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CHCdNG 

PHEP Ddi HiNH 
VA PHEP odiSIG DANG 
TRONG M A T P H A N G 

I 111 I I I I I , I 

I I I 1,1 I 

*> Phep tjnh tien, phep do! xumg true, phep doi xumg 
tam va phep quay 

*> Khai niem ve phep ddi hinh va hai hinh b^ng nhau 
*> Phep vj tir, tam vj tircua hai dudng trdn 
*> Khai niem ve phep dong dang va hai hinh dong dang 

Nhin nhumg tam ban do Viet Nam tren day ta th% do la 
nliung liinh giong nhau cCing nam tren mot mat phlng. 

Hai hinli tji^ va S> giong nhau c& ve hinh dang va l̂ icli 

thi/dc, chung chi l<hac nhau ve vj tri tren mat phlng. Hai 

hinh . ^ va "^giong nhau ve hinh dang nhi/ng khae nhau 

ve l<ich thude va vj tri. Ta goi t.jŝ  va S> la hai hinh bang 

nhau, con ^ v a '^ la hai hinh dong dang vdi nhau. Vay 

the nao la hai hinh bang nhau hay dong dang v6i nhau ? 
Trong chtfong nay ta se nghien cufu ve nhiJng van de do. 
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§1. PHEP BIEN HINH 

^ 1 Trong mat phang cho dudng thing d va 6\im M. Dung hinh chi^u vudng gde M' 
cija didm M len dudng thing d. 

M 
Ta da bi6't rang vdi mdi didm M co mdt 
dilm M' duy nhSit la hinh chi6u vudng gde 
cua dilm M irtn dudng thing d chd tnrdc 
(h.1.1). 

Hinh 1.1 

Tacd dinh nghia sau. ^ ' 
/ 

I Dinh nghla 

Quy tdc ddt tuang Ang mdi diem M cua mat phang vdi mgt 
diem xdc dinh duy nhdt M' cua mat phdng do duac goi la 
phep bien hinh trong mat phdng. 

Ne'u kl hieu phep bie'n hinh la F thi ta vie't F{M) = M' hay M' = F{M) va goi 
dilm M' la anh ciia dilm M qua phep bî 'n hinh F. 

« 
Ne'u <30 la mdt hinh nao dd trong mat phang thi ta ki hieu t3^' = F{o^) la tap 

cac dilm M' = F{M), vol moi diem M thude J ^ . Khi dd ta ndi F bien hinh ^ 

thdnh hinh ^', hay hinh ^ ' Id dnh ciia hinh e î̂ qua phep bieh hinh F. 

Phep bie'n hinh bie'n mdi dilm M thanh chfnh nd duoc goi la phep dong nhdt. 

^ 2 Cho trudc sd a duong, vdi mdi didm M trong mat phang, gpi M ' la didm sao cho 
MM' = a. Quy tac dat tuong urng didm M vdi 6\im M' n6u tr6n cd phai |a mdt phep 
biS'n hinh Ichdng ? 

§2. PHEP TjNH TIEN 

Khi day mdt canh cufa tnrcrt sao cho chdt cura 
dich chuyin tit vi tri A de'n vi tri B ta tha'y tijtng 
dilm cua canh cira cung duoc dich ehuyin 
mdt doan bang AB va theo hudng ttt A den B 
(h.1.2). Khi dd ta ndi canh cijfa duoc tinh tie'n 

theo vectd AB. 

AS ^ B 

Hint) 1.2 
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I. DINH NGHIA 

Djnh nghia 

'§ Trong mat phdng cho vecta v. Phep bien hinh bien mdi diem 
M thdnh diem M' sao cho MM' = v duac gpi la phep tinh tien 
theo vecta v (h.l.3). 

Phip tinh tie'n theo vecto v thudng duoc ki 
hieu la r^, V duoc goi la vecta tinh tien. 

Nhu vay 

T^{M)=M'<^ MM' = v. 

