo cac vecto cd dilm diu va dilm 
cud'i la cac dinh cfla hinh lap phuong da cho. 

b) Chflng minh ring AD + D'C + D'A = AB. 

3.2. Trong khdng gian cho dilm O va bd'n dilm A, B, C, D phan bidt va khdng 
thing hang. Chflng mmh ring dilu kien cin va dfl dl bd'n dilm A, B, C, D 
tao thanh mdt hinh binh hanh la : 

OA + 'dc = 'dB + 'dD. 

3.3. Cho tfl dien ABCD. Ggi fi va g lin lugt la trung dilm efla cac canh AB va 
CD. Trtn cic canh AC va BD ta lin lugt liy cac dilm M, N sao cho 
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^ = iE=k(k>0). 
AC BD 

Chflng minh ring ba vecto fig, PM, PN ddng phang. 

3.4. Cho hinh lang tru tam giac ABCA'B'C cd dd dai canh ben bing a. Trtn 
cic canh ben AA', BB', CC ta la'y tuong flng cac dilm M, Â , P sao cho 
AM + BN + CP = a. 
Chiing minh ring mat phang (MNP) ludn ludn di qua mdt dilm ed dinh. 

3.5. Trong khdng gian cho hai hinh binh hanh ABCD va AB'CD' chi cd chung 

nhau mdt dilm A. Chiing minh ring cac vecto BB', CC', DD' ddng phang. 

3.6. Tren mat phing (or) cho hinh binh hanh AiBiCiD^. Ni mdt phfa dd'i vdi mat 

phing (fl̂  ta dung hinh binh hanh A2fi2C2D2. Trdn cac doan AjA2, B1B2, 

CjC2, DjD2 ta lin lugt liy cac dilm A, B, C, D sao cho 

AAj _ BBi _ CCi _ DDi 

AA2~ BB2 ~ CC2 " DD2 ~ 

Chflng minh ring tfl giac ABCD la hirth binh hanh. 

3.7. Cho hinh hdp ABCD.A'B'C'D' cd fi va fi lin lugt la trung dilm cac canh AB 
va A'D'. Ggi P', Q, Q', R' lin lugt la tam dd'i xflng cua cac hinh binh hanh 
ABCD, CDD'C, A'B'C'D', ADD'A'. 

a) Chflng minh ring JP+QQ' + fifi' = 0. 

b) Chiing minh hai tam giac figT? va P'Q'R' cd ttgng tam trflng nhau. 
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§2. HAI DUCfNG THANG V U 6 N G GOC 

A. CAC KIEN THLTC CAN NHCJ 

I. TICH VO HUdNG CUA HAI VECTO TRONG KHONG GIAN 

1. Goc gida hai vecta 

Cho M va V li hai vecto ttong khdng 
gian. Tfl mdt dilm A bit ki ve 

Afi = M, AC = V . Khi dd ta ggi gdc BAC 

(0° < BAC < 180°) la gdc giua hai vecto 
M va V, kf hidu (it, v). Ta cd : 

(M,v) = fiAC (h. 3.15). 

2. Tich vo hudng 
Hinh 3.15 

Tich vd hudng cua hai vecto M va v diu khae vecto 0 ttong khdng gian la 
mdt sd dugc kf hidu la U.v xac dinh bdi : 

M .V = | M | . | V | . C O S ( M , V ) 

^ —» 
Nlu M = 0 hoac V = 0 thi ta quy udc U .v =0. 

3. Tinh chdt 

Vdi ba vecto a, b, c hit ki trong khdng gian va vdi mgi sd A: ta cd : 

• d.b = b.d (tfnh chit giao hoan); 

• d.(b + c) = d.b + d.c (tfnh chit phan phdi dd'i vdi phep cdng vecto); 

• (kd).b = k(d.b) = d.kb ; 

• a^>0 ; d^ = 0<^ d = d. 

4. Vecta chi phuang cua dudng thdng 

• Vecto d ^ 0 dugc ggi la vecta chi phucmg ciia dudng thang d nd'u gia cfla 
vecto a song song hoac trflng vdi dudng thing d. 
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• Neu a la vecta chi phuang cua dudng thing d thi vecto ka v6ik^0 cung 
la vecto chi phuong cfla d. 

• Mdt dudng thing d trong khdng gian hoan toan dugc xac dinh ndu bilt mdt 
dilm A thudc d vi mdt vecto chi phucmg a ciia d. 

5. Mpt sd iing dung cua tich vd hudng 

• Tuih do dai cua doan thang Afi : Afi = I Afil = V Afi . 

• Xac dinh gdc gifla hai vecto M va v bing cos (U, v) theo cdng thflc : 

COS(M,V) = ._. . . • 
|M|.|V| 

IL GOC G I C A HAI D U 6 N G THANG 

Gdc giua hai dudng thdng a vib trong khdng gian la gdc gifla hai dudng thing 
a' va b' cflng di qua mdt dilm bit ki lin lugt song song vdi a vib. 

m. HAI DUGSNG THANG VUONG GOC 

• Hai dudng thing a vib dugc ggi la vuong gdc vdi nhau nd'u gdc giua chflng 

bing 90°. Ta kf hidu alb hoac bia. 

• Nd'u M va î  lin lugt la cac vecto chi phuong cfla hai dudng thing avab thi 
a -L 6 «=> M.v = 0. 

• Nd'u a II b vie vudng gdc vdi mdt ttong hai dudng thing dd thi c vudng gdc 
vdi dudng thing cdn lai. 

B. DANG TOAN CO BAN 

VAN ai 1 

Ung dung cua tich vd hUdng 

1. Phuang phdp gidi 

a) Mud'n tfnh dd dai cfla doan thing AB hoac tfnh khoang each giua hai dilm 
I—i' F^ 

Ava Bta diia vao cdng thflc : AB = \AB\ = yAB . 
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M.v 
b) Tfnh gdc gifla hai vecto M va v ta dua vao cdng thflc : cos (M , v) = -nriZi' 

IMI.IVI 

c) Chflng minh hai dudng thing AB va CD vudng gdc vdi nhau ta cin chflng 

minh 'AB.^ =0. 

2. Vidu 

Vidu 1. Cho hinh lap phuong ABCD.A'B'C'D' canh a. Ggi O la tam cua hinh 
vudng ABCD va S la mdt dilm sao cho : 

OS = 0A + OB + OC + OD + OA' + 0B' + OC' + 0D'. 

Hay tfnh khoang each giua hai dilm O va S theo a. 

gidi 

Ta cdOA + OC=0;Of i+OD = '0 

va OA + OC = 200' ; 0B' + 0D' = 200' 

vdi O' li tam cfla hinh vudng A'B'C'D' (h.3.16). 

Do dd : OS = OA + OC*'+ Ofi*'+ OD' 

= 400 ' ma |00' | = a. 

vay losi = 4a. 

Vidu 2. Trong khdng gian cho hai vecto a vi b tao vdi nhau mdt gdc 120°. 

Hay tim \d + b\ va \d - b\ bid't ring \d\ = 3 cm va \b\ = 5 cm. 

gidi 

Tfl mdt dilm O ttong khdng gian dung OA = a 

va Ofi = 6 vdi JOB = 120° (h.3.17). 

Sau dd ta dung hinh binh hanh OACB. 

Tacd OC = d + b viBA = OA-OB = d-b. 

• Xet tam giac OAC ta cd OAC = 60° 
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va OC^=OA^+AC'^ -20AACcos60° = 9 + 2 5 - 2 . 3 . 5 - = 19. 

vay loci =\d+b[ =19. 

Dodd b + 6| = Vl9 (cm). 

• Xet tam giac OAfi ta cd : BA'^=OA'^ + OB^ - 2.0A.0B cosl20° 

= 9+ 25-2.3.5 •(—) = 49. 
2 

. .2 I _,|2 

vay jfiAl =\d-b\ =49. 

Do dd \d-b\ =7 (cm). 

Vidu 3. Cho tfl dien ABCD cd hai mat ABC va ABD la hai tam giac diu. 

a) Chiing minh ring AB va CD vudng gdc vdi nhau. 

b) Goi M, N, P, Q lan luot la truitg dilm cfla cac canh AC, BC, BD, DA. 

Chiing minh ring tfl giac MNPQ la hinh chfl nhat. 

gidi 

a) Ta cd CD.Afi = (AD-AC).Afi =JD.JB-~AC.~^. 

Dat Afi = a ta cd AD = Afi = AC = a (h.3.18). 

Dodd CD.Afi = I ADI. I Afil cos 60° - |AC||Afi|.cos60° 

= a.a a.a— =0. 
2 2 

vay CD J. Afi. 

b)TacdMA^//fig//Afi 
Afi 

viMN = PQ= — 

nen tfl giac MNPQ la hinh binh hanh. 

Vi MÂ  //Afi va NP II CD ma Afi 1 CD ntn 
hinh binh hanh MNPQ la hinh chu nhat. 
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VAN ai 2 

Chiing minh hai dudng thang vudng goc vdi nhau 

1. Phuang phdp gidi 

- Cin khai thac cac tfnh chit ve quan he vudng gdc da bie't ttong hinh hgc phang. 

- Sfl dung true tie'p dinh nghia gdc cfla hai dudng thing trong khdng gian. 

- Mud'n chiing minh hai dudng thing AB va CD vudng gde vdi nhau ta cd thi 

chflng minh Afi.CD=0. 

2. Vidu 

Vidu 1. Cho hai vecto a vib diu khae vecto 0. Chiing minh ring a va ^ la 
hai vecto chi phucmg cua hai dudng thing vudng gdc vdi nhau khi va chi khi 

|5 + 6i = | a -6 | . 

gidi 

Tfl mdt dilm O trong khdng gian ta ve OA = a, 

0B = lr6i ve hinh binh hanh OACB (h.3.19). 

Tacd 0C = 0A + 0fi = a + 6 

'BA='OA-~dB = d-'b. 

Tfl dd ta suy ra |a + /J| = |5 - b\ khi va chi khi |oc | = [fiAJ hay OC = BA nghia 

la khi va ehi khi OACB la hinh chfl nhat. Khi dd a va 6 cd gia la hai dudng 
thing vudng gdc vdi nhau. 

Vidu 2. Cho tfl dien diu ABCD canh a. Ggi O la tam dudng trdn ngoai tid'p tam 
giac BCD. Chung minh dudng thing AO vudng gdc vdi dudng thing CD. 

gidi 
Ta cd : 

Jd£D = ('AC + 'C0\JCD =AC.CD + CO.CD 

= a.a. 
l^ aS V3 a^ a^ ^ 
— + .a.— = + — = 0. 
2 j 3 . 2 2 2 

Do dd AO 1 CD (h.3.20). 
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Vidu 3. Cho hinh lap phuong ABCD.A'B'C'D' cd canh bing a. Trtn cac canh 
DC va BB' ta lin lugt liy cac dilm MviN sao cho DM = BN = xvdiO<x<a. 
Chflng minh ring hai dudng thing AC va MÂ  vudng gdc vdi nhau. 

gidi 

Dat AA=d, AB = b, AD= c (h.3.21). 

Tacd |a| = 1̂1 = |c| = a 

va AC = AA'+ AB + AD 

hay AC' = a + b + c. 

Mat khae MN = AN - AM 

-(AB +m) -(15 + md) 

X _ X r vdi BN = -.a va DM = --b. 
a a 

Dodd MÂ  = 7 ^-> b +—a c+—b 
a 

Tacd AC'.MN = (a + b + c). 
X _ 
—a + 

X _2 
AC'..MA^ = - a ^ + 

X _ 
= —a + 

a 

-t2 

I 

b-c 

b-c. 

b -c"- (vi a.b = 0,b.c=0,c .a = 0) 

iC 

AC'.MN =x.a + 

Do do AC IMN. 

VAN ai J 

a^-a^=0 (vid^='b =c^ =a\ 

Dung tich vo hUdng de tinh goc cua hai dudng thang trong khong gian 

1. Phuang phdp gidi 

• Mudn tfnh gdc (OA, OB) ta cd thi dua vao cdng thflc 
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COS (OA, OB) = , ..' ..' va tfl dd suy ra gdc (OA, OB). 
\OA\.\OB\ 

Dac bidt nd'u OA . Ofi = 0 ta cd (OA, OB) = 90°. 

• Nlu U la vecto chi phucng cfla dudng thing a va v la vecto chi phuong cua 
dudng thing b va (U,v) = a thi gdc gifla hai dudng thing a vib bing or nlu 

or < 90° va bing 180°-or nlu or > 90°. 

2.Vidu 

Vidu 1. Cho hinh lap phuong ABCD .A'B'C'D'. 

a) Tfnh gdc gifla hai dudng thing AC va DA'. 

b) Chflng minh fiD 1 AC. 

gidi 

a) Dat Afi = a, ll) = 'h,'AA = c (h.3.22). 

Tacd 'AC = AB + lw = d + b 

DA' = JA'-JD = c-b. 

IACI.IDA'I |a + &|.|c-6| 

Gia sfl hinh lap phucmg cd canh bing x ta cd : 
Hinh 3.22 

COS (AC, DA') = 
a.c - d.b + b.c -b -x^ 

xV2 . xV2 2x^ 

-2 

2 

(vi a .c = 0, a .b =0, b.c =Ovi b =x ). 

vay (AC, DA) = 120°. 

Ta suy ra gdc gifla hai dudng thing AC va DA bing 60°. 

Cdch khdc. Tfl dinh C, nd'i CB' ta cd CB' II DA. Gdc gifla AC va DA' chfnh la 
gdc giua AC vi CB'. Ta cd ACB' la tam giac diu cd dd dai mdi canh bing 

xV2 nen gdc JcB = 60° hay gdc gifla hai dudng thing AC va DA' bing 60°. 
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b) Ta cin tfnh gdc gifla hai vecto BD va AC'. 

Tacd ^ = JD-~AB, 'AC' = JB + AD + AA'. 

vay 'BD.~AC' = (AD-JB).(JS+~^+~AA') = (d)-d).(d+b+c) 

-> ->2 -• _, _2 _, 7 _ _ 
= b.d + b +b.c-a -a.b-a.c 

= 0+b + 0 - 3 ^ + 0 - 0 = 0. 

vay fiD 1 AC. 

Vidu 2. Cho tfl dien diu ABCD canh a. Tinh gdc gifla hai dudng thing AB va CD. 

gidi 

Dat Afi = 3, AC = 6, AD = c. 

Tacd CD = AD-Jc = c-b. 

cos(Afi,CD)= ^ - ^ ^ 
_ a.(c-b) 

Afil.lcDJ- |a|.|c-&| 
1 1 

_ _ _ 7* a.a. a.a.— 
a.c-a.b _ 2 2 = 0 

a.a a 
- l-'l L I-I 

VI |di| = |o| = |c| = a. 

vay (AB, CD) = 90° (h.3.23). 

C. CAU HOI VA BAI TAP 

3.8. Cho tfl didn ABCD. Ggi G la trgng tam cua tam giac ABC. Chdng minh ring 

GDnA + GD.GB + GDnC = 0. 

3.9. Cho tfl giac ABCD. Ggi M, Â , P, Q lin lugt la trung dilm cfla cac doan AC, 
BD, BC, AD vi cd MÂ  = fig. Chung minh ring AB 1 CD. 

3.10. Cho hinh chdp tam giac SABC c6SA = SB = SC = AB = AC = aviBC = aS. 

Tfnh gde gifla hai vecto AB va SC. 
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3.11. Cho hinh chdp S.ABC co SA = SB = SC = AB = AC = a viBC = asf2. Tinh 
gdc gifla hai dudng thing AB vi SC. 

3.12. Quing minh ring mdt dudng thing vudng gdc vdi mdt trong hai dudng 
thing song song thi vudng gdc vdi dudng thing kia. 

3.13. Cho hinh hop ABCD.A'B'C'D' cd tit ca cac canh diu bing nhau (hinh hdp 
nhu vay cdn dugc ggi la hinh hdp thoi). Chung minh rang AC 1 B'D'. 

3.14. Cho hinh hop thoi ABCD.A'B'C'D' cd tit ea cac canh bing a va 

A^ = WBA = ^BC = 60°. Chflng minh tfl giac A'B'CD la hinh vudng. 

3.15. Cho tfl didn ABCD trong dd ABIAC, ABIBD. Ggi fi va g lin lugt la trung 
dilm cfla Afi va CD. Chiing minh ring AB va fig vudng gdc vdi nhau. 

§3. Dl/CfNG THANG VUONG GOC 
veil MAT PHANG 

A. CAC KIEN THLTC CAN NHd 

I. DUCING THANG V U O N G GOC V6l MAT PHANG 

Dudng thing d dugc ggi la vuong gdc vdi mat phdng (a) nd'u d vudng gdc vdi 
mgi dudng thing nam trong (or). 

Khi dd ta cdn ndi (or) vuong gdc vdi d va kf hidu d 1(a) hoac (a) Id. 

n. DIEU KIEN DE DUOiNG THANG VUONG GOC V6l MAT PHANG 

Nlu dudng thing d vudng gdc vdi hai dudng thing cit nhau nim trong mat 
phing (or) thi d vudng gdc vdi (or). 

m. TINH CHAT 

1. Cd duy nhit mdt mat phing di qua mdt dilm cho trudc va vudng gdc \ '« 
mdt dudng thing cho trudc. 

2. Cd duy nhit mdt dudng thing" di qua mdt dilm cho trudc va vudng goc vdi 
mdt mat phing cho trudc. 
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IV. SULIEN QUAN G I I T A QUAN HE VUONG GOC 

VA QUAN HE SONG SONG 

1. a) Cho hai dudng thing song song. Mat phing nao vudng gdc vdi dudng 
thing nay thi cung vudng gdc vdi dudng thing kia. 

b) Hai dudng thing phan bidt cflng vudng gdc vdi mgt mat phing thi song 
song vdi nhau. 

2. a) Cho hai mat phing song song. Dudng thing nao vudng gdc vdi mat 
phing nay thi cflng vudng gdc vdi mat phing kia. 

b) Hai mat phing phan bidt cflng vudng gdc vdi mdt dudng thing thi song 
song vdi nhau. 

3. a) Cho dudng thing a va mat phing (or) song song vdi nhau. Dudng thing 
nao vudng gdc vdi (or) thi cung vudng gdc vdi a. 

b) Nd'u mdt dudng thing va mdt mat phing (khdng chfla dudng thing dd) 
cung vudng gdc vdi mdt dudng thing khae thi chflng song song vdi nhau. 