Phip tinh tie'n theo vecto - khdng chinh Ihphep ddng nhdt. 

Vidu 

a) Phep tinh tie'n T^ bigh cac dilm A, B, C tuong ling thanh cac dilm A', B', C 

(h.l.4a). 

b) Phep tinh tie'n T- bie'n hinh J ^ thanh hinh J ^ ' (h.l.4b). 
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a) 
HOT/7 1.4 

1 Cho hai tam gî c d§u ABE va BCD bang nhau 
tr§n hinh 1.5. Tim pli§p tinh ti^n bien ba diem A, B, 
E theo thur ty thanh ba dî m B, C, D. 

b) 

Hinh 1.5 
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• ^ o6bigr? 

Ve nhiing hinh gidng nhau ed thi lat km mat phang la hiing thii ciia nhilu hoa 
si. Mdt trong nhOng ngudi ndi tie'ng theo khuynh hudng dd la Md-rit Cooc-ne-li 
Et-se (Maurits Comelis Escher), hoa si ngudi Ha Lan (1898 - 1972). NhOng 
bure tranh ciia dng duac h^g trieu ngudi tren thi? gidi ua chudng vi ching 

• nhiing r^t dep mk cdn chiia dung nhiing ndi dung t o ^ hoe sau sac. Sau day Ih. 
mdt sd tranh eiia dng. 

II. TINH CHAT 

Tfnh chdt 1 

I Niu T- (M) = Af', r^ (N) = N' thi MW = MN vd ti)c do suy ra 
I M'N' = MN. .. ... 

That vay, dl y rang MM' = NN' = v 

\h. M'M = -V (h.1.6), ta ed 

M'N' = M'M + MN + NN' 

= -V+''MN + V='MN. 

*,M' 

Hint) 1.6 
Tixdd suy TaM'N' = MN. 

Ndi c^eh khae, phep tinh tieh bao tokn khoang cdch giiia hai dilm bâ t ki. 

Tut tinh ch^t 1 ta ehutng minh dugc tinh eh^t sau. 

Tinh Chdt 2 

Phep tinh tien bie'n ducmg thdng thdnh dudng thdng song song 
hodc triing vdi no, bien doan thdng thdnh doan thdng bdng 

f. no, bien tam gidc thdnh tam gidc bdng no, bien dudng trdn 
I thdnh dudng trdn co ciing bdn kinh (h. 1.7). 
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Hinh 1.7 

2 N§u cSch xSc dinh iinh cCia dudng thing d qua ph6p tmh ti^n theo vecto v . 

ra. BI^U THtfC TOA D O 

Trong mat phing toa dd Oxy cho 
vecto v= (a ; 6) (h.'l.8). Vdi mdi 
dilm M{x ; y) ta ed M'{x' ; y") 
la anh c6a M qua ph6p tinh ti^n theo 

vecto V. Khi dd MM' = v <=> 
{x'-x = a ^^ ^̂  [x' = x + a 
\ , Tit dd suy ra ^ , 
[y-y = b. \y =y+b. 

y\ 

Hinh 1.8 

Bilu thiic tren dugc ggi 1̂  bi/u thiic tog dd eiia phip tinh ti6i T-. 

3 Trong mat phlng tea dd Oxy cho vecto v = ( 1 ; 2). Tim tea dd cOa didm M' Id inh 

cOa dilm M{3 ; -1 ) qua ph6p tjnh ti^n T^. 

BAITAP 

1. Chiing minh rang : M' = T- {M)^M = r_- (M'). 

2. Cho tam gific ABC cd G la trgng tam. Xdc dinh anh eua tam gidc ABC qua 

phip tinh tieh theo vecto AG. XAc dinh dilm D sao cho phep tinh ti^n theo' 

vecto AG bie'n D thanh A. 

3. Trong mat phang tda dd Oxy cho vecto v = (-1 ; 2), hai dilni A{3 ; 5), 5(-l ; 1) 
va dudng thang d cd phuang trinh jc - 2>' + 3 = 0. 

a) Tim toa dd cua cdc dilm A',B' theo thu: tu la anh eua A, B qua phep tinh tie'n 
theo V. 

b) Tim toa dd cua dilm C sao cho A la anh ciia C qua phep tinh tie'n theo v. 

c) Tim phirong tnnh eua dudng thang d' la anh eiia d qua phep tinh ti6i theo v. 
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4. Cho hai dudng thang a\ab song song vdi nhau. Hay ehi ra mdt phep tinh tieh 
bie'n a thanh b. Cd bao nhieu phep tinh tie'n nhu th^ ? 

§7. PHEP DOI XUNG TRUC 
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Chua Diu d Bic Ninh Biin cd tudng 

Hinfi 1.9 

Trong thuc te' ta thudng gap ra't nhi lu hinh cd true dd'i xiing nhu hinh con 
budm, anh mat trudc ciia mdt sd ngdi nha, mat ban ed tudng. . . . Viec nghien 
ciiu phep ddi xiing true trong muc nay cho ta mdt each hi iu chinh xae khiii 
niem dd. 

I. DINH NGHIA 

4 Dinh nghTa 
''} ' . 
'} Cho dudng thdng d. Phep bie'n 

',1 hinh bie'n mdi diem M thude d 

'. thdnh chinh no,, bie'n moi diem M 

_•; khdng thude d thdnh M'sao cho d 

'\ la dudng trung true cua doan ^ 

thdng MM' duac ggi Id phep ddi 

ij ximg qua dudng thdng d hay phep 

f ddixvcng true d(}[i.\.\Ql). 

M 

Mo 

, M' 

"1 d 

Hint) 1.10 

Dudng thang d dugc ggi la true cua phep dd'i xAng hoac don gian la true ddi xvcng. 

Phep dd'i xiing true rf thudng duge kf hieu la £)^. 
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Ne'u hinh J ^ ' la anh ciia hinh ^ qua 

phep ddi xiing true d thi ta edn ndi ^ dd'i 

xiing vdi ^ ' qua d, hay ^ v^ ^ ' ddi 

xiing vdi nhau qua J. 

Vi du 1. Tren hinh 1.11 ta cd cdc dilm A', 
B', C tuong ling la anh eiia cdc dilm A, B, 
C qua phep ddi xiing true d vk ngugc lai. 

1 Cho hinh thoi A5CD (h.1.12). Tim Inh cQa cdc 
dilm A, B, C, D qua ph6p ddi xiJng true AC. 

NMnx4t 

1) Cho dudng thing d. Vdi mdi dilm M, 
ggi MQ la hinh chi^u vudng gde ciia M tren 

dudng thang d. Khi dd 

M' = D^{M) <=> MQM' = -MQM 

2) M' = D^{M) ^ M = D^{M'). 

1 ChCrng minh nh§n xet 2. 
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Hinh 1.11 

II. B l i u THtrC TOA D O 

1) Chgn he toa dd Oxy sao cho true Ox trung 
vdi dudng thang d. Vdi mdi dilm M = {x; y), 
ggi M' = D^{M) = {x'; y') (h.l. 13) thi 

ix'. = x 

Bilu thiie tren duge ggi la bieu thAc toa dd 
ciia phep ddi xHtng qua true Ox. 

3 Tim anh ciia cac dilm A ( l ; 2), 5(0 ; -5 ) qua 
ph6p ddi xiimg true Ox. 

2) Chgn he toa dd Oxy sao cho true Oy triing vdi dudng thang d. Vdi mdi 
dilm M = {x; y), ggi M' = D^{M) = {x'; y') (h.l.14) thi: 

y. 

0 

I 

M{x;y) 
-f 

^ o h d 
1 X 

rnx'-.y-) 

Hinh 1.13 
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y' 

d 

M'{x'; y') 

: 

Mo 
J 

0 

M{x;y) 

X 

Hinh 1.14 

\x=-x 
\y' = y. 