V. PHEP CHIEU VUONG GOC VA DINH LI BA D U C J N G VUONG GOC 

1. Dinh nghla. Cho dudng thing d vudng gdc vdi mat phing (or). Phep ehilu 
song song theo phuong d Itn mat phang (or) dugc ggi la phep chieu vuong 
gdc len mat phdng (a). 

1. Dinh li ba dudng vudng gdc. Cho dudng thing a nim trong mat phing (or) 
va b la dudng thing khdng thudc (a) ddng thdi khdng vudng gdc vdi (or). 
Ggi b' la hinh ehidu vudng gdc cua b trtn (or). Khi dd a vudng gdc vdi h khi 
va chi khi a vudng gdc vdi b'. 

3. Gdc gida dudng thdng vd mat phdng 

Cho dudng thing d va mat phing (or). Ta cd dinh nghla : 

• Neu dudng thing d vudng gdc vdi mat phing (or) thi ta ndi ring gdc giua 

dudng thing d va mat phing (or) bing 90°. 

• Nlu dudng thing d khong vudng gdc vdi mat phing (or) thi gdc gifla d va 
hinh ehilu d' cua nd tren (or) dugc ggi la gdc giua dudng thdng d vd mat 
phdng (or). 

Luu y ring gdc giua dudng thing va mat phing khdng vugt qua 90°. 
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B. DANG TOAN CO BAN 

VAN ai 1 
9 o 

Chiing minh duong thang vudng gdc vdi mat phang 

1. Phuang phdp gidi 

Mud'n chflng minh dudng thing a vudng gdc vdi mat phing (or) ngudi ta 
thudng dflng mdt trong hai each sau day : 

• Chiing minh dudng thing a vudng gdc vdi hai dudng thing cit nhau nim 
trong (or). 

• Chiing minh dudng thing a song song vdi dudng thing b mi b vudng gdc 
vdi (or). 

2. Vidu 

Vidu 1. Hinh chdp S.ABCD cd day la hinh vudng ABCD tam O va cd canh SA 
vudng gdc vdi mat phing (ABCD). Ggi H, I viK Hn lugt la hinh chid'u vudng 
gdc cua dilm A trdn cac canh SB, SC va SD. 

a) Chdng minh BC 1 (SAB), CD 1 (SAD) va BD 1 (SAC). 

b) Chung minh SC 1 (A777Q va dilm 7 thudc (A77^. 

c) Chflng minh HK 1 (SAC), tfl dd suy ra HKIAI. 

gidi 

a) fiC 1 Afi vi day ABCD la hinh vudng (h.3.24). 

fiCl SA vi SA 1 (ABCD) va BC c (ABCD). 

Do dd BC 1 (SAB) vi BC vudng gdc vdi hai 
dudng thing cit nhau trong (SAB). 

Lap luan tuong tu ta cd CD 1 AD va CD 1 SA 
ntn CD 1 (SAD). 

Ta cd BD 1 AC vi day ABCD la hinh vudng 
va BD 1 SA ntn BD 1 (SAC). 

h) BC 1 (SAB) mi AH cz (SAB) ntn BC 1 AH 
vi theo gia thiit Sfi 1A7^ ta suy ra A771 (SBC). 
Vi SC cz (SBC) ntn AH 1 SC. 

Hinh 3.24 

130 d.BT.HINHHOC11(C).B 

www.truongbachviet.com



D 

Lap luan tuong tu ta chung muih dugc AK 1 SC. Hai dudng thing A77, AK cit 
nhau va cflng vudng gdc vdi SC ntn chflng nim trong mat phing di qua dilm A 
va vudng gdc vdi SC. Vay SC 1 (AHK). Ta cd A7 c (AHK) vi nd di qua dilm 
A va cflng vudng gde vdi SC. 

[SAIAB 
c) Tacd SAI (AfiCD) =*^,^ , ^^ 

[SA 1 AD. 

Hai tam giac vudng SAB va SAD bing nhau vi chflng cd canh SA chung va 
AB = AD (c.g.c). Do do Sfi = SD, SH = SK ntn HK II BD. 

Vi BD 1 (SAC) ntn HK 1 (SAC) va do A7 c (SAC) ntn HK 1 Al. 

Vidu 2. Hinh chdp SABCD cd day la hinh thoi ABCD tam O va cd SA = SC, 
SB = SD. 
a) Chflng minh SO vudng gdc vdi mat phing (ABCD). 
h) Ggi 7, K Hn lugt la trung dilm cfla cac canh BA, BC. 

Chdng minh ring IK 1 (SBD) va IK 1 SD. 

gidi 

a) O la tam hinh thoi ABCD ndn O la 
trung dilm cfla doan AC (h.3.25). Tam 
giac SAC cd SA = SC ntn SO 1 AC. 
Chung minh tuong tu ta cd SO 1 BD. Tfl 
dd ta suy ra SO 1 (ABCD). 

b) Vi day AfiCD la hinh thoi nen AC 1 fiD. 

Mat khae ta cd AC 1 SO. Do dd AC 1 (SBD). Ta cd IK la dudng trung binh 
cua tam giac BAC ntn IK II AC ma AC 1 (SBD) ntn IK 1 (SBD). 

Ta lai cd SD nim trong mat phing (SBD) ntn IK ISD. 

VAN ai 2 
Chiing minh hai dudng thang vudng gdc vdi nhau bang each chiing minh 

9 * 9 9 • 

dudng thang nay vudng gdc vdi mat phang chiia dadng thang kia 

1. Phuang phdp gidi 

- Mud'n chung minh dudng thing a vudng gdc vdi dudng thing b, ta tim mat 
phang (P chfla dudng thing b sao cho viec chflng minh a 1 (y^ dl thuc hien. 

- Sfl dung dinh If ba dudng vudng gdc. 
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2. Vidu 

Vidu 1. Cho tfl dien diu ABCD. Chflng muih cac cap canh dd'i dien cfla tfl dien 
nay vudng gdc vdi nhau tiing ddi mdt. 

gidi 

Gia sfl ta cin chflng minh AB 1 CD. 
Goi 7 la trung dilm cfla canh AB 
(h3.26). Ta cd : 

C71Afi| 

D71Afi 
=^ Afi 1 (C7D). 

Do dd AB 1 CD vi CD nim trong 
mat phing (CID). 

Bing lap luan tuong tu ta chiing minh 
duoc BC 1 AD va AC IBD. 

Hinh 3.26 

Vidu 2. Cho tfl dien OABC cd ba canh OA, OB, OC ddi mdt vudng gdc vdi 
nhau. Ke 077 vudng gdc vdi mat phang (ABC) tai 77. Chung minh : 

a)OAlBC,OBlCAviOClAB; 

b) 77 la true tam cfla tam giac ABC ; 

1 
c) 

1 1 1 
-^r + ^ + 077^ OA' OB"- OC 

gidi 

OAIOB] 
a) Ta cd > 

' OAlOCj 

=^ OA 1 (OBC) ^OAIBC (h.3.27). 

Tuong tu ta chflng minh OB 1 (OCA) 
OC 1 (OAB) 

b) Vi 0771 (ABC) ndn 077 1 BC va OA 1 BC 

^ fiC 1 (OA77) => fiC 1 AH. 

Chflng minh tuong tu ta cd AC 1 (OBH) ^ AC 1 fi77. 

Tfl (1) va (2) ta suy ra 77 la true tam cfla tam giac ABC. 

'OBICA 

OCIAB. 

Hinh 3.27 

(1) 

(2) 
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c) Ggi K la giao dilm cfla A77 va BC. Trong tam giac AOK vudng tai O, ta cd 
077 la dudng cao. Dua vao hd thflc lugng trong tam giac vudng cfla hinh hgc 
phang ta cd : 

1 1 1 
077^ OA^ OK^ 

(1) 

Vi BC vudng gdc vdi mat phing (OAH) ndn BC 1 OK. Do dd trong tam giac 
OBC vudng tai O vdi dudng cao OK ta cd : 

1 

Tfl(l)va(2)tasuyra: 

OK^ 

I 

1 1 
-^r + OB' 

1 

OC 
(2) 

1 1 
+ :r + 077^ OA-" OB^ OC' 

Vidu 3. Hinh chdp S.ABCD cd day la hinh chfl nhat ABCD va cd canh ben SA 
vudng gdc vdi mat phing day. Chflng minh cac mat bdn cfla hinh chdp da cho 
la nhiing tam giac vudng. 

gidi 

SA 1 (ABCD) ^ SAIAB va SA 1 AD (h.3.28). 

Vay cac tam giac SAB va SAD la cac 
tam giac vudng tai A. 

CD 1 DA] 

CD ISA 
CD 1 (SAD) => CD ISD 

Chiing minh tuong tu ta cd : 

CBIAB] 

CBlSAl 
CB 1 (SAB) =^ Cfi 1 SB. Hinh 3.28 

Nay tam giac SDC vudng tai D va tam giac SBC vudng tai B. 

Chu thich. Mud'n chflng minh tam giac SDC vudng tai D ta cd thi ap dung 
dinh If ba dudng vudng gdc va lap luan nhu sau 

Dudng thing SD cd hinh chid'u vudng gdc trdn mat phing (ABCD) la AD. 
Theo dinh If ba dudng vudng gdc vi CD IAD ntn CD 1 SD va ta cd tam giac 
SDC vudng tai D. 

Tuong tu, ta chung minh dugc CB 1 SB va ta cd tam giac SBC vudng tai B. 
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C. CAU HOI VA BAI TAP 

3.16. Mdt doan thing AB khdng vudng gdc vdi mat phing (a) cit mat phang nay 
tai trung dilm O ciia doan thing dd. Cae dudng thing vudng gdc vdi (or) qua 
A va fi lin lugt eit mat phing (or) tai A' va B'. 

Chdng minh ba dilm A', O, B' thing hang va AA' = BB'. 

3.17. Cho tam giac AfiC. Ggi (or) la mat phing vudng gdc vdi dudng thing CA tai 
A va (P la mat phing vudng gdc vdi dudng thing CB tai B. Chiing minh 
ring hai mat phing (or) va (P cit nhau va giao tuyd'n d ciia chflng vudng goc 
vdi mat phing (ABC). 

3.18. Cho hinh lang tru tam giac ABCA'B'C. Ggi 77 la true tam cfla tam giac ABC 
va bie't ring A'77 vudng gdc vdi mat phang (ABC). Chiing minh ring : 

a)AA'lfiCvaAA'lfi'C'. 

b) Ggi MM' la giao tuyin cfla mat phing (A77A0 vdi mat bdn BCC'B', ttong 
dd M G fiC va M' G B'C. Chdng minh ring tfl giac BCC'B' la hinh chfl 
nhat va MM' la dudng cao cfla hinh chfl nhat dd. 

3.19. Hinh chdp tam giac SABC cd day ABC la tam giac vudng tai A va cd canh bdn 
SA vudng gdc vdi mat phing day la (ABC). Ggi D la dilm ddi xung cfla dilm B 
qua trung dilm O cfla canh AC. Chdng minh ring CD 1 CA va CD 1 (SCA). 

3.20. Hai tam giac can ABC va DBC nim trong hai mat phing khae nhau cd chung 
canh day BC tao ndn tfl didn ABCD. Ggi 7 la trung dilm cfla canh BC. 

a) Chiing minh BC 1 AD. 

b) Ggi A77 la dudng cao cfla tam giac AD7. 

Chflng muih ring A77 vudng gdc vdi mat phing (BCD). 

3.21. Chflng minh ring tap hgp nhung dilm each diu ba dinh cfla tam giac ABC la 
dudng thing d vudng gdc vdi mat phing (ABC) tai tam O cua dudng trdn (C) 
ngoai tid'p tam giac ABC dd. 
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§4. HAI MAT PHANG VUONG GOC 

A. CAC KIEN THQC CAN NHd 

I. GOC GI0A HAI MAT PHANG 

Gdc gida hai mat phdng la gdc gifla hai dudng thing lin lugt vudng gdc vdi 
hai mat phang dd. 

Nlu hai mat phang song song hoae trflng nhau thi ta ndi ring gde giua hai mat 

phang dd bing 0°. 

• Xac dinh gdc gifla hai mat phing cit nhau : 

Cho hai mat phing (or) va (P cit nhau theo giao tuyin c. Tfl mdt dilm 7 bit ki 
tten c ta dung dudng thing a trong (or) vudng gdc vdi c va dung dudng thing b 
trong (P vudng gde vdi c. Khi dd gdc gifla (or) va (P la gdc giua hai dudng 
thing a vib. 

• Didn tfch hinh ehilu cfla da giac : S' = Scos tp 

(vdi S la dien tfch da giac nim trong (or), S' la dien tfch hinh chie'u vudng gdc 
cfla da giac dd tten (y ,̂ ^ la gdc gifla (or) va (y^). 

II. HAI MAT PHANG VUONG GOC 

1. Dinh nghia 

Hai mat phing (or) va (P dugc ggi la vudng gdc vdi nhau nlu gdc gifla hai mat 
phang dd la mdt gdc vudng. 

Khi dd ta kf hieu (a) 1 (P hoac (P1 (a). 

2. Tinh chdt 

a) Dilu kien cin va dfl dl hai mat phing vudng gdc vdi nhau la mat phing nay 
chfla mdt dudng thing vudng gdc vdi mat phing kia. 

b) Nlu hai mat phang vudng gdc vdi nhau thi bit cfl dudng thing nao nim 
trong mat phing nky va vudng gdc vdi giao tuyd'n thi vudng gdc vdi mat 
phang kia. 

c) Cho hai mat phang (or) va (P vudng gdc vdi nhau. Nlu tfl mdt dilm thudc 
mat phang (or) ta dung mdt dudng thing vudng gdc vdi mat phing (P) thi 
dudng thing nay nim ttong mat phing (a). 
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d) Neu hai mat phang cit nhau va cflng vudng gde vdi mat phing thfl ba thi 
giao tuyin efla chflng vudng gdc vdi mat phing thfl ba dd. 

IH. HINH LANG TRU DUNG, HINH H O P CH0 NHAT, 
HINH LAP PHlTONG 

Hinh ldng tru ddng la hinh lang tru cd cac canh ben vudng gdc vdi cac mat day. 

Hinh hop chu nhdt la hinh lang tru dflng cd day la hinh chfl nhat. 

Hinh lap phuang la hinh lang tru dflng cd day la hinh vudng va cac mat bdn 
deu la hinh vudng. 

IV. HINH CHOP DEU VA HINH CHOP CUT DEU 

Hinh chop deu la hinh chdp cd day la mdt da giac diu va cd chan dudng cao 
trung vdi tam cua da giac day. 

Phin cua hinh chdp diu nim gifla day va mdt thid't didn song song vdi day cit 
tat ca cac canh ben cfla hinh chdp diu dugc ggi la hinh chop cut deu. 

Hai day cua hinh chdp cut diu la hai da giac diu ddng dang vdi nhau. 

1 
B. DANG TOAN CO BAN 

VAN ai 1 
9 

Chiing minh hai mat phang vudng gdc 

/. Phuang phdp gidi 

- Chiing minh mat phing nay chfla mdt dudng thing vudng gdc vdi mat phing kia. 

- Chiing minh gdc gifla hai mat phing bing 90°. 

2. Vidu 

Vi du 1. Tfl dien ABCD cd canh AB vudng gdc vdi mat phing (BCD). Trong 
tam giac BCD ve cac dudng cao BE va DF cit nhau tai O. Trong mat phing 
(ACD) ve D7<: vudng gdc vdi AC tai K. Ggi 77 la true tam cfla tam giac ACD. 

a) Chflng minh mat phing (ADC) vudng gdc vdi mat phing (ABE) va mat 
phing (ADC) vudng gdc vdi mat phing (DFK). 

b) Chflng minh 077 vudng gdc vdi mat phing (ACD). 
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a) Ta cd : 

Ta cd 

CD 1 (ABE) 

• DF 1 (ABC). 

giai 

BE 1 CD] 

AB 1 CD\ 

ma CD c (ADC) nen (ADC) 1 (ABE). 

DF 1 BC] 

DF 1AB\ 

Ta suy raDF± AC (h.3.29). 

Ta cflng cd DK1 AC. 

Do dd AC 1 (DKF) va mat phing 
(ACD) chfla AC nen (ACD) 1 (DKF). 

b) Vi CD 1 (ABE) ntn CD 1 AE. Hai 
mat phing (ABE) va (DKF) diu 
vudng gdc vdi mat phing (ACD) ndn 
giao tuye'n 077 cua chflng vudng gde 
vdi mat phing (ACD). 

Vidu 2. Hinh chdp S.ABCD cd day la hinh thoi ABCD tam 7, cd canh bing a va 

Hinh 3.29 

dudng cheo BD = a. Canh SC = 
«V6 

vudng gdc vdi mat phing (ABCD). 

Chiing minh hai mat phing (SAB) va (SAD) vudng gdc vdi nhau. 

gidi 

Vi ABCD la hinh thoi ndn BDIAC . 

Vi SC 1 (ABCD) ntn SC 1 BD. 

Suy ra BD 1 (SAC), din dd'n BD 1 SA. 

Trong mat phing (SAC) ha 777 1 SA tai 
77, ta suy ra SA 1 (BDH) (vi SA 1 BD va 
SA 1 IH). 

Do dd fi771 SA va D771 SA (h.3.30). 

vay fi77D la gde gifla hai mat phang 
(SAB) va (SAD). 

137 

www.truongbachviet.com



Hai tam giac vudng A777 va ACS cd gde nhgn A chung ndn ddng dang : 

A7.SC _ ., IH SC 
Do do — = — 

A7 AS 

IH = 
AS (1) 

Vi BD = a ntn ABD la tam giac diu, do dd 

J3 
Al=^^ ^AC = 2AI= aS. 

SA = yJAC^+SC^ = j(aV3)^ + aV6 A2 3ayf2 

ay/3 (2V6 

Thay cac gia tri cfla A7, SC, SA vao (1) ta dugc : 777 = _ 2 
3aV2 

2 _a _BD 
' 2 ~ ^ ' 

RD 
Tam giac fi77D cd trung tuyin 777 ung vdi canh BD bing ndn dd la tam 

giac vudng tai 77 hay BHD = 90°. 

Vay hai mat phing (SAB) va (SAC) vudng gdc vdi nhau. 

^ ^ V A N d E 2 

Cho dudng thang a khdng vudng gdc vdi 

mat phang (P). Hay xac dinh mat phang 

(g) chiia a va vudng gdc vdi (P). 