Bilu thiic tren dugc ggi la bieu thtJtc tog. 
dd cua phep ddi xvcng qua true Oy. 

4 Tim inh ciia cdc dilm A( l ; 2), B{5 ; 0) 
qua ph6p ddi xCrng true Oy. 

III. TINH CHAT 

Ngudi ta chiing minh dugc edc tfnh ch^t sau. 

I Tinh chdt 1 

I Phep dd'i xAng true bdo todn. khodng cdch giita hai diim bdt ki. 

5 Chon h6 toa dd Oxy sao cho tme Ox trOng vdi true ddi xiJng, rdi dung bilu thCre toa 
dd eOa ph6p ddi xdrng qua true Ox d l chdrng minh tfnh chit 1. 

Tinh chdt 2 

Phep dd'i xiing true bii'n dudng thdng thdnh dudng thdng, biin 
dogn thdng thdnh dogn thdng bdng nd, biin tam gidc thdnh 
tam gidc bdng nd, bie'n dudng trdn thdnh dudng trdn c6 cdng 
bdn kinh (^.\.\5). , 

A 

IV. TRUC D 6 I XtJNG CUA M O T HINH 

i Dinh nghla 

I Dudng thdng d duac ggi Id true ddi xiing cua hinh ^ neu 
I phep ddi xiing qua d bie'n ^ thdnh chinh no. 

Khi dd ta ndi J^ la hinh co true ddi xiing. 

10 
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Vidul 

a) Mdi hinh trong hinh 1.16 la hinh ed true ddi xiing. 

Hinh 1.16 

b) Mdi hinh trong hinh 1.17 Id hinh khdng cd true ddi xiSng. 

N F 
Hinh 1.17 

6 a) Trong nhOng chCT edi dudi ddy, chO ndo Id hinh ed true ddi xCrng ? 

H A L O N G 
b) Tim mdt sd hinh tCr gidc ed true ddi xCmg, 

BAI TAP 

1. Trong mat phlng Oxy cho hai dilm A(l ; -2) vd 5(3 ; 1). Hm anh eua A, B vd 
dudng thing AB qua phep ddi xiing true Ox. 

2. Trong mat phlng Oxy cho dudng thing d cd phuang tiinh 3x-y + 2 = 0. Vie't 
phuang tiinh ciia dudng thing d' Id anh ciia d qua phep ddi xiing true Oy. 

3. Trong cdc chii edi sau, ehii ndo Id hinh cd true dd'i xiing ? 

w 
V I E T N A M 

O 
11 
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§4. PHEP DOI XUNG TAM 

Quan sdt hinh 1.18 ta thd'y hai hinh 
den vd trdng dd'i xiing vdi nhau qua 
tdm eua hinh ehu: nhat. Dl hiiu rd loai 

y dd'i xiJng ndy chung ta xet phep bie'n 
hinh dudi ddy. 

I. DINH NGHIA „,„ , , ,3 

Dinh nghla 

Cho diem I. Phep biin hinh biin diim I thdnh chinh nd, biin 
mdi diim M khdc I thdnh M' sao cho I Id trung diim cua 
dogn thdng MM' duac ggi Id phep dd'i xiing tdm I. 

Dilm / duge ggi Id tdm ddi xHtng (h. 1.19). 

Phep dd'i xiing tdm / thudng dugc ki hieu Id Dj. 