1. Phuang phdp gidi 

Tfl mdt dilm M thudc a, dung dudng 
thing b vudng gdc vdi mat phing (P) ta cd 
(Q) = (a,b)(h.3.3l) 

2. Vidu 

Hinh 3.31 

Vidu. Cho hinh vudng ABCD canh a. Trdn dudng thing vudng gdc vdi mat 
phing (ABCD) tai A liy dilm S. Ggi (or) la mat phing chfla AB va vu6ng gdc 
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vdi mat phang (SCD). Hay xac dinh mat phing (or). Mat phing (or) cit hinh 
chdp S.ABCD theo thid't dien la hinh gi ? 

gidi 

Trong mat phing (SAD) dung AH 1 SD tai 77 
(h.3.32). Ta cd: 

DC IAD] 

DC 1 SA J 

A771DC] 

A771SD 

DC 1 (SAD) =^DC1AH. 

AH 1 (SDC). 

Ggi (a) la mat phing chfla AB ddng thdi chfla 
A77 trong dd A77 vudng gdc vdi mat phing 
(SDC). vay (a) 1 (SDC) va (a) = (AB, AH). 

Hinh 3.32 

Ta cd AB II CD ntn CD // (a) va 77 la dilm chung cfla (or) va (SCD) ntn giao 
tuye'n cfla (or) va (SCD) la dudng thing qua 77 va song song vdi CD cit SC tai 
E. Ta cd thie't dien cfla (or) va hinh chdp S.ABCD la hinh thang AHEB vudng 
tai A va 77 vi Afi 1 (SAD). 

C. CAU HOI VA BAI TAP 

3.22. Hinh hop ABCD.A'B'C'D' cd tit ca cac canh diu bing nhau. Chflng muih 
ring AC 1 B'D', AB' 1 CD' vi AD' 1 CB'. Khi nao mat phing (AA'CC) 
vudng gdc vdi mat phing (BB'D'D) ? 

3.23. Cho tfl didn ABCD cd ba cap canh dd'i didn bing nhau la AB = CD, AC = BD 
va AD = BC. Ggi MviN lin lugt la ttiing dilm cua AB va CD. Chflng minh 
MN ± Afi va MÂ  1 CD. Mat phing (CDM) cd vudng gdc vdi mat phing 
(AfiAO khdng ? Vi sao ? 

3.24. Chung minh rang nd'u tfl dien ABCD coABlCD vi AC 1 BD thi AD 1 BC. 

3.25. Cho tam giac ABC vudng tai B. Mdt doan thing AD vudng gdc vdi mat phing 
(ABC). Chflng minh rang mat phing (ABD) vudng gdc vdi mat phang (BCD). 

Tfl dilm A ttong mat phing (ABD) ta ve A77 vudng gdc vdi BD, chung muih 
ring A77 vudng gdc vdi mat phang (BCD). 
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3.26. Hinh chdp S.ABCD cd day la hinh thoi ABCD canh a va cd SA = SB = SC = a. 
Chiing minh : 
a) Mat phing (ABCD) vudng gdc vdi mat phing (SBD); 
h) Tam giac SBD la tam giac vudng tai S. 

3.27. a) Cho hinh lap phuong ABCD.A'B'CD' canh a. Chflng minh ring dudng 
thing AC vudng gdc vdi mat phing (A'BD) vi mat phing (ACCA') vudng 
gdc vdi mat phing (A'BD). 
b) Tfnh dudng cheo AC cfla hinh lap phuong da cho. 

3.28. Cho hinh chdp diu S.ABC Chung minh 
a) Mdi canh bdn cfla hinh chdp dd vudng gdc vdi canh dd'i didn ; 
b) Mdi mat phing chfla mdt canh ben va dudng cao cfla hinh chdp diu 

vudng gdc vdi canh dd'i didn. 

3.29. Tfl didn SABC cd SA vudng gdc vdi mat phing (ABC). Ggi 77 va TiT lin lugt la 
true tam cfla cac tam giac ABC va SBC. Chflng minh ring : 
a) A77, ST̂ : va BC ddng quy. 

b) SC vudng gdc vdi mat phing (BHK) va (SAC) 1 (BHK). 

c) 777i: vudng gdc vdi mat phing (SBC) va (SBC) 1 (BHK). 

3.30. Tfl didn SABC cd ba dinh A, B, C tao thanh tam giac vudng can dinh B va 
AC = 2a, cd canh SA vudng gdc vdi mat phing (ABC) vi SA = a. 

a) Chiing minh mat phing (SAB) vudng gdc vdi mat phang (SBC). 
b) Trong mat phang (SAB) ve A77 vudng gdc vdi SB tai 77, chiing minh 

A771(SfiC). 
c) Tfnh do dai doan A77. 
d) Tfl trung dilm O cfla doan AC ve 07«: vudng gdc vdi (SBC) cit (SBC) tai 

K. Tfnh do dai doan OK. 

3.31. Hinh chdp S.ABCD cd day la hinh vudng ABCD tam O va cd canh SA vudng 
gdc vdi mat phing (ABCD). Gia sfl (or) la mat phing di qua A va vudng gdc 
vdi canh SC, (or) cit SC tai 7. 

a) Xac dinh giao dilm K ciia SO vdi mat phing (or). 

b) Chflng muih mat phing (SBD) vudng gdc vdi mat phing (SAC) va BD // (a). 

c) Xac dinh giao tuyd'n d efla mat phing (SBD) va mat phing (a). Tim thiit 
dien cit hinh chdp S.ABCD bdi mat phing (a). 
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3.32. Hinh chdp S.ABCD cd day la hinh thang vudng ABCD vudng tai A va D, cd 
Afi = 2a, AD = DC = a, cd canh SA vudng gdc vdi mat phing (ABCD) va SA = a. 
a) Chflng minh mat phing (SAD) vudng gdc vdi mat phing (SDC), mat 

phing (SAC) vudng gdc vdi mat phing (SCB). 

b) Ggi ^la gdc gifla hai mat phing (SBC) va (ABCD), tfnh tan^. 

c) Ggi (or) la mat phing chfla SD vi vudng gdc vdi mat phing (SAC). Hay 
xac dinh (a) va xac dinh thid't didn cfla hinh chdp S.ABCD vdi (or). 

§5. KHOANG CACH 

A. CAC KIEN THLTC CAN NHd 

I. DINH NGHIA 

/ . Cho mdt dilm O va dudng thing a. Trong mat phing (O, a) ggi 77 la hinh 
chid'u cfla O trdn a. Khi dd khoang each gifla hai dilm O va 77 dugc ggi la 
khoang each tfl dilm O dd'n dudng thing a, kf hidu la d (O, a). 

2. Khoang each tfl mdt dilm O deh mat phing (or) la khoang each gifla hai dilm 
O va 77, vdi 77 la hinh chieu vudng gdc efla O len (or), kf hieu la d(0, (or)). 

3. Khoang each gifla dudng thing a va mat phing (or) song song vdi a la 
khoang each tfl mdt dilm bit ki thudc a tdi mat phing (or), kf hieu la 
d(a, (or)). 

4. Khoang each gifla hai mat phing song song (or) vi(P, kf hieu d((a), (P), 
la khoang each tfl mdt dilm bit ki cfla mat phing nay din mat phang kia. 

d((a), (P) = d(M, (P) vdi M G (a) 

d((a), (P) = d(N, (a)) vdi Â  G (P. 

5. Khoang each gifla hai dudng thing cheo nhau la dd dai cfla doan vudng gdc 
chung cfla hai dudng thing dd. 

II. LUU Y 

1. Tinh khoang each cd thi ap dung true tid'p dinh nghia hoac tfnh gian tid'p, 
ching han cd thi tfnh dugc dudng cao cfla mdt tam giac (khoang each tfl 
dinh tdi day) nd'u bilt didn tfch va sd do dd dai canh day cfla tam giac dd. 

2. Trudc khi tfnh toan, cin xac dinh rd ylu td cin tfnh khoang each. 
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B. DANG TOAN CO BAN 

VAN ai 1 

Tim khdang each tii diem # d c n dudng thang m che trudc 

I. Phuang phdp gidi 

- Trong mat phing xac dinh bdi dilm M va dudng thing m ta ve M77 1 m tai 
77. Ta cd d(M, m) = MH. Ta cd thi sfl dung cac kit qua cfla hinh hgc phing dl 
tfnh dd dai doan M77. 

- Trong khdng gian dung mat phing (a) di qua M va (or) vudng gdc vdi m cit 
m tai 77, ta cd d(M, m) = MH. Sau dd tfnh do dai doan M77. 

2. Vidu 

Vidu 1. Hinh chdp S.ABCD cd day la hinh vudng AfiCD tam O canh a, canh 
SA vudng gdc vdi mat phing (ABCD) va SA = a. Ggi 7 la trung dilm cua canh 
SC va M la trung dilm cfla doan AB. 
a) Chiing minh dudng thing 70 vudng gdc vdi mat phing (ABCD). 
h) Tfnh khoang each tfl dilm 7 dd'n dudng thing CM. 

gidi 

a) Ta cd SA 1 (ABCD) ma 70 // SA do dd 70 1 (ABCD) (h.3.33). 

b) Trong mat phing (ABCD) dung 77 la hinh chid'u vudng gdc cfla O ttdn CM, 
ta cd 7771 CM vi IH chinh la khoang each tfl 7 dd'n dudng thing CM. 

Ggi Â  la giao dilm cfla MO vdi canh 
CD. Hai tam giac vudng M770 va 
A4Mr^A- A ^ OH OM 

MNC dong dang nen 

Do dd 077 = 

ang nen 

CN.OM 
MC 

CN MC 

a a 

_ 2" i . 
aVs " 

a 
2S 

Ta cdn cd 70 = 
SA a 

2" Hinh 3.33 
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2 2 -xJ. 0 o 0 a a ~>a 
vilH^=lO^+OH^ =— + -- = • 

iL 

4 20 10 

vay khoang cach 777 = - T = = • 

VIVM 2. Cho tam giac AfiC vdi Afi = 7 cm, fiC = 5 cm, CA = 8 cm. Trdn dudng 
thing vudng gdc vdi mat phing (ABC) tai. A liy dilm O sao cho AO = 4 cm. 
Tfnh khoang each tfl dilm O din dudng thing BC. 

gidi 

Ta dung A771 fiC tai 77 (h.3.34). 
Theo cdng thflc Hd-rdng, didn tfch S cfla 
tam giac ABC la 

S = ylp(p - d)(p - b)(p - c) 

= VlO(10-5)(10-7)(10-8) = ION^ (cm^). 

, „ 2S 20>/3 . r- . , 
A77 = = = 4v3 (cm). 

fiC 5 
Vi A771 fiC ndn 0771 BC theo dinh If ba 
dudng vudng gdc. 
Ta suy ra 077^ = OA^ + AH^ = 16 + 48 = 64. 
vay 077 = 8 cm. 

VAN ^E 2 

Tim khoang each til diem /fden mat phang (ot) 

1. Phuang phdp gidi 

Dung M771 (ct) vdi 77 G (a) va tfnh M77. 

2. Vidu 

Vidu 1. Cho gdc vudng xOy va mdt dilm M nim ngoai mat phing chfla gdc 
vudng. Khoang each tfl M din dinh O cfla gdc vudng bing 23 cm va khoang 
each tfl M tdi hai canh Ox va Oy diu bing 17 cm. Tfnh khoang each tfl M dd'n 
mat phang chfla gdc vudng. 
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gidi 
Ggi A va fi lin lugt la hinh chieu vudng gde efla M tren Ox va Oy (h.3.35). 

Ta cd MO = 23 cm, MA = Mfi = 17 cm. Ggi 77 la hinh chid'u vudng gdc cfla M 
trtn mat phing (OAB). 

Cin tfnh khoang each M77 tfl M 
din mat phing (OAB). 

Theo dinh If ba dudng vudng gdc 
ta cd 77A 1 OA va 77fi 1 OB. Do 
dd tfl giac OA77fi la hinh chfl nhat. 
Mat khae vi MA = MB = 17cm 
nen 77A = 77fi. Vay tfl dien OA77fi 
la hinh vudng. Dat OA = x ta cd 

077 = xV2 . Do dd 

M77' 

23' 

MO'^-OH^ = MA^-

-2x^=17^-x^ 

•A77' 
Hinh 3.35 

vay M77̂  = 17^ 

x^ = 240 

240 = 49 ndn M77 = 7cm. 

Vidu 2. Tam giac ABC vudng tai A, cd canh AB = a nim trong mat phing (or), 

canh AC = av2 va tao vdi (or) mdt gdc 60°. 

a) Tfnh khoang each C77 tfl C tdi (or). 

b) Chiing minh ring canh BC tao vdi (or) mdt gdc tp = 45°. 

gidi 

a) Ggi 77 la hinh chid'u vudng gdc 
efla C tren (or). Theo gia thiit 

tacd CA77 = 60°, dodd 

/3 
C77 = AC sin 60°= aV2- — 

ay/6 
(h.3.36). 

b) Ta cd Cfi77 la gdc cfla canh 
BC tao vdi mat phing (or). 
Vi BA 1 CA ntn : 

Hinh 3.36 
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BC'^=BA^+AC^=a^+2a^=3a^^BC=aS. 

ayl6 

sinCmi = ^ = ^ = ^ 
BC ay/3 2 

yayCBH = 45°. 

VAN ai ? 

Tinh khoang each giQa hai dudng thang cheo nhau 

I. Phuang phdp gidi 

Ta cd cac trudng hgp sau day : 

a) Gia sfl a va 6 la hai dudng thing cheo 
nhau via lb. 

- Ta dung mat phing (or) chfla a va 
vudng gdc vdi b tai B. 

- Trong (or) dung fiA J. a tai A, ta dugc 
dd dai doan AB la khoang each gifla hai 
dudng thing cheo nhau avab (h.3.37). 

b) Gia sfl a va 6 la hai dudng thing cheo 
nhau nhung khdng vudng gdc vdi nhau. 

Cdch I : 

- Ta dung mat phing (or) chfla a va song 
song vdi b (h.3.38). 

- Liy mdt dilm M tuy y trdn b dung 
MM'1(a) tai M'. 

- Tfl M' dung b' // b cit a tai A. 

- Tfl A dung AB // MM' cit b tai B, dd dai 
doan AB la khoang each gifla hai dudng 
thing cheo nhau a va b. 

Cdch 2 : 

- Ta dung mat phing (or) 1 a tai O, 
(a) cit b tai 7 (h.3.39) 

Hinh 3.37 

b B M 

/a\ 

' ^ 

J 

A \ ^ 
V / 

M' / 

Hinh 3.38 

Hinh 3.39 
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- Dung hinh chid'u vudng gdc cfla b la b' trtn (c^. 

- Trong mat phing (or), ve 077 lb'. He b'. 

- Tfl 77 dung dudng thing song song vdi a cit b tai B 

- Tfl fi dung dudng thing song song vdi 077 cit a tai A 

Do dai doan AB la khoang each giua hai dudng thing cheo nhau avab. 

2. Vidu 

Vidu 1. Cho hinh chdp S.ABCD cd day la hinh vudng ABCD canh a, cd canh 
SA = A va vudng gdc vdi mat phing (ABCD). Dung va tfnh do dai doan vudng 
gdc chung cfla: 

b) SC va BD ; a) SB va CD ; c)SCvaAfi. 

giai 

a) Ta cd 
BCISA] 

BCIAB\ 
BC 1 (SAB) 

BC 1 SB. 

Mat khae BC 1 CD. Vay BC la doan 
vudng gdc chung cfla SB vi CD. 
Khoang each gifla SB vi CD la doan 
fiC = a (h.3.40). 

b) Ta cd 
BDISA] 

BD1AC\ 
BD 1 (SAC) tai O. 

Hinh 3.40 

Trong mat phing (SAC) tfl O ha 0 7 7 1 SC tai 77 ta cd 0 7 7 1 SC vi OH 1 BD vi 
BD 1 (SAC), vay OH la doan vudng gdc chung cua BD va SC. 

ay/2 
Ta cd 

077 

c) Ta cd 

^^ • rP^\r' rMj OCSA — = sin ACS. vay 077 = 
SC -^ SC 

AB 1 (SAD). 

i 
Jt 

h^ + 2a^ 

AB 1 AD 

Trong mat phing (SAD) ta cd SD la hinh chid'u vudng gde cfla SC, ta ve 
ATi: 1 SD tai K. Trong mat phing (SCD) ve KE // CD vdi F G SC. 

Trong mat phing (KE, AB) ve EF // ATsT vdi F G AB. Ta cd AB va CD cflng 
vudng gde vdi mat phing (SAD) ntn AB 1 AK va CD 1 AK. 
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Ta cd 
AK 1 SD AK1(SCD)^AK1SC 
AK 1 CD] 

Nay AK 1 AB va AK 1 SC. Vi EF // AK ntn EF lABviEF 1 SC. 

Do dd EF la doan vudng gdc chung cfla SC va AB. 

AS.AD ah 
Tac6EF = AK = 

SD 4J~+ h' 

Vidu 2. Cho tfl dien OABC cd OA, OB, OC ddi mdt vudng gdc vdi nhau va 
OA = OB = OC = a. Ggi 7 la trung dilm cfla BC. Hay dung va tinh do dai doan 
vudng gdc chung cfla cac cap dudng thing : 

a) OA va BC ; b) A7 va OC. 

giai 

a) Ta cd 
OAI 07 

01 la doan vudng 
fiC 1 0 7 J 

gdc chung cfla OA va BC (h.3.41). 

BC ayl2 
Ta cd 07 = 

b) Ta cd 

2 2 

OClOAl 

OClOBl ' 
OC 1 (OAB) tai O. 

Tfl 7 ve IK II OC thi IK vudng gdc vdi mat 
phing (OAB) tai trung dilm K ciia doan OB. 
Ta cd AK la hinh ehilu vudng gdc cfla A7 tren 
mat phing (OAB). 

Trong mat phing (OAB) ve 077 1 AK. Dung 77F // OC vdi F G A7 va dung 
EF II OH vdi FG OC. Khi dd EF la doan vudng gdc chung cua Al va OC. 

Ta cd FF = 077. 

1 1 1 1 1 5 
Trong tam giac vudng OAK ta cd : 1 1 

077^ OA^ OK' 

1 1 
-r + ^ . ^ 2 

v^y 

vay 0 /7^=^ OH=^ = EF. 
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Khoang each gifla A7 va OC la EF = 
ayfs 

Vidu 3. Hinh chdp SABCD cd day la hinh vudng ABCD tam O cd canh AB = a. 
Dfldng cao SO ciia hinh chdp vudng gdc vdi mat day (ABCD) va cd SO = a. 