Ne'u hinh o^' la anh cua hinh tj^ qua 

Dj thi ta edn ndi J ^ ' dd'i xilng vdi J^ 

qua tam /, hay ^ vd J ^ ' dd'i xiing vdi 
nhau qua /. \ 

Tii dinh nghia trdn ta suy ra 

M' = Dj{M) <=>1M' = -1M 

Vidul 

a) Tren hinh 1.20 edc dilm X, Y, Z 
tuong ling la anh cua cdC dilm D, E, C 
qua phep ddi xiing tdm / vd ngugc lai. 

b) Trong hinh 1.21 cdc hinh«j?/ va ^ I d 
anh cua nhau qua phep ddi xiing tdm /, 
cdc hinh o^ vd ^ ' la anh eiia nhau 
qua phep dd'i xiing tdm/. 
^ ^ ^ ^ r^., Hinh 1.20 

Hinh 1.19 

• Y 

c 

X 

/ . 
/ • 

^̂ "̂  

• 
• 

\ 

• >v 

\ v * 

• 
• 

D 

Z 

E 

12 
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'"y"^ 

Hinh 1.21 

^ 1 Churng minh rang 

M' = Dj{M)^M = Di{M'). 

2 Cho hinh binh hdnh ABCD. Gpi O Id giao dilm cOa hai dudng cheo. Dudng thing 
k^ qua O vudng gde vdi AB, cat AB 6 £ vd eat CD b F. Hay ehi ra cdc cap dilm 
tr§n hinh v§ ddi xCrng vdi nhau qua tdm O. 

II. Bl£u THtrC TOA D O CUA PHEP D 6 I XtTNG QUA Gdc TOA D O 

Trong he toa dd Oxy cho M = {x;y), 
M' = DQ{M) = (JC' ; y'), khi dd 

\x =-x (h.1.22) 
1/ = -y 

Bilu thiic tren dugc ggi la biiu thUc 
tog do cua phep ddi xicng qua gdc 
tog dd. 

3 Trong mat phlng toa dd Oxy cho dilm 
A( -4 ; 3). Tim Inh ciia A qua ph§p 
ddi xijrng tdm O. 

M\x' • y') 

Hinh 1.22 

M(x; y) 

III. TINH CHAT 

Tinh chdt 1 

Niu Dj{M) = M' vd Dj{N) = N' thi M'N'^-MN, tit do 

suy ra M'N' = MN. 

13 
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Thdt vdy, vi IM' = -IM 

va7N'' = -'lN (h. 1.23) nen 

M N 

M'N' = IN'-IM' 

= -JM- {-JM) = -{IN -1M) = -'MN. 

Do do M'N'= MN. 

M' 

N' 

Hinh 1.23 

Ndi cdch khdc, phep ddi xiing tdm bdo todn khodng cdch giita hai diim bdt ki. 

4 Chon h6 toa dd Oxy, rdi dCing bilu thdrc toa dd eiia phep ddi xijrng tdm O chiing 
minh lai tfnh chit 1. 

Tii tfnh chdt 1 suy ra 

I Tinh chdt 2 

I Phep ddi xvCng tdm biin dudng thdng thdnh dudng thdng song 
I song hodc triing vdi no, biin dogn thdng thdnh dogn thdng 
I bdng no, biin tam gidc thdnh tam gidc bdng no, biin dudng 
I trdn thdnh dudng trdn co cung bdn kinh (h. 1.24). 

a) 

Hinh 1.24 

IV. TAM D6I XUNG CUA MOT HINH 

I Dinh nghla 
li 
I DiimI duac ggi Id tdm ddi xung ciia hinh ^ niu phep ddi. 

I xitng tdm I biin ^ thdnh chinh nd. 

Khi dd ta ndi J^ la hinh ed tdm ddi xuJig. 

14 
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Vi du 2. Tren hinh 1.25 Id nhiing hinh ed tdm ddi xiing. 

X ,̂-"'" 

p i , 

s 
Hinh 1.25 

5 Trong cdc chQ sau, ehC ndo Id hinh ed tdm ddi xiJng ? 

H A N O I 
^ 6 Tim mdt s^ hinh tur giac cd tdm ddi xiirng. 