Tinh khoang each gifla hai dudng thing SC va AB. 

gidi 

Vi AB II CD ndn AB // (SCD). Mat khae, 
SC (Z (SCD) ndn khoang each gifla AB 
va SC chfnh la khoang each gifla AB va 
(SCD) (h.3.42). 

Ggi 7, K lin lugt la trung dilm cfla AB, 
CD thi ta cd O la trung dilm cfla IK va 
77i:i CD. Dodd: 

d(AB, (SCD)) = d(l, (SCD)) = 2d(0, (SCD)). 

CD ISO] 

CD 1 0K\ 

=> (SCD) 1 (SOK) v6iSK = (SCD) n (SOK). 

Trong tam giac vudng SOK ta cd 0771 SK ntn OH 1 (SCD), do dd 

077 = d(0, (SCD)). 

1 1 1 J . 1 1 4 5 

a' 

Hinh 3.42 

Tacd CD 1 (SOK) 

Tacd 
077^ OS^ OK^ 

J_ 1 

a 
v2y 

J_ J__ 
^2 "̂  ^2 ~ 2 a a a 

Do dd 077 = 
ly/S 

vay d(SC, AB) = d(AB, (SCD)) = 2d(0, (SCD)) = 2077 = 
2aV5 
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C. CAU HOI VA BAI TAP 

3.33. Cho hinh lap phuong ABCD.A'B'C'D' canh a. Chung minh ring khoang each 
tfl cac dilm A', B, D; C, B', D' tdi dudng cheo AC bing nhau. Tfnh khoang 
each dd. 

3.34. Hinh chdp SABCD cd day la hinh vudng ABCD canh a. Cic canh bdn 

SA = SB = SC = SD= ay/2 . Ggi 7 va Ti: lin lugt la trung dilm cua AD va BC. 

a) Chflng minh mat phing (SIK) vudng gdc vdi mat phing (SBC). 

b) Tfnh khoang each gifla hai dudng thing AD vi SB. 

3.35. Cho hinh lap phuong ABCD.A'B'C'D'. 

a) Chflng minh dudng thing BC vudng gdc vdi mat phing (A'B'CD). 

b) Xac dinh va tfnh dd dai doan vudng gdc chung cfla AB' va BC 

3.36. Cho hinh chdp S.ABCD cd day la nfla luc giac diu ABCD ndi tid'p tr -̂ g 
dudng trdn dudng kfnh AD = 2a vi cd canh SA vudng gdc vdi mat phing day 

(ABCD)v6iSA =ay/6. 

a) Tfnh cac khoang each tfl A va fi dd'n mat phing (SCD). 

h) Tinh khoang each tfl dudng thing AD dd'n mat phang (SBC). 

3.37. Tfnh khoang Cach gifla hai canh dd'i trong mdt tfl didn diu canh a. 

3.38. Tfnh khoang each gifla hai canh AB va CD ciia hinh .tfl didn ABCD bilt ring 
AC = BC = AD = BD = aviAB=p,CD = q. 

3.39. Hinh chdp tam giac diu S.ABC cd canh day bing 3a, canh htn bing 2a. Ggi 
G la trgng tam cfla tam giac day ABC. 
a) Tfnh khoang each tfl S tdi mat phing day (ABC). 
b) Tfnh khoang each gifla hai dudng thing AB va SG. 

3.40. Cho hinh lang tru tam giac ABCA'B'C cd tit ca cac canh ben va canh day 

diu bing a. Cac canh ben cfla lang tru tao vdi mat phing day gdc 60° va hinh 
chie'u vudng gdc cua dinh A len mat phing (A'B'C) trung vdi trung dilm cfla 
canh B'C. 

a) Tfnh khoang each giua hai mat phing day cfla lang tru. 
b) Chung minh ring mat bdn BCC'B' la mdt hinh vudng. 
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CAU HOI VA BAI TAP ON TAP CHl/ONG HI 
• • 

3.41. Trong cac menh dl sau day menh dl nao dflng ? Menh dl nao sai ? 
a) Cho hai dudng thing avab song song vdi nhau. Neu cd mdt dudng thing 

d vudng gdc vdi a thi d vudng gdc vdi h. 
b) Hai dudng thing phan biet cflng vudng gdc vdi mdt mat phing thi chflng 

song song vdi nhau. 
c) Mdt mat phing (or) va mdt dudng thing a cflng vudng gdc vdi dudng 

thing b thi a // (or). 

d) Hai mat phang (a) va (P) phan biet cflng vudng gdc vdi mdt mat phing 

(r) thi (a) H(P). 

e) Hai dudng thing phan biet cflng vudng gdc vdi mdt dudng thing thi 
chflng song song vdi nhau. 

f) Hai mat phing phan bidt cflng vudng gdc vdi mdt dudng thing thi chflng 
song song. 

3.42. Xet cac menh dl sau day xem menh dl nao dflng, menh dl nao sai ? 
a) Qua mdt dilm, cd duy nhit mdt mat phing vudng gdc vdi mdt mat phing 

cho trudc. 
b) Qua mdt dudng thing, cd duy nhit mdt mat phing vudng gdc vdi mdt 

dudng thing cho trudc. 
c) Qua mdt dilm, cd duy nhit mdt mat phing vudng gdc vdi mdt dudng 

thing cho trudc. 

d) Cho hai dudng thing a va h. Nd'u cd mat phing (or) khdng chfla ca a va b 
thi avab cheo nhau. 

3.43. Trdn mat phing (or) cho hinh vudng ABCD. Cic tia Ax, By, Cz, Dt vudng goc 
vdi mat phing (or) va nim vl mdt phfa dd'i vdi mat phing (or). Mdt mat 
phing (P lin lugt cit Ax, By, Cz, Dt tai A, B', C, D'. 

a) Tfl giac A'B'C'D' la hinh gi ? Chflng minh ring AA' + CC = BB' + DD'. 
h) Chflng minh ring dilu kidn dl tfl giac A'B'C'D' la hinh thoi la nd cd hai 

dinh dd'i didn each diu mat phing (or), 
c) Chiing minh ring dilu kidn dl tfl giac A'B'C'D' la hinh chfl nhat la nd cd 

hai dinh kl nhau each diu mat phing (a). 

3.44. Hinh chdp tam giac S.ABC cd day la tam giac deu ABC canh la, cd canh SC 
vudng gdc vdi mat phing day (ABC) vi SC = la. 
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a) Tfnh gdc gifla SA va BC. 

b) Tfnh khoang each gifla hai dudng thing cheo nhau SA vi BC. 

3.45. Cho tfl didn ABCD. Chiing minh ring AB vudng gdc vdi CD khi va chi khi 

AC^-+ BD^ = AD^ + BC^. 

3.46. Cho hinh lap phuong ABCD .A'B'CD'. Hay tfnh gdc cua cac cap dudng thing 
sau day: 
a)AB'viBC' ; b)ACvaCD'. 

3.47. Cho hai tia Ax va By vudng gdc vdi nhau nhan AB lam doan vudng gdc 
chung. Ggi M va Â  la hai dilm di ddng lin lugt trdn Ax va By sao cho 
AM + BN = MN. 

Dat AB = 2a, ggi O la trung dilm cua Afi va 77 la hinh chie'u vudng gdc cua 
dilm O trdn dudng thing MÂ . 
a) Chflng minh ring 077 = a,HM = AM, HN = BN. 
b) Ggi Bx' la tia song song va cflng ehilu vdi tia Ax va K la hinh chiiu 

vUdng gdc cua 77 tren mat phing (Bx', By). Chflng minh BK la phan giac 

cfla gdc x'By. 

c) Chiing minh dilm 77 nim tren mdt dudng trdn cd dinh. 

3.48. Hinh thoi ABCD tam O, cd canh a vi cd OB = —— Tren dudng thing 

vudng gdc vdi mat phing (ABCD) tai O ta liy mdt dilm S sao cho SB = a. 
a) Chiing minh tam giac SAC la tam giac vudng va SC vudng gdc vdi BD. 
h) Chflng minh (SAD) 1 (SAB), (SCB) 1 (SCD). 
c) Tinh khoang each gifla hai dudng thing SA va BD. 

CAU HOI TRAC NGHIEM 

3.49. Cho hinh hdp ABCD.A'B'C'D' vdi tam O. Hay chi ra ding thflc sai trong cac 
ding thflc sau day : 

(A)JC'' = 'AB + AD + 'AA'; (B)AB + 'BC' + CD + WA = 0; 

(C) AB + AA' = AD + DD' ; (D) AB + BC + CC = AD' + D'O + OC. 
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3.50. Cho hinh lang tru tam giac ABCA'B'C. Dat AA' = d, AB = b, AC = c, 

BC = d. Trong cac bilu thflc vecto sau day, bilu thflc nao la dflng ? 

(A)d = b + c; (B)d + b + c + d = 0 ; 

(C)b + c-d = d; (D) a + b + c =d. 

3.51. Cho tfl dien diu ABCD cd canh bing a. Hay chi ra menh dl sai trong cac 
menh dl sau day : 

, , ^2 . , 
(A)AB.AC = — ; (B) Afi l CD hay Afi .CD = 0; 

(C)AB + CD + 'BC + ̂  = d; (D)'AC.AD = JcrD. 

3.52. Hay ehgn menh dl dflng trong cac menh dl sau day : 

(A) Cho hinh chdp S.ABCD. Nlu cd SB + SD = SA + SC thi tfl giac ABCD la 
hinh binh hanh; 

(B) Tfl giac ABCD la hinh binh hanh nlu AB = CD ; 

(C) Tfl giac ABCD la hinh binh hanh n€u JB+ 'BC + CD+ 'DA = 0 ; 

(D) Tfl giac ABCD la hinh binh hanh n6u JB + AC = AD. 

3.53. Hay tim menh dl sai trong eae menh dl sau day : 
—» —* 

(A) Ba vecto a, b, c ddng phing neu cd mdt ttong ba vecto dd bing vecto 0 ; 

(B) Ba vecto a, b, c ddng phing ndu cd hai ttong ba vecto dd cflng phuong ; 

(C) Trong hinh hdp AfiCD .A'fi'CD'ba vecto AB', C'A', DA ddng phing ; 

(D) Vecto x = d + b + c ludn ludn ddng phing vdi hai vecto a vi b. 

3.54. Cho hinh lap phucmg ABCD.A'B'C'D' cd canh bing a. Hay tim mdnh dl sai 
trong nhiing menh dl sau day : 

(A)|AC*'| = aV3 ; (B) AD'. Afi*'= a^ ;. 

(C) Afi'.CD' = 0 ; (D) 2Afi + fi'C' + CD + D'A' = 0. 

3.55. Trong cac menh dl sau day, menh dl nao la sai ? 

(A) Cho hai vecto khdng cflng phucmg a va b. Khi dd ba vecto a, b, c 

ddng phing khi va chi khi cd cap so m, n sao cho c = ma+nb, ngoai ra 
cap sd m, n la duy nhit. 
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(B) Nlu cd md + nb + pc=0 vi mdt trong ba sd m, n, p khae 0 thi ba vecto 

a, b, c ddng phing. 

(C) Ba vecto a, b, c ddng phang khi va chi khi ba vecto dd cflng cd gia 
thugc mdt mat phing. 

(D) Ba tia Ox, Oy, Oz vudng gdc vdi nhau tflng ddi mdt thi ba tia dd khdng 
ddng phing. 

3.56. Cho hai dilm phan bidt A, fi va mdt dilm O bit ki. Hay xdt xem mdnh dl 
nao sau day la dflng ? 

(A) Dilm M thudc dudng thing AB khi va chi khi ^M = 0B = /tflA. 

(B) Dilm M thudc dudng thing AB khi va chi khi OM = Ofi = k(dB -OA). 

(C) Diim M thudc dudng thing AB khi va chi khi OM = kOA + (I - k)OB. 

(D) Diim M thudc dudng thing AB khi va chi khi OM = OA + OB. 

3.57. Cae mdnh dl sau, ntidnh dl nao dflng, menh dl nao sai ? 
(A) Hai dudng thing phan biet cflng vudng gdc vdi mdt mat phing thi song 

song vdi nhau. 
(B) Hai dudng thing phan bidt cflng vudng gdc vdi mdt dudng thing thfl ba 

thi song song vdi nhau . 
(C) Hai mat phing phan bidt cflng vudng gdc vdi mdt mat phing thfl ba thi 

song song vdi nhau. 

(D) Mat phing (or) va dudng thing a cflng vudng gdc vdi dudng thing b thi 
song song vdi nhau. 

3.58. Hay xet su dflng, sai efla cac mdnh dl sau (vdi a, b, c la cac dudng thing): 

(A) Nd'u a 1 6 va 6 1 c thi aHc; 

(B)NeuciHbviblcthialc; 
(C) Nd'u a vudng gdc vdi mat phang (or) va £> song song vdi mat phang (a) 

thia lb; 

(D) Nd̂ u a lb, c lb va a cit c thi Z> vudng gdc vdi mat phing (a, c). 

3.59. Cho cac mdnh dl sau vdi (or) va (P la hai mat phing vudng gdc vdi nhau vdi 
giao tuyeh m = (a) n (P vi a, b, c, d la cac dudng thing. Hay xdt xem 
mdnh dl nao dflng, mdnh dl nao sai ? 

(A) Nd'u acz(a)vaalm thi a 1 (P: 
(B) Nd'u blmt\iibcz (d) hoaci? c (P. 
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(C) Nd'u dim thi c H (a) hoac c //(P. 
(D)m\idlmt\iidl(d). 

3.60. Cho a, b, c la cac dudng thing. Mtnh di nao sau day la dflng ? 

(A) Nlu a 1 fe va mat phing (or) chfla a ; mat phing (P chfla b thi (a)l(P. 
(B) Cho a lb vib nim trong mat phang (or). Mgi mat phang (P chfla a va 

vudng gdc vdi b thi (y^ 1 (or). 

(C) Cho a lb. Mgi mat phang chfla b diu vudng gdc vdi a. 
(D) Cho a 11 b. Mgi mat phing (or) chfla c trong dd c 1 a va c 1 6 thi diu 

vudng gdc vdi mat phing (a, b). 

3.61. Chgn mdnh dl dflng trong cac mdnh dl sau day : 
(A) Qua mdt dudng thing, cd duy nhit mdt mat phing vudng gdc vdi mdt 

dudng thing khae; 
(B) Qua mdt dilni cd duy nhit mdt mat phing vudng gdc vdi mdt mat phing 

cho trudc; 

(C) Cho hai dudng thing a va b vudng gdc vdi nhau. Nd'u mat phang (or) 
chfla a vi mat phing (P chfla fe thi (or) 1 (y9); 

(D) Cho hai dudng thing cheo nhau a vi b ddng thdi alb. Ludn cd mat 
phing ̂ or) chfla adi (or) 1 fe. 

3.62. Trong cac mdnh dl sau day, menh dl nao dflng ? 

(A) Cho hai dudng thing a vi b vudng gdc vdi nhau, nd'u mat phing (or) 
chfla a va mat phing (P chfla fe thi (or) 1 (y .̂ 

(B) Cho dudng thing a vudng gdc vdi mat phing (a), mgi mat phing (P 
chfla a thi (P 1 (a). 

(C) Cho hai dudng thing a vib vudng gdc vdi nhau, mat phang nao vudng 
gdc vdi dudng nay thi song song vdi dudng kia. 

(D) Cho hai dfldng thing chIo nhau a va fe, ludn ludn cd mdt mat phang 
chfla dudng nay va vudng gdc vdi dudng thing kia. 

3.63. Cho tfl didn diu ABCD. Khoang each tfl dilm D tdi mat phing (ABC) la : 
(A) Dd dai doan DG trong dd G la trgng tam cfla tam giac ABC ; 
(B) Dd dai doan D77 trong dd 77 la hinh chid'u vudng gdc cfla dilm D trdn 

mat phing (ABC); 
(C) Dd dai doan DK trong dd K la tam dudng trdn ngoai tid'p tam giac ABC ; 
(D) Do dai doan D7 trong dd 7 la trung dilm cfla doan AM ydi M la trung 

dilm cfla doan BC. 
Trong cac menh dl neu tren menh dl nao la sai ? 
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3.64. Cho hinh lap phuong ABCD.A'B'C'D' canh a. 
Trong cac mdnh dl sau mdnh dl nao la dflng ? 

(A) Khoang each tfl dilm A dd'n mat phing (A'BD) bing — • 

(B) Dd dai doan AC bing ay/3 . 

(C) Khoang each tfl dilm A dd'n mat phing (CDD'C) bing a^/2. 

3 
(D) Khoang each tfl dilm A dd'n mat phing (BCC'B') bing -a. 

3.65. Khoang each gifla hai canh dd'i trong mdt tfl dien diu canh a bing : 

( A ) ^ ; ( B ) ^ ; (C) | ; (D) 2a. 

Hay chgn kit qua dflng. 

3.66. Hay chgn ke't qua dflng cfla bai toan sau day : 
Hinh chdp tam giac diu S.ABC cd canh day bing 3a, canh ben bing 2a. 
Khoang each tfl dinh S tdi mat phing day la : 

(A) 1,5a; (B) a; (C) aV2 ; (D) ay/3. 

3.67. Cac menh dl sau menh dl nao la dflng ? 
(A) Dudng vudng gdc chung cfla hai dudng thing a va b cheo nhau la mdt 

dudng thing d vfla vudng gdc vdi a va vfla yudng gdc vdi fe. 
(B) Doan vudng gdc chung cfla hai dudng thing cheo nhau la doan ngin 

nha't trong cac doan nd'i hai dilm bit ki lin lugt nim trdn hai dudng 
thing iy va ngugc lai. 

(C) Cho hai dudng thing cheo nhau a va fe. Dudng vudng gdc chung ludn 
ludn nim trong mat phing vudng gdc vdi a vi chfla dudng thing fe. 

(D) Hai dudng thing cheo nhau la hai dudng thing khdng song song vdi nhau. 

3.68. Cho hinh hdp chfl nhat ABCD.A'B'C'D' co ba kfeh thudc AB = a, AD = b, 
AA' = c. Trong cac kit qua sau day kd't qua nao la sai ? 

(A) Dd dai dudng cheo BD' bing Va^ +b^+c^. 
(B) Khoang each gifla hai dudng thing AB vi CC bing fe. 

(C) Khoang each gifla hai dudng thing BB' va DD' bing Va^ + fe^. 

(D) Khoang each tfl dilm A dd'n mat phing (A 'BD) bing - V a^ +b^ +c^. 
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3.69. Tim mdnh dl sai trong cac mdnh dl sau day : 

(A) Khoang each giua dudng thing a va mat phang (a) song song vdi a la 

khoang each tfl mdt dilm A bit ki thudc a tdi mat phing (a). 

(B) Khoang each gifla hai dudng thing cheo nhau a va fe la khoang each tfl 
mdt dilm M thudc mat phing (or) chfla a vi song song vdi fe dd'n mdt 
dilm Â  bit ki ttdn fe. 

(C) Khoang each gifla hai mat phing song song la khoang each tfl mdt dilm 
M bit ki tren mat phing nay din mat phing kia. 

(D) Nlu hai dudng thing a vib cheo nhau va vudng gdc vdi nhau thi dudng 

vudng gdc chung cfla chflng nim trong mat phing (or) chfla dudng nay 

Va (or) vudng gdc vdi dudng kia. 

HU6NG DAN GIAI VA DAP SO 

§1. VECTO TRONG KHONG GIAN 

3,La)» AO = -AC = -AC' =-fAfi + ADl 
2 2 2V I 

'AO = 'p^ + 'Bd = 'PS + -'BD ,v.v... 
2 

• 'AO'=-AC+'AA' 

= ̂ ( A 4 ' + AC')=i(Afi ' + AD') 

= AA' + AB' + -B'D' 

D 

^ 

D'X--
1 '' "̂  
1 ^ ^ 

'',-'-'0 

'<7 
ti 

• ' ' / 
-,-'VC' 

A' B' 

Hinh 3.43 

= AB + BB' + -B'D',v.v. 
2 

b) AD + D'C + D'A = AD + DC + CB 

(vi D'C = DC va D'A' = CB)ntn AD + D'C+D'A = AB (h.3.43). 
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3,2, Gia sfl bd'n dilm A, B, C, D tao thanh mdt hinh binh hanh (h.3.44), ta cd : 

^ = JD <=> dC-OB = dD-OA (vdi dilm O bit ki) 

« OC + OA = dD + dB. 

Ngugc lai gia sfl ta cd he thflc : 

OC + OA = OD + OB 

« dC-OB = OD-OA 

^'BC = AD. 

Nl A, B, C, D khdng thing hang ndn 
tfl giac ABCD la hinh binh hanh. 

3,3. Ta ed 

PQ = -(PC + PD) 

(AC-AP) + (BD-BP) 

(AC + ^)-(AP + 'BP) 

0 

= - - - ( A M + fiA^) 
^ K 

vi Jc = -.JM va fiD = -.m 
k k 

Ddng thdi AM = AP + PM va BN = BP + PN, ntn 

~PQ = — (PM + ~PN) viJp + ~BP = 0. 

vay fig = : ^ fiM+^fiiv. 

Do dd ba vecto fig, JM, TN ddng phing (h.3.45). 

Hinh 3.44 
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3.4. Ggi G va G' lin lugt la trgng tam cfla tam giac ABC va tam giac MÂ fi 
(h.3.46). Ta cd : 

GG' = GA + AM + MG' 

+ GG' = GB + BN + NG' 

GG' = 'GC+CP+~PG' 

3GG' = (GA + GB + GC) + (AM + BN + CP) + (MG' + NG' + PG'). 

Vl G la trgng tam cfla tam giac ABC ndn 

GA + GB + GC = 0 va G' la trgng tam cfla tam 

giac MÂ fi ndn JdG' + iVG*' + fiG*' = 6. 

Dodd: 3GG'= JM+ ~BN+ 'CP 

hay GG*'= -(AM + fiiv + Cfi) = -AA*'. 

Vi dilm G cd dinh va — AA' la vecto khdng 

ddi ndn G' la dilm ed dinh. Vay mat phing 
(MNP) ludn ludn di qua dilm G' cd dinh. 

3.5. Ta cd BB' = BA + AB', DD' = DA + AD' (h.3.41). 

Dodd BB' + DD' =(BA + DA)+ (AB'+ AD'). 

NI'BA = 'CD viJS' + JD' = JC' 

ndn BB' + DD'= (CD + DA) + AC'. 

vay BB' + DD' = CA + AC' = CC. 

He thflc BB' + DD' = CC' bilu thi su ddng 

phing cua ba vecto ^', CC', ^ ' . 

Hinh 3.47 

3.6. Liy diem O cd dinh rdi dat OAi = aj, OBi = hi, OCi = q , ODi = di (h.3.48). 

Dilu kien cin va dfl dl tfl giac AjfijCiDi la hinh binh hanh la 

aj + q = fej + dl (theo bai tap 3.2) (1). 
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Dat OA2=a2, Ofi2=fe2, OC2=C2, 

OD2 = c?2 • Dilu kien cin va du dl tfl 

giac A2fi2C2D2 la hinh binh hanh la : 

02+^2 =fe2+^2 (2). 

DatOA = a, ^ = b,OC = c , ^ = d. 

Tacd 
AAi 

AA-, 
= 3 => AAi = -3AA2 

Hinh 3.48 

^ OAi -0A = -3(OA2 - OA) 

<^di -d = -3(d2 -a) 

<=̂  a =—(aj +3a2). 

- l - ^ ^ - l ^ -. - 1 — — 
Tuong tu: fe = -(fei+3fe^), c = - ( c i + 3 c 2 ) , d = -(di+3d2). 

1 - . -. 1 - - 1 - . - . 3 _ _ 
Tacd a + c = —(aj+3fl2) +—(q+3c2) = —(aj+Ci) +—(a2+C2) 

va b + d = -(bi+3b^)+-(dl + 3d^) = -(fej* + J ^ ) + - ( ^ + ^ ) . 

Tfl (1) va (2) ta cd Oj +Cj = fej +<ij va 02 +C2 = 62 +^2 "̂ dn suy ra 

a+c=b + d ^ OA + OC = 08 +OD 

« tfl giac ABCD la hinh binh hanh. 

V 1 ;5 1 3.7, a) Ta cd : fifi' = - A D , g g ' = -DA', 

RR' = -AA (h.3.49). 
2 

1 
vay PP' + QQ' + RR' =-(AD + DA + A'A) = 0. 
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b) Ggi G va G' lin lugt la trgng tam cac tam giac PQR va fi'g'fi'. 

Theo cau a) ta cd Jp' + QQ' + R^ = 0. 

Do dd (fiG + GG' + G'F) + (QG + GG' + G'Q') +(RG + GG' + G'R') = 0 

^ (PG + QG + RG) + 3GG' + (G'.P' + G'Q' + G'R') = 0 

6 0 

«> 3GG*' = 0 => G trung vdi G'. 

vay hai tam giac figfi va P'Q'R' cd cflng trgng tam. 

§2. HAI DUONG THANG VUONG GOC 

3.8, Ta cd (h:3.50): 

GD^ + GD.GB + GD^= GD.(GA + GB + GC) 

= G D . 0 = 0 

(Vi G la ttgng tam cfla tam giac ABC ntn 

GA + GB + GC = 0). 

3.9. Ta cin chung minh JB.CD =0 (h.3.51). 

Dat Afi = fe, Jc = c, AD = 3. Tacd: 

MÂ  = MA + AN =~-AC + -(AB + AD). 

1 ,r Suyra MN = -(b + d-c). 

QP = QA + AP 

= --J^+-(JB+JC) 
2 2 

= ̂ (b + c-d). 

160 

www.truongbachviet.com



.2 — . 2 
Theo gia thie't ta co MN = PQ<^ MN = QP . 

(b + d-c)^ =(b + c-d)^ ^ b.d-b.c-d.c = b.c-b.d-c.d 

<=> 2fe.5-2fe.c=0 

<^ fe.(5-c) = 0 

<^JB.(JD-JC)=O 

<^ JB.CD =0^AB1 CD . 

3.10. Ta tfnh cdsin cfla gdc gifla hai vecto SC va AB. Ta cd 

^ ^ (SA+JC).JB SA.JB+JC.JB 
cos(SC,AB) = . ^ : ^ . 

ISCl.lAfil a 

Theo gia thiet ta suy ra hinh chdp cd cac tam giac diu la SAB, SAC va cac tam 
giac vudng la ABC vudng tai A va SBC vudng tai S. 

. 2 
Do dd SAAB = a. a.cos 120° = 

2 
va AC. Afi = 0. 

vay cos (SC, AB) = ——̂  
.^.0 

a 
2 

hay (SC,AB)= 120° (h.3.52). 

vay gdc gifla hai vecto AB va SC bing 120°. 

3.11. Cdch thd nhd't 

Dl thiy tam giac ABC vudng tai A nen 

AC.Afi = 0(h. 3.53) va tam giac SAB diu 

ndn (SA, Afi) = 120°. 

SC~AB = (SA + JC)AB = SAAB + JC.JB 

= |sA|.|Afi|.cosl20° = - — . 
2 

11.BT.HlNHHOC11(C)-A 

M. 

P 

J 

/ 
^ 

/ / 

\ \ ^ 
/ \ 

• \ 
/ V / \ / \ / \ 

c 
Hinh 3.53 
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cos(SC,Afi) = ^ : ^ = ^ = . 
2 ISCl.lAfil a" 

Do dd gdc gifla hai dudng thing SC vi AB bing 60°. 

Cdch thd hai 

Ggi" M, Â , P lin lugt la trung dilm cfla SA, SB, AC Di tinh gdc giua hai 

dudng thing SC va AB, ta cin tfnh A^Mfi. 

Ta cd NB = MP = SP^=^^BP^ 5a' 

BP^+SP'^=2NP'^ + ^^ NP^ = ̂ '' 
2 4 

Mat khae Â fî  = Â M̂  + MP^ - 2MN.MP cos NMP 

2 
a 

cos Â Mfi = 
a a 

Â Mfi = 120°. 

Vay gdc gifla hai dudng thing SC va 

AB bing 60°. 

3.12. Gia sii a II b vi c 1 a. Liy diim O 
hit ki trdn c, ke a' H a qua O suy ra 

M = 90°. Dl thiy a'Hb ntn M 
chfnh la gdc gifla hai dudng thing c va 
fe, do dd c 1 fe (h.3.54). 

3.13. Tfl gia thie't suy ra tfl giac ABCD la 
hinh thoi, do dd AC 1 BD (h.3.55). 

Dl tha'y mat cheo BDDB' cfla hinh 
hop da cho la hinh binh hanh, do dd 
BD II B'D'. Tfl dd, theo bai 3.12 suy ra 
AC 1 BD'. 
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B( 

B' 

O 

Hinh 3.54 

A D 

\ \C 

A'\ I . 
^ I — "" 

• - I " " > 
• — " " 1 / 

• — " " I > / 

D' 

Hinh 3.55 
11.BT.HINHH0C11(C)-B 
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3.14. Trudc hit ta dl thiy tfl giac A'fi'CD la hinh 
binh hanh, ngoai raB'C = d = CD nen nd la 
hinh thoi. Ta chflng minh hinh thoi AB'CD 
la hinh vudng (h.3.56). That vay, ta cd : 

CB'FD = (CB + BB').BA = CB^ + BB'.BA 

2 2 

2 2 

Vay tfl giac A 'B'CD la hinh vudng. 

3.15. fig = fiA + AC + e g ; (1) 

¥Q = 'PB + 'BD + ^ . (2) 

Cdng tiing ve (1) va (2) ta cd 

2'PQ = Jc + BD (h.3.57). 

Suy ra 2PQ.AB = AC.AB + BD.AB = 0 

hay JQ.JB = 0, tflc la fig 1 Afi. 

§3. DUONG THANG VUONG GOC Vdl MAT PHANG 

Hinh 3.57 

3.16. 
AA' 1 (a)] 

fifi'1 (or) J 
AA'IIBB' 

Mat phing (AA', BB') xac 
dinh bdi hai dudng thing 
song song AA', BB' cit mat 
phing (or) theo giao tuydn 
qua O, A',B'. Do dd ba dilm 
O, A', fi'thing hang. 

Hai tam giac vudng OAA' va 
OBB' bing nhau vi cd mdt 
canh huyin va mdt gdc nhgn 
bing nhau nen tfl dd ta suy 
ra AA' = fifi'(h.3.58). Hinh 3.58 
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3.17. Hai mat phing (or) va (P khdng thi trung nhau vi ndu chflng trflng nhau thi 
tfl mdt dilm C ta dung dugc hai dudng thing CA, CB cflng vudng gde vdi mdt 
mat phing, dilu dd la vd If (h.3.59). 

Mat khae (or) va (P eung khdng song song vdi nhau. Vi nlu (or) // (P, thi tfl 
CB 1 (P ta suy ra CB 1 (a). 

Nhu vay tfl mdt dilm C ta dung dugc 
hai dudng thing CA, CB cflng vudng 
gdc vdi (or), dilu dd la vd If. 

Vay (a) vi (P li hai mat phing khdng 
trflng nhau, khdng song song vdi nhau va 
chflng phai cit nhau theo giao tuyin d, 
nghia lad = (or) n (P. 

CAld 

CBld 

dl(ABC). 

3.18. a) BC 1 AH va fiC 1A'77 vi A'771 (ABC) 

^BC1(A'HA) ^BCIAA' 

viB'ClAA'viBCHB'C 

b) Ta cd AA' // BB' II CC ma fiC 1 AA' 
nen tfl giac BCC'B' la hinh chu nhat. Vi 
AA' II (BCC'B') ntn AA' II MM' va vi 
AA' 1 BC ntn ta suy ra MM' 1 BC vi 
MM' 1 B'C hay MM' la dudng cao cfla 
hinh chfl nhat BCC'B' (h.3.60). 

3.19, Ta cd SA 1 (ABC) ^ SA 1 DC c (ABC). 
Vi AC va BD cit nhau tai trung dilm O 
cua mdi doan nen tfl giac ABCD la hinh 
binh hanh va ta cd AB II DC. Vi 
ABIAC ntn CDICA. Mat khae ta cd 
CD 1 SA, do dd CD 1 (SCA) (h.3.61) 

Hinh 3.59 

Hinh 3.61 
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3.20, a) Tam giac ABC can dinh A va cd 7 la 
trung dilm cfla BC ntn Al 1 BC. Tuang 
tu tam giac DBC can dinh D va cd 7 la 
trung dilm cfla BC ntn Dl 1 BC Ta 
suy ra: 

fiC 1 (A7D) nen fiC 1 AD. 

b) Vi BC 1 (AID) ntn BC 1 AH. 

Mat khae A77 1 7D nen ta suy ra A77 
vudng gdc vdi mat phang (BCD) (h.3.62). 

3.21. Phdn thudn. Nlu MA = MB = MC 
nghia la M each diu ba dinh cfla tam 
giac ABC vi MO vudng gdc vdi mat 
phing (ABC) thi ta cd ba tam giac 
vudng MOA, MOB, MOC bing nhau. 
Tfl dd ta suy ra OA = OB = OC nghia la 
A, B, C nim trdn dudng ttdn tam O 
ngoai tilp tam giac ABC Vay dilm M 
each diu ba dinh cua tam gi^c ABC thi 
nim tten dudng thing d vudng gdc vdi 
mat phing (ABC) tai tam O cua dudng 
trdn ngoai tid'p tam giac ABC (h.3.63). 

Hinh 3.62 

Hmh 3.63 

Phdn ddo. Nd'u ta liy mdt dilm M bit ki thudc dudng thing d ndi ttdn thi ta cd ba 
tam giac vudng MOA, MOB, MOC bing nhau. Do dd ta suy ra MA = MB = MC 
nghia la dilm M each diu ba dinh cfla tam giac ABC. 

Ket ludn. Tap hgp nhung dilm each diu ba dinh cfla tam giac ABC la dudng 
thing d vudng gdc vdi mat phing (ABC) tai tam O cfla dudng trdn (C) ngoai 
tilp tam giac ABC dd. Ngudi ta thudng ggi dudng thing d la true cua dudng 
tron (C). 

§4. HAI MAT PHANG VUONG GOC 

3.22. Theo gia thid't cac mat efla hinh hdp diu la hinh thoi (h.3.64). 

Ta cd ABCD la hinh thoi ndn AC 1 fiD. 

Theo tfnh chit cfla hinh hop : BD // B'D', do dd AC 1 B'D'. 
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Chflng minh tuong tu ta dugc 

AB'1CD',AD'1CB'. 

Hai mat phing (AA'CC) va (BB'D'D) 
vudng gdc vdi nhau khi hinh hdp 
ABCD A'B'C'D' la hinh lap phuong.' 

3.23. Hai tam giac ABC va BAD bing 
nhau (c.c.c) ndn cd cac dudng trung 
tuyd'n tuong flng bing nhau : 
CM = DM (h.3.65). 

Ta cd tam giac MCD can tai M, do 
dd MA'̂  1 CD vi A'' la trung dilm cfla 
CD. Tuong tu ta chflng minh dugc 
ÂA = NB va suy ra MÂ  1 AB. Mat 
phing (CDM) khdng vudng gdc vdi 
mat phing (AfiÂ ) vi (CDM) chfla 
MÂ  vudng gdc vdi chi mdt dudng 
thing AB thudc (AfiÂ ) ma thdi. 

3.24. Ve A77 1 (BCD) tai 77, ta cd 
CD 1 AH va vi CD 1 AB ta suy ra 
CD 1 BH. Tuong tu vi BD 1 AC ta 
suy ra fiD 1C77 (h.3.66). 

Vay 77 la true tam cfla tam giac BCD 
tflc la D771 BC. 

Nl AH 1 BC ntn ta suy ra BC 1 AD. 

Cdch khdc. Trudc hit ta hay chiing 
minh he thflc : 

AB.CD + AC.DB + AD.BC =0 
vdi bd'n dilm A, B, C, D hit ki. 

Thuc vay, ta cd : 

JB.CD = JB.(JD-JC) = JB.JD-JC.JB 

Jc.m = JC(JB -JD) = JC.JB - JC.JD 

JD .'BC = JD .(Jc -JB) = JD.JC-JD.JB 

Hinh 3.64 

Hinh 3.65 

Hinh 3.66 

(1) 

(2) 

(3) 
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(I) + (2) + (3) <^ AB.CD + AC. DB +AD.BC = 0 (4) 

Do dd nd'u AB ICD nghla la Afi. CD = 0, AC 1 fiD nghla la AC. fiD = 0 

tfl he thflc (4) ta suy ra AD. fiC = 0, do dd AD 1 BC. 