BAI TAP 

1. Trong mat phang toa dd Oxy cho dilm A(-l ; 3) vd dudng thing d cd phuong 
tiinh x-2y + 3 = 0. Tim anh eua A vd d qua phep dd'i xiing tdm O. ' 

2. Trong edc hinh tam gidc diu, hinh binh hdnh, ngii giac diu, luc gidc diu, hinh 
ndo cd tdm dd'i xiing ? 

3. Tim mdt hinh cd vd sd tdm dd'i xiing. 

§5. PHEP QUAY 

Hinh 1.26 

Su dich chuyin cua nhiing chie'c kim ddng hd, cua iihiing bdnh xe rdng cua 
hay ddng tdc xoe mdt chie'c quat gid'y cho ta nhiing hinh anh vl phep quay md 
ta se nghien ciiu trong muc ndy. 

15 
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I. DINH NGHIA 

Djnh nghla 

' Cho diim O vd goc luang gidc a. Phep biin hinh biin O 
n thdnh chinh no, biin mdi diinvM khdc O thdnh diim M' sao 
' cho OM' = OM vd goc lugng gidc (OM; OM') bdng a dugc 

vj ggi la phep quay tdm O goc a ( h . l . 27 ) . 

W^ 
Diem O dugc ggi la tdm quay cdn a duge ggi 
la goc quay ciia phep quay dd. 

Phep quay tdm O gdc or thudng duoc kf hieu 

1̂  Qio,ay 

Vi du 1. Tren hinh 1.28 ta ed cdc dilm A', B', 
O tuang ling la anh ciia cac dilm J{,B,0 qua 

phep quay tdm 0, gdc quay -—• 

^ 1 Trong hinh 1.29 tim mdt gdc quay thich hgp d l 
phep quay tdm O 
- Biln dilm A thanh dilm B; 
-B i ln dilm C thdnh d'ilm D. 

Hinh 1.27' 

Nhdn xit 
Hinh 1.29 

B 

T^'^-
AZX 

\ l_J^A' 

~o • " - - — 

\ 
\ 
\ 

1 

- ^ i s : 

Hinh 1.28 

1) Chiiu duang cua phep quay Id ehilu duang cua dudng trdn lugng gidc 
nghia la chiiu nguge vdi ehilu quay cua kim ddng hd. 

O M 

Chiiu quay duang 
Hinh 1.30 

M' 

Chiiu quay Sm 

16 
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B A 

Hinh 1.31 

2 Trong hinh 1.31 khi bdnh xe A quay theo ehilu duong thi bdnh xe B quay theo 
ehilu ndo ? 

2) Vdi k Id sd nguydn ta ludn cd 

Phep quay Q(^o,2lcn) ^^ P'̂ ®? ^°"8 "^^ -̂ — 

Phep quay Q^ox2lc+l)n) ^^ P^^P ^°^ 
xiing tdm O (h.l.32). 

M 
O 

Hinh 1.32 

3 Tr&n mdt chile ddng hd ti^ luc 12 gid den 15 gid kim gid va kim phiit da quay mdt 
gde bao nhidu dd ? 

Hinh 1.33 

II. TINH CHAT 

Quan sat chie'c tay lai (vd-ldng) tren tay ngudi lai 
xe ta tha'y khi ngudi ldi xe quay tay lai mdt gdc 
ndo dd thi hai dilm A va 5 tren tay ldi ciing quay 
theo (h.l.34). Tuy vi tri A vd 5 thay ddi nhung 
khoang each giiia ehiing khdng thay ddi. Dilu dd 
dugc thi hien trong tfnh ehd't sau eiia phep quay. 

Hinh 1.34 

2-HINHHOC 11-A 17 
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Tfnh chdt 1 

Phep quay bdo todn khodng 
cdch giUa hai diem bdt ki. 

1 3 

7:-
T 

M^-4 
\ / 
\ 1 ^ 

0 

1 
1 

s 

"~~ 

• - . 

A' 

s 

^ s 

\ \ 

\ 
1 
I 

- - ^ ^ . I f i ' 

Hinh 1.35 

Phep quay tam O, goc (OA ; OA') bien diSm A thanh A', 

B thanh B'. Khi do ta co A'B' = AB. 