3.25. Vi AD 1 (ABC) nen AD 1 BC. Ngoai ra 
BC 1 AB ndn ta cd BC 1 (ABD) (h.3.61). 

Vi mat phang (BCD) chfla BC ma BC 1 (ABD) 
ntn ta suy ra mat phing (BCD) vudng gdc 
vdi mat phing (ABD). 

Hai mat phing (BCD) va (ABD) vudng gdc 
vdi nhau va cd giao tuyd'n la BD. Dudng 
thing A77 thudc mat phing (ABD) va vudng 
gdc vdi giao tuyd'n BD ntn AH vudng gdc 
vdi mat phing (BCD). 

3.26. a) Ggi O la tam cfla hinh thoi, ta cd AC 1 BD 
tai O (h.3.68). 

Vl SA = SC ntn SO 1 AC. 

Do dd AC vudng gdc vdi mat phing (SBD). 

Ta Suy ra mat phing (ABCD) vudng gdc vdi 
mat phing (SfiD). 

b) Ba tam giac SAC, BAC, DAC bing nhau 
(c.c.c) ndn ta suy ra OS = OB = OD. Vay 
tam giac SBD vudng tai S. 

3.27. a) Ta cd Afi = AD = AA'= a 

vaC'B = C'D = CA'= ay/2 (h.3.69). 

Do dd theo bai 3.21, vi hai dilm A va C 
each diu ba dinh cfla tam giac A'BD ndn A 
va C thudc true dudng trdn ngoai tid'p tam 
giac BDA'. Vay AC 1 (BDA'). Mat khae, vi 
mat phing (ACCA') chfla dudng thing AC 
ma A C l (fiDA0 ndn ta suy ra mat phing 
(ACCA') vudng gdc vdi mat phing (BDA'). 

Hinh 3.67 

B 
/ t\ \ v ^- ' -""" ' •^/ l 

/ ^ - " M - ^ X A ^ / 
" ^ -' 1 /x / 

/ - /^ / 
' 1 / ? ' - . / 

' W 
' x> / / ' - ^ 

lA N 

" '-^L ^ 
c 

A' D' 

Hinh 3.69 
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b) Ta cd ACC la tam giac vudng cd canh AC = ay/2 va CC = a. 

Vay AC'^ =AC^+CC'^ 

vay AC = ay/3. 

AC'^=2a^+a^=3a^ 

Hinh 3.70 

3.28. a) Vi S.ABC la hinh chdp diu ndn AABC 
la tam giac diu va cd SA = SB = SC. Do dd 
khi ta ve S77 1 (ABC) thi 77 la trgng tam 
cfla tam giac diu ABC va ta cd A771 BC. 
Theo dinh If ba dudng vudng gdc ta cd 
SA 1 fiC (h.3.70). 

Chiing minh tuong tu ta cd SB 1 AC vi 
SCIAB. 

b) Vi fiC 1A77 va fiC 1S77 ndn fiC 1 (SA77). 

Chflng minh tuong tu ta cd CA 1 (SBH) 
viABl(SCH). 

3.29. a) Ggi A' la giao dilm cfla A77 va BC. Ta 
cin chiing minh ba dilm S, K, A' thing 
hang (h.3.71). 

Vi 77 la true tam cfla tam giac ABC ntn 
AA' 1 BC. Mat khae theo gia thiit ta cd : 
SA 1 (ABC), do dd SA 1 BC. Tfl dd ta suy 
ra BC 1 (SAAO va BC 1 SA. Vay SA' li 
dudng cao cfla tam giac SBC ndn SA' phai 
di qua true tam K. Vay ba dudng thing 
A7̂ , SK va BC ddng quy. 

b) Vi ^ la true tam cfla tam giac SBC ndn 
fiTsTlSC. (1) 

Mat khae ta cd BH 1 AC vi H la true tam cfla tam giac ABC vi BH 1 SA vi 
SAI (ABC). 

Do dd fi771 (SAC) ndn fi771 SC. (2) 

Tfl (1) va (2) ta suy ra SC 1 (BHK). Vi mat phing (SAC) chda SC ma 
SC 1 (BHK) ndn ta cd (SAC) 1 (BHK). 
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c) Ta cd 
BC 1 (SAA'), do dd fiC 1 777s:l 

HK1(SBC) 
SCI (BHK), do do sc 1 HK 

mat phing (BHK) chfla 77^ ma 777i: 1 (SBC) ntn (BHK) 1 (SBC). 

BCIAB] 
3.30. a) 

BCISA 
BC 1 (SAB) ^ (SBC) 1 (SAB) (h.3.12). 

h) AH 1 SB ma SB la giao tuyd'n efla hai mat phing vudng gdc la (SBC) vi 
(SAB) ntn AH 1 (SBC). 

c) Xlt tam giac vudng SAB vdi dudng 
cao A77 ta cd : 

1 1 1 
-^r + : A77 

VayA77 = 

AS^ AB' 

ay/6 

J_ J_ 
a^ 2a^ 2a' 

d) Vl OK 1 (SBC) ma A77 1 (SBC) ntn 
OK II AH, ta cd K thudc C77. 

0K = 
AH ay[6 

3.31. a) Ggi 7 la giao dilm cfla mat phing 
(a) vdi canh SC. Ta cd (a) 1 SC, 
A7 c (a) => SC 1 A7. vay A7 la dudng 
cao efla tam giac vudng SAC. Trong 
mat phing SAC, dudng cao A7 cit SO 
tai ^ va A7 c (a) ntn K la giao dilm 
cfla SO vdi (or). 

BD 1 AC] 
h) Ta cd ^ => fiD 1 (SAC). 

BDISA] 
=> fiD 1 SC. 

Mat khae BD c (SBD) ntn (SBD) 1 (SAC). 

Vi BD 1 SC va (ct) 1 SC nhung BD khdng 
chfla ttong (or) ndn BD // (d) (h.3.73). 

Hinh 3.73 
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c) Ta cd Ti: = so n (or) va SO thudc mat phing (SBD) ntn K la mdt dilm 
chung cfla (or) va (SBD). Mat phing (SBD) chfla BD // (a) ntn cit (or) theo 
giao tuyd'n d II BD. Giao tuyd'n nay di qua K la dilm chung cfla (or) va (SBD). 
Ggi-M va N lin lugt la giao dilm cfla d vdi SB va SD. Ta dugc thiet dien la tfl 
giac AMIN cd dudng cheo A7 vudng gdc vdi SC va dudng cheo MN song song 
vdi BD. 

3.32. a) Ta cd 
CD 1 AD] 

CD ISA 
CD 1 (SAD) 

=> (SCD) 1 (SAD) (h.3.74). 

Ggi 7 la trung dilm cfla doan AB. Ta 
cd A7CD la hinh vudng va IBCD la 
hinh binh hanh. Vi D7 // CB va 
D7 1 AC ntn AC 1 CB. Do dd 
CB 1 (SAC). 

vay (SBC) 1 (SAC). 

h) Tac6(p= SCA => tan ^ = 
SA 
AC ay/2 2 

c) 
D71 AC I 

D71SA 
D71(SAC). 

vay (or) la mat phing chfla SD va vudng gdc vdi mat phing (SAC) chfnh la 
mat phing (SDT). Do dd thid't di^n cfla (or) vdi hinh chdp S.ABCD la tam giac 
diu SD7 cd ehilu dai mdi canh bing av2 . Ggi 77 la tam hinh vudng A7CD ta 

coSHlDlvi SH = 
DlS ay/6 

Tam giac SD7 cd didn tfch 

^ASDI = i s 7 7 . D 7 . i ^ aV2=- ' ^ 

§5. KHOANG CACH 

3.33. Dilm A each diu ba dinh cfla tam giac diu A'BD vi ta cd AB = AD =AA' = a, 
dilm C cung cich diu ba dinh cfla tam giac diu dd vi ta cd : 

CB = C'D = CA = ay/2 . 
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Vay AC la true cfla dudng trdn 
ngoai tid'p tam giac A'BD, tdc la 
dudng thing AC vudng gdc vdi mat 
phing (A'BD) tai ttgng tam 7 cfla 
tam giac A'BD. Ta cin tim khoang 
cachA7(h.3.75). 

Ta cd A7 = Bl = Dl = - A'O vdi O 
3 

la tam cua hinh vudng ABCD. 

V3 
Ta lai cd A'0 = fiD ^ ^ 

2 

= a ^ . ^ = ^ . 
2 2 

NiyA'l=^AO=^.^ = ^ . 
3 3 2 3 

Tuong tu dilm C each diu ba dinh 
cfla tam giac diu CB'D', tinh dugc 
khoang each tfl C, B', D' tdi dudng 
cheo AC. 

3.34. a) Ggi O la tam hinh vudng ABCD, 
di thiy I, O, K thing hang (h.3.76). Vi 
K la trung dilm cfla BC ndn SK 1 BC. 

BCISK] 
Tacd 

BCIOK 
BC 1 (SIK). 

^/^'I N̂ O ^ Z^^f 

^- ' ' V / '' '''1 
1 ' ^ 7- ' / / 
' ' / / --nt 

/ ' / B'V - ^ - L -^ 

If/^'' - - ^ ^ 

' 7 ' / ' ' ^ 

D' 
Hinh 3.75 

C 

Do dd (SfiC) 1 (S77«0. 

b) Hai dudng thing AD vi SB cheo nhau. Ta cd mat phing i^BC) chfla SB va 
song song vdi AD. Do dd khoang each gifla AD va SB bing khoang each gifla 
AD va mat phing (SBC). Khoang each nay bing khoang each tfl dilm 7 dd'n 
mat phing (SBC). 

Theo cau a) ta cd (S7A0 1 (SBC) theo giao tuyd'n S^ va khoang each cin tim la 
7M, trong dd M la chan dudng vudng gdc ha tfl 7 tdi SK. Dua vao he thflc 

, „ , SO.IK 
IM.SK = SO.IK, ta cd 7M =—-—• 

oK 
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2 2 
Talaicd: SK^ =SB'^-BK^ =2a^-— = — =>SK = 

ayfl 

vaS0^=SA^-0A^=2a^ 
av2 3a^ 

S0 = 
ayl3 _ ay/6 

~JT~ 2 
^ ^. „^ SO.7^ aV6 ay/l ayf42 
Do do 7M = = a : = 

SK 2 2 1 
vay khoang each gifla hai dudng thing AD va SB la bing aV42 

3.35. a) Ta cd B'C 1 BC vi day la hai dudng cheo cfla hinh vudng BB'C'C 
(h.3.77). 

Ngoai ra ta cdn cd : A 'fi' 1 (BB'C'C) ^ A'B'1 BC. 

Tfl dd ta suy ra BC 1 (A'B'CD) vi mat 
phing (A'B'CD) chfla dudng thing A'B' 
va B'C cflng vudng gdc vdi BC. 

b) Mat phing (AB'D') chda dudng thing 
AB' va song song vdi BC, ta hay tim hinh 
chie'u cfla BC trtn mat phing (AB'D'). 
Ggi F, F lin lugt la tam cae hinh vudng 
ADD'A, BCC'B'. Ke F77 1 EB' vdi 
HeEB', khi dd F77 nim ttdn mat phing 
(A'B'CD) ndn theo cau a) thi F77 1 BC 
hay F771 AD'. Vay F771 (AB'D'), do dd 
hinh chie'u BC trtn mat phing (AB'D') la 
dudng thing di qua 77 va song song vdi 
BC. Gia sfl dudng thing dd cit AB' tai K 
thi tfl ^ ve dudng thing song song vdi 
77F cit BC tai L. Khi dd KL la doan 
vudng gdc chung cin dung. Tam giac 
B'EF vudng tai F nen tfl cdng thflc 

1 1 1 

Hinh 3.77 

• + • 

F77^ FE^ FB ,2 ta tfnh duoc 

KL = FH = 
ayl3 
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Nhdn xet. Do dai doan vudng gdc chung cfla AB' vi BC bing khoang each 
gifla hai mat phing song song (AB'D') va (BCD) Un lugt chfla hai dudng 

1 /̂3 
thing dd. Khoang each nay bing — A'C = 

3.36. a) Vl ABCD la nfla luc giac diu ndi tie'p ttong dudng trdn dudng kfnh AD = 2a 
nen ta ed : AD // BC vi AB = BC = CD = a, ddng thdi AC 1 CD, AB 1 BD, 
AC = fiD = aV3 (h.3.78). 

CDI AC] 
Nhu vay \ ^ CDI (SAC). 

CD ISA J 

Trong mat phing (SAQ dung A77 1 SC 
tai 77 ta cd A77 1 CD va A771 SC nen 
A771(SCD). 

vay A77 = d (A, (SCD)). 

Xet tam giac SAC vudng tai A cd A77 
la dudng cao, ta cd : 

1 

A77' 

1 1 
SA^ AC^ 

- + (ay[6f (aS)^ 2a^ 

vay A77̂  = 2a^ z:^ AH = ay/2. 

Ggi 7 la trung dilm cfla AD ta cd B7 // CD ntn Bl song song vdi mat phing 
(SCD). Tfl dd suy ra d(B, (SCD)) = d(l, (SCD)). 

Mat khae A7 cit (SCD) tai D ndn 

d(l, (SCD)) = -d(A, (SCD)) =-• ay/2= — • 

Do dd : d(B, (SCD)) = 
ayf2 

b) Vi AD IIBC ndn AD // (SBC), do dd d(AD, (SBC)) = d(A,(SBC)). 

Dung Arf 1 fiC tai F => fiC 1 (SAF). 
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AFISE 1 
Dung AF 1 SE tai F ta cd : I =i> AF 1 (SBC). 

AFlBC(viBCl(SAE))\ 
vay AF = d(A,(SBC)) = d(AD, (SBC)). 

Xet tam giac vudng AEB ta cd : AE = AB sin ABE = a sin 60° = 

Xet tam giac SAE \'udng tai A ta cd 

1 1 1 

AF^ ^ SA^ AE^ 

Ty A' M:'2 6a a v 6 Do do AF = z^AF= 

1 

(aV6)2 +-

vay fi?(AD, (SfiC)) =AF = 

3 

ay/6 

ay/3 6a' 

3.37. Gia thid't cho ABCD la tfl didn diu 
nen cac cap canh dd'i dien cfla tfl dien 
dd cd vai trd nhu nhau. Do dd ta chi 
cin tfnh khoang each gifla hai canh AB 
vi CD la dfl (h.3.79). 

Ggi I vi K Hn lugt la trung dilm cfla 
AB vi CD. Dl thiy IK la doan vudng 
gdc chung cfla AB va CD ntn nd chfnh 
la khoang each giua AB vi CD. 

Tam giac fi^7 vudng tai 7. Ta cd : 

IK^=BK^-Bl^ = 
'aS^^ ^.^2 a 

V2y 

vay 77i: = 
aV2 

Hinh 3.79 

3.38. Ggi 7 va TiT lin lugt la trung dilm cfla AB va CD (h.3.80), ta cd 77i: la doan 
vudng gdc chung cfla AB vi CD va dd dai doan IK la khoang each cin tim : 
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77<:̂  = BK^-Bl^ = BK^-^ 

ma fi7<:^ = BC^ -CK^ =a^-^. 

y^ylK^^a'-l^^ 

Do dd IK = - V 4 a ^ - ( p ^ i V ) 

vdi dilu kidn 4a^ -(p^ +q^) > 0. 
Hinh 3.80 

3.39. a) SG la true dudng trdn ngoai 
tid'p tam giac diu ABC ntn 
SG 1 (AfiC) (h.3.81). Tacd 

SG^=SA^-AG^ 

= (2a)' 
^W3^ 
V 2 , 

= 4a2-3a2=a2. 
Hinh 3.81 vay khoang each tfl S tdi mat 

phing (ABC) la do dai cfla doan 
SG = a. 

b) Ta cd CG 1 AB tai 77. Vi G77 la doan vudng gdc chung cua AB va SG, do dd 

77G= i 77Cma77C = ^ ndn77G= ^ • 
3 2 2 

3.40. a) Ggi 7 la trung dilm cfla canh B'C Theo gia thid't ta ed A7 1 (A'B'C) va 

AA7 = 60°. Ta bilt ring hai mat phing (ABC) va (A'B'C) song song vdi nhau 
ndn khoang each gifla hai mat phing chuih la khoang each A7 (h.3.82). 

. ^„o v3 ay/3 
DoddA7 = AA'.sin60°= a--- = ——-
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b) 
fi'C'lA'7l 

B'C'1(AIA') 
B'C 1 Al \ 

^B'C'IAA' 

Ma AA' // BB' // CC ntn B'C 1 BB'. 

vay mat ben BCC'B' la mdt hinh 
vudng vi nd la hinh thoi cd mdt 
gdc vudng. 

Hinh 3.82 

CAU HOI vA BAI TAP ON TAP CHITONG III 

3.41. a) Dflng 
d)Sai 

3.42. a) Sai 
c) Dflng 

b) Dflng 
e)Sai 

b)Sai 
d) Sai. 

c)Sai 
f) Dflng 

3.43, a) Ta cd hai mat phing song song la : 
(Ax,AD)H(By,BC). 

Hai mat phing nay bi cit bdi mat 
phang (P ntn ta suy ra eae giao tuye'n 
cfla chflng phai song song nghla la 
A'D'//fi'C'(h.3.83). 

Tuong tu ta chiing minh duoc 
A'B' II D'C'. vay A'B'C'D' la hinh binh 
hanh. Cac hinh thang AA'CC va 
BB'D'D diu ed 00' la dudng trung 
binh trong dd O la tam cfla hinh 
vudng ABCD va O' la tam cfla hinh 
binh hanh A'B'CD'. Do dd : 

AA' + CC = BB' + DD' = 200'. 
Hinh 3.83 

b) Mud'n hmh binh hanh A'B'C'D' la hinh thoi ta cin phai cd AC 1 
da cd AC 1 BD. Ngudi ta chung minh dugc ring hinh chie'u vudng 

B'D'. Ta 
gdc cua 
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mdt gdc vudng la mdt gdc vudng khi va chi khi gdc vudng dem chie'u cd ft 
nha't mdt canh song song vdi mat phing chid'u hay nim trong mat chid'u. Vay 
A'B'C'D' la hinh thoi khi va chi khi AC hoac B'D' song song vdi mat phing 
(a) cho trudc. Khi dd ta cd AA' = CC hoac BB' = DD'. 

c) Mud'n hinh binh hanh A'B'C'D' la hinh chfl nhat ta cin cd A'B' 1 B'C, nghla 
la A'B' hoac B'C phai song song vdi mat phing (or). Khi dd ta cd AA' = BB' hoac 
BB' = CC, nghla la hinh binh hanh A'B'C'D' cd hai dinh kl nhau each diu mat 
phing (or) cho trudc. 