Tinh Chdt 2 

Phep quay biin dudng thdng thdnh dudng thdng, biin dogn thdng 
thdnh dogn thdng bdng no, biin tam gidc thdnh tam gidc bdng no, 
biin dudng trdn thdnh dudng trdn co ciing bdn kinh (h.1.36). 

o< 

Nhgn xet 

Phep quay gdc or vdi 0 < a < 7 i , bie'n 
dudng thing d thdnh dudng thing d' 
sao cho gdc giiia J vd d' bang a 

71 

(ne'u 0 < « < — ), hoac bang n-a 
2 

(ne'u -<a<Ji) (h . l .37) . 
Hinh 1.37 

^ 4 Cho tam giac ABC va dilm O. Xae djnh anh cOa tam giac dd qua phep quay tdm O 

gdc 60° 
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BAITAP 

1. Cho hinh vudng ABCD tdm O (h. 1.38). 
a) Tim anh ciia dilm C qua phep 

quay tam A gdc 90° 
b) Tun anh cua dudng thing BC qua 

phep quay tdm O gdc 90° H/n/? 1.38 

2. Trong mat phang toa dd Oxy cho dilm A(2 ; 0) va dudng thing d cd phuong 

trinh x + y -2 = 0. Tim anh cua A va J qua phep quay tdm O gdc 90°. 

§6. KHAI NIEM VE PHEP DOfI HINH 

VA HAI HINH BANG NHAU 

I. KHAI NIEM VE PHEP DOl HINH 

Cac phep tinh tie'n, dd'i xung true, dd'i xiing tdm va phep quay diu cd mdt tfnh 
chdt chung la bao todn khoang each giua hai dilm bd't ki. Ngudi ta dung tfnh 
chdt dd de dinh nghia phep bieh hinh sau ddy. 

Djnh nghla 
•i 

Phep ddi hinh Id phep biin hinh bdo todn khodng cdch giita 
•' hai diim bdt ki. 

Neu phep ddi hinh F bie'n cdc diem M, N ldn Iugt thanh cac dilm M', Â ' thi 
MN = M'N'. 

Nhgn xet 

1) Cdc phep ddng nhd't, tinh tie'n, dd'i xiing true, dd'i xiing tdm va phep quay 
diu la nhvthg phep ddi hinh. 

2) Phep bie'n hinh cd dugc bang each thuc hien lien tiep hai phep ddi hinh 
cGng la mdt phep ddi hinh. 

Vidul 
a) Tam gidc A'B"C" la anh ciia tam giac ABC qua phep ddi hinh (h. 1.39a). 
b) Ngu gidc MNPQR la anh ciia ngii giac M'N'P'Q'R' qua phep ddi hinh 

(h. 1.39b). 
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c) Hinh ^ ' la anh cua hinh ^ qua phep ddi hinh (h. 1.40). 

4i Cho hinh vudng A£CD, gpi O la giao 

dilm cOa AC va BD. Tim anh cOa eae 

dilm A, 5, O qua phep ddi hinh ed duge 

bang each thue hidn lidn tilp phep quay 

tdm O gde 90° va phep ddi xumg qua 

dudng thing B£)(h. 1.41). 

Vi du 2. Trong hinh 1.42 tam gidc 
DEF la anh ciia tam gidc ABC qua 
phep ddi hinh cd dugc bang cdch thuc 
hien lien tie'p phep quay tdm B gde 

90° va phep tinh tie'n theo vecto 

V='CF ={2; -4). 

y 

0 

L 

A' 

Hinh 1.41 

C 

\ \ 

D 

1 

A 

>" 

/ 
/ 

Hint 

N 

B 

f 
\ 

7 1.' 