3,44, a) Ggi 77 la trung dilm cfla doan 
BC (h.3.84). Qua A ve AD song 
song vdi BC vi bing doan 77C thi 

gdc gifla BC vi SA la gdc SAD. 
Theo dinh If ba dudng vudng gdc, 
ta cd SD 1 DA va khi dd : 

7a 
AD HC _ 2 _ ^ 
SA~ SA~ lay[2 ~ 4 

cos SAD = 

vay gdc gifla BC va SA duoc xac 

x/2 ' 
dinh sao cho cos SAD = 

b) Vi BC II AD ntn BC song song vdi mat phing (SAD). Do dd khoang each 
gifla SA va BC chfnh la khoang each tfl dudng thing BC dd'n mat phing (SAD). 

Ta ke CK 1 SD. suy ra CK 1 (SAD), do dd CK chfnh la khoang each ndi 
trdn. Xet tam giac vudng SCD vdi dudng cao CK xuit phat tfl dinh gdc vudng C 
ta cd hd thflc : 

1 1 
• + -

1 
=>-

1 1 1 

CK^ SC^ CD^ CK"- (la)'' laS 

(vi CD = AH = 
BCy/3 lay/3 

). 

Dodd 
1 1 

- + -
3 + 4 

CK^ 49a^ 3.49a^ 3.49a'- 2\a' 
vay C7<: = ay[Tl. 
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m- Chd V. Nd'u ke Kl II AD va ke IJ II CK thi IJ la doan vudng gdc chung cua SA 
vafiC 

3.45. Gia sfl Afi 1 CD ta phai chflng minh AC^ + BD^ = AD^ + BC^ (h.3.85). 
That vay, ke BE 1 CD tai F, do Afi 1 CD ta suy ra CD 1 (ABE) ndn 
CD 1 AE. Ap dung dinh h' Py-ta-go cho cac tam giac vudng AEC, BEC, AED 
vi BED ta cd : 

AC^=AE^+CE^ ^ 

BD^ = BE^ + ED^ / \ \ ^ 

BC^ =BE^+EC^ / \ \ ^ 

AD^ =AE^+ED^. \~~~-f-_ V ^ ^ ' ^ 

Tfl dd ta suy ra AC^ + BD^ = AD^ + BC^. \ l ^ ^ ^ ^ ^ 

Ngugc lai nlu tfl dien ABCD cd ^ 
-) ' n 7 ? Hinh 3.85 

AC^ + BD^ = AD^ + BC^ thi : 

AC^-AD^ =BC'^-BD^. 

Neu AC^ - AD^ = BC^ - BD^ = k^ thi ttong mat phang (ACD) dilm A thudc 
dudng thing vudng gdc vdi CD tai dilm 77 tten tia 7D vdi 7 la trung dilm 

2 k^ cfla CD sao cho 777 = 
2CD 

Tucmg tu dilm 5 thudc dudng thing vudng gdc vdi CD cung tai dilm 77 ndi 
trdn. Tfl dd suy ra CD vudng gdc vdi mat phing (ABH) hay CD 1 AB. 

Nlu AC^ - AD^ = BC^ - BD^ = -k^ thi ta cd 

AD-^ - AC^ = BD^ - BC^ = k^ va dua vl trudng hgp xet nhu tten. 

DS" Chd y. Tfl ke't qua cfla bai tô H tren ta suy ra : 

Tfl dien ABCD cd cac cap canh dd'i dien vudng gdc vdi nhau khi va chi khi 

AB^ + CD^ = AC^ + BD^ = AD^ + BC^. 
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3.46. a) Ta cd AB' // DC Ggi a la gdc 

giua AB' va BC, khi dd a = ^CB 
(h.3.86). 

Vt tam giac BCD diu ndn or = 60°. 

b) Ggi p la gdc gifla AC va CD'. 

V i C D ' l C D v a C D ' l A D 

(do AD l(CDD'CO), 

tasuyraCD'1 (ADCfiO. 

V a y C D ' l AC hay ŷ  = 90°. 

BS Chu y. Ta cd thi chflng minh P = 90° bing each khae nhu sau : 

Ggi I vi K Hn lugt la trung dilm eua cae canh BC vi A'D'. Ta ed 
IK II CD'. Dl dang chiing minh dugc A7C^ li mdt hinh binh hanh cd bd'n 
canh bing nhau va dd la mdt hinh thoi. Vay AC 1 IK hay AC 1 CD' va 

/? = 90°. 

3.47. Theo gia thid't ta c6 M vi N la hai 
dilm di ddng lin lugt tren hai tia Ax 
va By sao cho AM + BN = MN 
(h.3.87). 

a) Keo dai MA mdt doan AP = BN, 
ta cd MP = MN va OP = ON. 

Do dd A OMP = A OMÂ  (c. e. e) 

=> OA = OH ntn OH = a. 

- Ta suy raHM = AM viHN = BN. 

h) Ggi M' la hinh chieu vudng gdc 
cfla dilm M tren mat phing 
(Bx', By) ta cd : 

HKHMM'vdiKe NM'. 

KM' HM ^AM ^BM' 

' ^~KN'~ HN~ BN~ BN ' 

Do dd dd'i vdi tam giac fiA^M' dudng thing BK la phan giac cua gdc x'By. 

Hinh 3.87 
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c) Ggi (P la mat phing (AB, BK). Vi HK // AB ndn 777<: nim ttong mat phing 
(P va do dd 77 thudc mat phing (P. Trong mat phing (P ta cd 077 = a. Vay 
dilm 77 ludn ludn nim trdn dudng trdn cd dinh, dudng kfnh AB va nim trong 
mat phing cd dinh (P = (AB, BK). 

3.48. a) Hai tam giac vudng SOB va AOB cd canh OB chung va SB = AB = a ndn 
chflng bang nhau. Do dd SO = OA = OC suy ra tam giac SAC vudng tai S 
(h.3.88). 

/ / ' \'''' 

/ X ' V 
' / / ^ ' A 

/ ?'̂ ' \ 
// ," ^ \ 
// -̂  ^ \ 1/ ""^ ^ \ 

i t - ' ' •* 

-̂' 
,*" / 

/a 

B 

Hinh 3.88 

Mat khae vi BD 1 AC va BD 1 SO ndn fiD 1 (SAC) ^ BD 1 SC 

b) Ggi / la trung dilm cfla doan SAk 

Vi BS = BA = a nen fi7 1 SA 

VI DS = DA = a nen DI 1 SA. Ta suy ra fi7D la gdc cfla hai mat phing (SAB) 
va (SAD). Trong tam giac vudng AOB ta cd : 

OA = ^AB--OB- = Ja'^ -— = «V6 , . , •>,..' ^r, <3v3 . (vi theo gia thidt OB = ). 

Vi SO = 0A nen 07 = 
0A /̂2 c'S yf2 aS 

Nhu vay ta suy ra : 07 = Ofi = OD do dd tam giac fi7D vudng tai 7, nghia la 
(SAB) 1 (SAD). Chflng minh tuong tu ta cd (SCB) 1 (SCD). 

c) Khoang each gifla SA va BD chfnh la do dai doan vudng gdc chung 07. 

. a%/3 
Ta CO. 01= —• 
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CAU HOI TRAC NGHIEM 

3.49. (C) 3.50. (C) 3.51. (D) 3.52. (A) 

3.53. (D) 3.54. (D) 3.55. (C) 3.56. (C) 

3.57. (A) la mgnh de dung con (B), (C), (D) la menh de sai. 

3.58. Mfenh de diing : (B); (C); (D). Menh de sai : (A) 

3.59. Menh dl diing : (A). Menh de sai: (B), (C), (D). 

3.60. (B) 3.61. (D) 3.62. (B) 3.63. (D) 

3.64. (B) 3.65. (A) 3.66. (B) 3.67. (B) 

3.68. (D) 3.69. (B). 

BAI TAP ON CUOI NAM 

L Dt BAI 

1. Cho hai dilm phan biet A, B va dudng thing d song song vdi doan thing AB. 
Diim C chay tren dudng thing d. Tim tap hgp cac trgng tam cfla tam giac AfiC. 

2. Trong mat phing Oxy cho dudng thing d cd phuong trinh x + 2y - 4 = 0. 
Vie't phucmg trinh cfla dudng thing d' la inh cfla d qua phep ddng dang cd 
dugc bing each thuc hien lien tilp phep vi tu tam O, ti so -2 va phep dd'i 
xflng qua true Oy. 

3. Tfl dien OABC cd cac canh OA, OB, OC vudng gdc vdi nhau tflng ddi mgt 
va cd OA = a,OB = fe, OC = c. Ggi or, P, y lin lugt la gdc hgp bdi cac mat 
phing (OBC), (OCA), (OAB) vdi mat phing (ABC). 

9 9 9 

Chflng minh ring cos or + cos P + cos y = l: 

4. Hinh chdp S.ABCD cd day la hinh thang vudng ABCD vudng tai A va B. 
Hinh thang cd canh AD = 2a, AB = BC = a va hinh chdp cd canh SA vudng 
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gdc vdi mat phang (ABCD). Ggi C va D' lin lugt la hinh chie'u vudng gdc 
cfla dinh A tren SC vi SD. 

a) Chiing minh SBC = SCD = 90°. 

b) Chflng minh ba dudng thing AD', AC, AB cflng nim trong mdt mat 
phing. Tfl dd chirng minh ring CD' di qua mdt dilm cd dinh khi dinh S 
di ddng tren dudng thing vudng gdc vdi mat phing (ABCD) tai A la Ax. 

c) Xac dinh va tfnh dd dai doan vudng gdc chung cfla AB va SC khi AS = av2. 

5. Hinh chdp S.ABCD cd day la hinh vudng ABCD canh a va cd mat bdn SAD 
la tam giac diu nim trong mat phing vudng gdc vdi mat phing (ABCD). Ggi 
7 la trung dilm cua AD, M la trung dilm cua Afi, F la trung dilm cfla SB va 
K la giao dilm cfla fi7 va CM. 

a) Chiing minh ring mat phing (CMF) vudng gdc vdi mat phing (S7fi) 

b) Tfnh BK va KF va suy ra tam giac BKF can tai dinh K. 

c) Dung va tfnh'dd dai doan vudng gdc chung cfla AB vi SD. 

d) Tfnh khoang each gifla hai dudng thing CM va SA. 

6. Hinh chdp S.ABCD cd day la hinh vudng ABCD canh a, canh SA = a va 
vudng gdc vdi mat phing (ABCD). 

a) Chiing minh cac mat bdn cfla hinh chdp la nhung tam giac vudng. 

b) Mat phing (or) qua A va vudng gdc vdi SC lin lugt cit SB, SC, SD tai B', 
C, D'. Chdng minh fi'D' song song vdi BD va Afi' vUdng gdc vdi SB. 

c) Mia mdt dilm di ddng tren doan BC, ggi K la hinh chid'u cfla S trdn DM. 
Tim tap hgp cac dilm K khi M di ddng. 

d) Dat BM = X. Tinh dd dai doan SK theo a vi x. Tinh gii tri nhd nhit cfla 
doan SK. 

7. Hinh chdp SABCD cd day la hinh thoi ABCD tam O canh a, gdc BAD = 60°. 
, , 3a 

Dudng thang SO vudng gdc vdi mat phang (ABCD) va doan SO = Goi F 
4 

la tmng dilm cfla BC, F la trung dilm cfla BE. 

a) Chung minh mat phing (SOF) vudng gdc vdi mat phing (SBC). 

h) Tinh cac khoang each tfl O va A din mat phing (SBC). 
c) Ggi (or) la mat phing qua AD va vudng gdc vdi mat phang (SBC). Xac 

dinh thid't didn cfla hinh chdp vdi (or). Tfnh didn tich thid't di^n nay. 

d) Tfnh gdc gifla (a) vi (ABCD). 
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Cho tam giac diu SAB vi hinh vudng ABCD canh a nim trong hai mat 
phang vudng gdc vdi nhau. Ggi 77, K lin lugt la trung dilm cfla AB, CD va 
F, F lin lugt la trung dilm cfla SA, SB. 

a) Tinh khoang each tfl A dd'n mat phing (SCD) vi tang cfla gdc gifla hai mat 
phang (SAfi) va (SCD). 

b) Ggi G la giao dilm cfla CE vi DF. Chflng minh CE vudng gdc vdi SA vi 
DF vudng gdc vdi SB. Tfnh tang cfla gdc gifla hai mat phing (GEE) vi 
(SAB). Hai mat phing nay cd vudng gdc vdi nhau khdng ? 

c) Chung minh G la trgng tam cfla tam giac SHK. Tinh khoang each tfl G dd'n 
mat phang (SCD). 

d) Ggi M la dilm di ddng tren doan SA. Tim tap hgp nhirng dilm la hinh 
chie'u cua S tten mat phing (CDM). 

Hinh chdp S.ABCD cd day la hinh vudng ABCD canh a, cic canh htn diu 

bing ay/3. 

a) Tinh khoang each tfl S din mat phing (ABCD). 

b) Ggi (or) la mat phing qua A va vudng gdc vdi SC. Hay xac dinh thie't dien 
cfla hinh chdp vdi (or). 

c) Tfnh dien tfch cfla thidt dien ndi tten. 

d) Ggi (p la gdc gifla AB va (or). Tfnh sin^. 

Cho hinh lap phuong AfiCD .A'fi'CD' canh a. 

a) Chflng minh fiC vudng gdc vdi mat phang (AB'CD) 

h) Xac dinh va tfnh dd dai doan vudng gdc chung cfla AB' va BC'. 

Cho hinh vudng ABCD tam O, canh a. Trdn hai tia Bx va Dy vudng gdc vdi 
mat phing (ABCD) va cflng nim vl mdt phfa cfla mat phing (ABCD) lin 

• ' (? 
luot liy hai dilm M va Â  sao cho : BM.DN = 

• ^ 2 

Dat 'BOM = a, DON = p. 

a) Chflng minh tan or .tan P=l. Kit luain dugc gi vl hai gdc avi pi 
h) Chflng minh mat phing (ACM) vudng gdc vdi mat phing (CAN). 
G) Ggi 77 la hinh chid'u cfla O trdn MN. Tuih OH. Tfl dd chflng mdnh ring A77 

vudng gdc vdi 77C va mat phang (AMN) vudng gdc vdi mat phang (CMN). 
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12. Cho hinh lap phuong ABCD.A 'B'C'D' cd canh la a. Ggi F, F va M lin lugt la 
trung dilm cfla AD, AB va CC. 

a) Dung thid't didn cfla hinh lap phucmg vdi mat phing (EFM). 

b) Tfnh cos^ vdi ^ l a gdc gifla hai mat phing (ABCD) va (EFM). 

c) Tinh didn tfch cua thid't didn dung dugc d cau a). 

II. H I / O N G DAN GIAI VA DAP S 6 

1. Ggi 7 la trung dilm cfla AB, khi dd 
7 CO dinh va trgng tam G cfla tam 
giac ABC thudc trung tuyd'n C7 sao 

— 1 — 
cho IG = — IC. Do dd co the xem 

3 

G la anh cfla C qua phep vi tu tam 

7,t isd-(h.3.89). 

2. Qua phip vi tu tam O ti sd - 2 dudng 
thing d bid'n thanh dudng thing c/, 
cd phucmg trinh x + 2j + 4 = 0. Qua 
phdp dd'i xflng qua true Oy dudng 
thing dl 

cd phucmg trinh x - 2y 
la phuong trinh cin tim. 

bid'n thanh dudng thing d' 

4 = 0. Do 

Hudng ddn : 

Ggi 77 la hinh chid'u vudng gdc cfla 
dinh O xud'ng mat phing (ABC) 
(h.3.90). Ta chiing minh dugc 77 la 
true tam cfla tam giac ABC, nghTa 
la chflng minh A77 1 BC tai A', 
fi77 1 CA tai B' vi CH 1 AB tai C 

Tfl dd suy ra or = OA'A 

=> cos or = cos OA'A = sin OAA' 

OH OH 

OA a 

Hinh 3.89 

Hinh 3.90 
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Xet tam giac vudng AOA' ta cd : 

1 ^ 1 1 _ 1 1 

077^ OA^ OA^ a^ OA'^ 

Xet tam giac vudng BOC ta cd : 

1 1 
- + -

_ _ 1 _ 1 

OA^ OB^ OC^ b^ c^ 

Tf l ( l )va (2 ) tacd : 

1 l i l u 
• = - T + TT + - ^ hay 

077^ 077^ 077^ 

0772 a2 ' b" \^ ""' a2 

vay COS or + cos^ P + cos^ y = 1. 

Hudng ddn : 

• + - - + -

(1) 

(2) 

= 1. 

Hinh 3.91 

a) Ap dung dinh If ba dudng vudng gdc ta chflng minh dugc SB 1 BC vi 
SC 1 CD. 

h) Hay chflng minh AD', AC, AB diu vudng gdc vdi SD, tfl dd suy ra AD', 
AC, AB cflng nim trong mat phing (ct) di qua dilm A va vudng gdc vdi 
SD. Do dd C D ' di qua mdt dilm cd dinh la giao dilm 7 cfla AB va CD khi 
dilm S di ddng trdn dudng thing Ax (h.3.91). 

c) Ggi K la trung dilm cfla canh AD (h.3.92). Ta cd AB // (SCK). 

13.BT.HINHHOC11(C)-A 185 

www.truongbachviet.com



Dung A77 1 SK, HE // KC, EF // 77A. 

Ta dflge EF la doan vudng gdc chung cfla AB va SC. 

AS.AK ay/2.a ayf6 
Ta CO EF = AH va A77.S7i: = AS.A7i:. Suy ra A77 = 

(SK^ = SA^ + AK^ =2a^ + a^ =3a^). 

SK ay/3 

5. Hudng ddn : 

a) Chdng muih CM 1 Bl (h.3.93) va cd CM 1 Sl, ta suy ra CM 1 (SIB). 
Mat phing (CMF) chfla dudng thing CM ntn (CMF) 1 (SIB). 

h) Xet tam giac vudng BCM ta cd : 

BK.CM = BM.BC =^ BK 
BM.BC 

CM 

ay/5 — a 
Dod6BK=^^-^ = -^ = 

aV5 V5 5 

Xdt tam giac vudng SIB, ta cd : 

S f i 2 = S 7 2 + 7 f i 2 = ^ + ̂  = 2a2. 
4 4 

Do ddSfi= ay/2 vafiF= ^ = ^ 
2 2 

Xet tam giac BKF, ta cd : 

ay/s 

FK^ = BF^ + BK^ - 2BF.BK .cosfi vdi cosfi = — = ^ - ^ 
SB ayji 

FK^=^ + ^ - 2 ^ . ^ 

ay/5 

2 
ay[2 

. • • i ' ^ lc?- a^ <^ Ty A' T?l^ " ^ DL-

FK = - = DodoFA^=—^= BK. 
' 10 2 5 5 

186 13.BT.HINHHOC11 (C)-B 

www.truongbachviet.com



Vay tam giac BKF cd BK = FK, ndn tam giac BKF la tam giac can tai K. 

c) Mat phang (SCD) chfla CD, trong dd CD // AB, do dd (SCD) 1 (SDA) vi 
CD 1 (SAD). 

Trong tam giac SAD ta ve AE 1 SD thi doan vudng gdc chung cfla SD va AB 

la AE. Ta cd AE la dudng cao cfla tam giac diu SAD ndn AE = 
2 

d) Mat phing (CMF) chfla CM vi song song vdi SA vi MF USA. 

Do dd khoang each gifla hai dudng thing cheo nhau SA va CM bing khoang 
each gifla SA va mat phing song song vdi SA ddng thdi chfla CM. Ta ed 

d(SA, CM) = d(SA, (CMF)) 

Theo cau a) ta cd (CMF) 1 (SIB) vdi giao tuyd'n la FK. 

Trong mat phing (S7fi) dung S77 1 FK thi S77 1 (CMF). 

Do dd SH = d (SA, CM) nghia la S77 la khoang each gifla SA va CM. 

Ta cd S77 = SF.sin SF77 = SE. sin KFB = SF. sin S67 = SF • — 
SB 

aS 
_ ayj2 2 _ '^^^ 

a) Ap dung tfnh chit vudng gdc cfla SA vdi mat phing (ABCD)vi dinh If ba 
dudng vudng gdc, ta chiing minh dugc cac mat bdn cfla hinh chdp la nhung 
tam giac vudng. 

b) Dl chung minh : BD 1 (SAC), do dd BD 1 SC. 

Mat khae vi (a) 1 SC ndn fiD' 1 SC. 

Nhu vay ta cd hai dudng thing BD vi fiD' phan bidt nim trong mat phing 
(SBD) vi cflng vudng gdc vdi SC. Nhung vi SC khdng vudng gdc vdi mat 
phing (SBD) ntn hinh chid'u cua SC trdn mat phing (SBD) se vudng gdc vdi 
BD va fi'D'. Suy rafiD // B'D'. 

Ta ed : fiC 1 (SAfi) =^ fiC 1 Afi' 

SCl(a)^SClAB'. :. , 

vay Afi'1 (SfiC) ^ Afi'1 Sfi (h.3.94). 
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c) Phdn thudn -.NiSKl MD, ap dung dinh If ba dudng vudng gdc, ta cd : 

A/̂ : 1 DM hay AiD = 90°. 

Vay K nim trdn dudng trdn dudng kfnh AD trong mat phing (ABCD). 

Ggi O la tam hinh vudng ABCD. Vi DM ludn ludn nim ttong gdc BDC ndn 

K nim trdn cung OD (h.3.95). 

Phdn ddo : Liy dilm K bit ki tren cung OD, DK cit BC tai M. Ta phai 
chiing minh SK 1 DM. That vay, dilu dd hiln nhien vi AK 1 DM. 

vay tap hgp cac dilm ^ khi M di ddng tren doan BC la cung OD . 

d) Vi BM = X, ntn CM = a - x, vay : 

DM = yla^+(a-x)'^ = ̂ x^-2ax + 2a^. 

Tam giac AMD cd dien tfch bing — nen : 

AK = 
^^ Vx2-2ax + 2a2 

Tacd: SK'^ = SA^ + AK'^ 

SK^ =a^ + 
a^{x'^-2ax + 3a^) 

x^-2ax + 2a^ x^-2ax + 2a^ 

188 

www.truongbachviet.com



|x - 2 a x + 3a 
SK= a. 

X -2ax + 2a 

SK nhd nhit khi va chi khi AK nhd nhit, tflc la khi va chi khi K trflng O, 
hay X = 0. 

KhiddST^ . =a,l^ = ^ . 
mm ^ 2 2 

Khoang each tfl dilm M din mat phing (or) dflge kf hieu la d(M, (a)). 

a) Vi BCD la tam giac diu nen DE 1 BC vi do dd OF 1 BC, ngoai ra SO 1 BC 
nen fiCl (SOF). 

b) Trong mat phing (SOF) dung 077 1 SF thi 077 1 (SBC). Trong tam giac 
vudng SOF, ta cd : 

1 1 1 

077^ OF^ OS'^ 

ay rf(0, (SfiC)) = ^ -
8 

16 16 

3a^ 9a^ 9a^ 

•• 

3a 
8 

Ggi l = FOn AD. Trong mat phing (S7F) dung : 77̂  1 SF. 

Nl AD H (SBC) ntn taco: 

d(A, (SBC)) = d(i, (SBC)) = IK= 2077 = - ^ • 
4 

c) Ta cd IK 1 (SBC) ntn (or) la mat phing (ADK). Giao tuyin cfla (a) vdi 
(SBC) la MÂ  // BC Ta dugc thiet dien la hinh thang ADA^M (h.3.96). Mudn 

SK 
tirih MN ta cin tfnh ti sd Xet tam giac vudng SOF ta tfnh duoc 

SF 

SF = va xet tam giac vudng SKl ta tfnh duoc SK = 
2 ' 4 

SK 1 a ' 
Dodd = —TasuyraMAf= — 

SF 2 2 

S - 1 
'^ADMN 2 

^ a^ 
a + — 

V 2y 

3a 9a 2 

16 
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d) Ggi tpVa gdc gifla (a) va (ABCD). 

3a_ 
rr ^ 'fTB ^ .„ IK 4 3 2 >/3 
Ta CO fi? = A:7F va cosfi? = — = ;- = — • —,= = 

7F aV3 4 ^ ^ 2 

Vay ^ = 3 0 ° . 

8. Takf hieu khoang each nhu trong bai 7. 

a) Vi A77 // (SDC) ntn d(A, (SDC)) = d(H, (SDC)). Xet tam giac vudng S777i: 

ta tfnh duoc : S7̂  = 
2 

Trong (SHK) diing HH" 1 SK thi 7777' 1 (SCD) ntn HH' = d(H, (SDC)). 

Tacd : 7777' = 

ayl3 
HS.HK _ 2 '^ _ay/3 _ay/2i 

SK a yfl y/l 1 

Gdc gifla hai mat phing (SAB) va (SCD) la gdc 77S7i: (h.3.97) 

HK a 2 .2V3 
tan77S7i: = 

SH ay/3 y/3 3 
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b) Ta cd CS = VsTsT̂  + TiTĈ  = 2a^ =>CS= ay/2 . 

Do dd CA = CS= ay/2. Vi F la trung dilm SA ntn CEISA. 

Tuong tu ta cd : DF 1 SB. 

Ggi 7 la giao dilm cua EF va S77. Ta cd 777̂ " la gdc gifla hai mat phing 

(GEF) vi (SAB). Ta hay xet tan HIK : 

4 4V3 
tan HIK = 

HK a 
HI ay/3 V3 3 

vay hai mat phing (SAB) va (GEF) khdng vudng gdc vdi nhau. 

c) Ta cd Kl la trung tuyin cfla tam giac SHK va Kl qua G. 

GK CD 
Mat khae 

G7 EF 
= 2 =^ G la ttgng tam cfla tam giac SHK. 

Do dd 77G di qua trung dilm L cfla STiT. va = - ma d(H, (SCD)) = — 
777, 3 7 

vay J(G, (SCD)) = ^rf(77, (SCD)) = ^ ^ -

d) CD 1 (SHK) => (CDM) 1 (SHK). Dung MÂ  // CD, N e SH, ta dugc 
(CDM)n(SHK) = KN. 
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Dung SP 1 KN thi SP 1 (CDM), do 
dd P la hinh ehilu cfla S tren mat 
phing (CDM). 

Ta cd : SPK = Iv. Do dd P thudc 
dudng trdn dudng kfnh SK trong mat 
phing (SHK). 

Mat khae ta chfl y ring vi M di ddng 
trdn doan SA ndn N di ddng trdn 
doan S77. 

Ta suy ra dilm P chay trdn cung S77. 

Chflng minh xong phin dao ta se tim 

dugc tap hgp cac dilm P la cung S77 
(h.3.98). 

9. a) Ggi O la tam cfla hinh vudng AfiCD 
thi SO la khoang each tfl S dd'n 
(ABCD) (h.3.99). 

.2 Ta cd : SO'^ = SC^ -OC 

= 3a 
2 2a^ lOa^ 

S0 = 
ayllO 

Hinh 3.98 

b) Vi BD 1 (SAC) ntn BD 1 SC. 
Trong (SAC) dung AC 1 SC AC cit 
SO tai 77 va cit SC tai C . Trong 
(SBD), dudng thing qua 77 va song 
song vdi BD cit SB vi SD lin luot tai 
fi'vaD'. 

Ta cd : B'D' 1 SC. Vay SC 1 mp (AB'CD') vi (a) la mat phing (AB'C'DO-
Thie't dien cin tim la tfl giac AB'C'D'. 

c) BD 1 (SAC) =^ BD 1 AC =^ B'D' 1 AC. 

Do dd : S AB'C'D ,=-AC.B'D' 
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aVlO rz 
T, . .^ , SO.AC 2 ' «>/5 aVl5 
taco : AC = = —-—;= = —7=̂  = 

SC ay/3 V3 3 

SC^ = S A 2 - A C ' 2 =3a2 - ^ = ^ ^SC= ^ 
3 3 ^ 

Tfl hai tam giac vudng ddng dang SOC va SC77 ta cd : 

^ • a V 3 
S77 = 

SC'.SC_^ 4a 

SO ay/lO VlO 

2 

Nl B'D'H BD ntn : 

BD SO VlO aVlO 10 5 5 

„ _l ay/5 4 f- 2a^y/ld 2a^y/3d 

SAB'C'D'=Y-^-^-^2 = ^ ^ = — ^ . 

d) Ggi ^la gde (Afi, (o)). 

Tacd : C C = S C - S C = a V 3 - ^ = — -

V3 3 
Dung OTs:// CC vdiKe AC, thi OTsT 1 (a) viOK=- CC'= — 

2 6 
, . /T 

Dung BF = OK thi fiF 1 («) va BF = - ^ ^ • 

Ta cd gdc (AB,(a)) = BAE = cp 

aS 
. -rr^ BF g V3 . V3 

sinfiAF = = —2_ = ^sm<3= -̂ —̂ 
\BA a 6 6 

10. a) Ta cd : B'C 1 BC (dudng cheo hinh vudng). Vi ABCD.A'B'C'D' la hinh 
lap phuong nen : A 'fi' 1 (BB 'CC)^ A'B'IBC. 
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Suy r a : f i C l (A'fi'CD). 

b) Mat phang (AB'D') chfla AB' vi song song vdi BC. Ta hay tim hinh ehilu 
cfla BC trtn mat phing (AB'D'). Ggi F, F lin lugt la tam hinh vudng 
ADD'A, BCC'B'. Ke FH 1'EB' (HG EB\ Khi dd F77 nim tren mat phang 
(A'B'CD) ntn theo cau a) F771 fiChay F771 AD'. Vay F771 (AB'D). Do dd 
hinh ehilu cfla BC trtn mp (AB'D") la dudng thing di qua 77 va song song 
vdi BC Nlu dudng thing dd cit AB' tai K, thi tii K ve dudng thing song 
song vdi 77F, cit fiC tai L. Khi dd KL la doan vudng gdc chung cin dung. 

Tfl cdng thflc 
1 

F77" 

1 1 
- + -FE^ FB'^ 

ta tfnh duoc 

[3 
KL = FH= ^ ^ (h.3.100). 

Hinh 3.100 

BM „ DN 
11. a)tanQr= ^7^'tanyD = 

OB = OD = 

OB 

ay/2 

OD 

Theo gia thiet BM.DN = — nen ta co : tan or tan /? = = 1. 
2 OB.OD 

Do dd tanor= cotP=> a+ P= 90° 

b) Rd rang ring AC 1 (Bx, Dy) ndn OM 1 AC va OÂ  1 AC (h.3.101). 
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Hinh 3.101 

vay gdc MOÂ  la gdc gifla hai mat phing (ACM) va (ACN). 

Trong (Bx, Dy), ta cd : MON = IS0°-(a + p) = 90°. 

Do dd : (ACM) 1 (ACA?). 

c) Ta cd : OM = 

vudng MOÂ  nen 

1 

OB 
cosa 

ON 
OD 

cosP 
Vi 077 la dudng cao trong tam giac 

1 
- + -

OM^ ON' 

I cos or+cos ŷ  1 

OB' OB' OH 

Vay OH = OB. 

Ta suy ra OH = OA = OC. Do dd A77C = 90°, hay AHIHC 

Vi MN 1 OH va MÂ  1 AC ntn 

MN 1 (AHQ. Do dd AHC la gdc gifla 
hai mat phing (AMÂ ) va (CMN). 

Tfl dd ta suy ra : (AMÂ ) 1 (CMA )̂. 

12, a) Ggi O va O' lin lugt la tam cfla cac 
hinh vudng ABCD va A'B'C'D', IM cit 
00' tai K (I la trung dilm cfla EF). 
Dudng thing qua K song song vdi BD 
cit BB' vi DD' tai P va g. Thid't dien 
la ngu giac EFPMQ (h.3.102). 
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b)Tacd^= M7C. 

tan^ = 
- ^^ - 2 _ ^ 

IC ~ 3aV2 " 3 

2 
COS tp-

costp-

1 1 
2.- 2 11 1 + t a n ^ l^± 

9 

3 3vrT 
11 

c) Ggi S la dien tfch thiit dien EFPMQ vi S' la dien tfch hinh ehilu EFBCD 

ciia thie't dien xud'ng mat phing (ABCD). Ta tfnh dugc S' = 
7a^ 

Ta cd : S = • ̂
_ 7 a ^ vrT_7vrT 2 

cos^ 8 3 24 -a 
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MUC LUC 

Trang 

Chi/tfNq I 

PHEP D0I HiNH VA PHEP DONG DANG TRONG MAT PHANG 

§1. Phep bien hinh - §2. Phep tinh tien 
A. Cac kie'n thflc cSn nhd 5 
B. Dang toan co ban 6 
C. cau hoi va bai tap 10 

§3. Phep ddi xdng true 
A. Cac kien thflc cin nhd 11 
B. Dang toan co ban 12 
C. cau hoi va bai tap . 16 

§4. Phep ddi xdng tdm 
A. Cac kie'n thflc cdn nhd 17 

B. Dang toan co ban 18 
C. cau hoi va bai tap 20 

§5. Phep quay 
A. Cac kie'n thflc cari nhd 21 
B. Dang toan co ban 22 
C. cau hoi va bai tap 24 

* 

§6. Khdi niem ve phep doi hinh vd hai hinh bdng nhau 
A. Cac kie'n thflc cin nhd 25 

B. Dang toan co ban 26 

C. cau hoi va bai tap 28 

§7. Phep vi tu 
A. Cac kie'n thflc cdn nhd 28 
B. Dang toan co ban 30 

C. cau hoi va bai tap 33 
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§8. Phep dong dang 
A. Cac kie'n thflc cdn nhd 33 

B. Dang toan co ban 34 

C. Cau hoi va bai tap 36 

Cdu hdi va bai tap on tap chuang I 37 

Hudng ddn gidi vd ddp sd ' 43 

Chi/ONq II 

DU&NG THANG VA MAT PHANG TRONG KHONG GIAN. 
QUAN HE SONG SONG 

§1. Dqi cuang ve du&ng thdng vd mat phdng 
A. Cac kie'n thflc can nhd 56 
B. Dang toan co ban 57 

C. Cau hoi va bai tap 60 

§2. Hai du&ng thdng cheo nhau vd hai dudng thdng song song 
A. Cac kien thflc can nhd 61 
B. Dang toan co ban 62 

C. cau hoi va bai tap 64 

§3. Dudng thdng vd mat phdng song song 
A. Cac kien thflc can nhd 65 
B. Dang toan co ban 66 

C. Cau hoi va bai tap 68 

§4. Hai mat phdng song song 
A. Cac kie'n thflc cSn nhd 69 

B. Dang toan CO ban - 7 1 
C. Cau hoi va bai tap 73 

§5. Phep chieu song song. Hinh bieu diin cua mot hinh khdng gian 
A. Cac kien thflc can nhd 75 
B. Dang toan co ban . 76 

C. Cau hoi va bai tap ^ 77 
Cdu hdi vd bdi tap on tap chuong II 78 
Hudng ddn gidi vd ddp sd 82 
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Chi/dNq I I I 

VECTO TRONG KHONG GIAN. 
QUAN HE VUONG GOC TRONG KHONG GIAN 

§1. Vecta trong khong gian 

A. Cac kie'n thflc cin nhd 

B. Dang toan co ban 

C. cau hoi ya bai tap 

§2. Hai du&ng thdng vuong goc 

A. Cac kien thflc cSn nhd 

B. Dang toan co ban 

C. Cau hoi va bai tap 

§3. Du&ng thdng vuong goc vdi mat phdng 

A. Cac kie'n thflc dn nhd 
B. Dang toan co ban 
C. cau hoi va bai tap 

§4. Hai mat phdng vudng gdc 

A. Cac kie'n thflc cin nhd 

B. Dang toan co ban 

C. Cau hoi va bai tap 

§5. Khodng cdch 

A. CAc kie'n thflc cin nhd 

B. Dang toan co ban 

C. cau hoi va bai tap 
Cdu hdi.vd bdi tap on tap chuong HI 
Hudng ddn gidi vd ddp sd 
Bai tap on cudi ndm 

110 

114 

118 

120 

121 

127 

128 

130 

134 

135 

136 

139 

141 

142 

149 

150 

156 

181 
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