\ 

42 

c 

E 
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n . TINH CHAT 
I Phep ddi hinh : 

."' 1) Biin ba diim thdng hdng thdnh ba diim thdng hdng vd bdo 
,'; todn thic tu giita cdc diim ; 

2) Bien dudng thdng thdnh dudng thdng, biin tia thdnh tia, 
'j biin dogn thdng thdnh dogn thdng bdng no ; 

3) Biin tam gidc thdnh tam gidc bang no, biin goc thdnh goc 
bdng no . 

,|' 4) Biin dudng trdn thdnh dudng trdn co cung bdn kinh. 

A 2 Hay ehijrng minh tfnh e h ^ t l 4 ^ S—^ £ 

Ggi y. Si!r dung tinh eh^t dilm B nam B' 
giOa hai dilm A vd C khi vd ehi khi ^. 

A5 + 5C = AC(h.1.43). - Hlnhi.43 

^ 3 Gpi A', B' lan lUdt Id anh eiia A, B qua ph6p ddi hinh F. Churng minh rang neu M la 
trung dilm cOa AB thi M ' = F(M) la trung dilm cua A'B'. 

D^ Chii y. a) Niu mgt phep ddi hinh biin tam gidc ABC thdnh tam gidc A'B'C 
thi no cUngbiin trgng tdm, true tdm, tdm cdc dudng trdn ndi tiip, ngogi tiip 
cug tam gidc ABC tuang itng thdnh trgng tdm, true tdm, tdm cdc dudng trdn 
ndi tiip, ngogi tiip cua tam gidc A'B'C (h.1.44). 

C' 

Hinh 1.44 

b) Phep ddi hinh biin da gidc n cgnh thdnh da 
gidc n cgnh, biin dinh thdnh dinh, biin cgnh 
thdnh cgnh. 

Vi du 3. Cho luc giac diu ABCDEF, O Id tdm 
dudng trdn ngoai tiĝ p ciia nd (h.1.45). Tim anh 
cua tam giac OAB qua phep ddi hinh cd dugc 
bang each thuc hien lien tiep phep quay tdm O, 
gdc 60° va phep tinh tiln theo vecto 0£. 
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gidi 
Ggi phep ddi hinh da cho la F. Chi cdn xdc dinh anh cua cac dinh ciia tam 

gidc OAB qua phep ddi hinh F Ta cd phep quay tdm O, gdc 60° bie'n O, A va 
B ldn Iugt thdnh O, B va C. Phep tinh tie'n theo vecto OE bie'n 0,BvaC ldn 
Iugt thanh E, O va D. Tii dd suy ra F{0) = E, F{A) = O, F{B) = D. Vdy anh 
ciia tam giac OAB qua phep ddi hinh F la tam gidc EOD. 

A 4 Cho hinh chO nhat ABCD. Gpi E, F. H, I theo 
thur ty la trung diem eiia cac canh AB, CD, BC, 
EF. Hay tim mdt phep ddi hinh bien tam giac AEI 
thanh tam giacFC//(h.l.46). 

III. KHAI NIEM HAI HINH BANG NHAU 

A D 

B H 

Hinh 1.46 

Hinh 1.47 

Quan sat hinh hai con ga trong tranh ddn gian (h.l.47), vi sao cd thi ndi hai 
hmha^va a^' bdng nhau ? 

Chiing ta da biet phep ddi hinh bie'n mdt tam giac thdnh tam giac bdng nd. 
Ngudi ta ciing chiing minh dugc rang vdi hai tam giac bang nhau ludn cd mdt 
phep ddi hinh bie'n tam giac nay thdnh tam giac kia. Vdy hai tam gidc bdng 
nhau khi va chi khi cd mdt phep ddi hinh bie'n tam giac nay thanh tam giac 
kia. Ngudi ta diing tidu chudn dd dl dinh nghia hai hinh bang nhau. 

Djnh nghla 

Hai hinh duac ggi Id bdng nhau niu cd mdt phep ddi hinh 
biin hinh ndy thdnh hinh kia. 
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Vidu 4 

a) Tren hinh 1.48, hai hinh thang ABCD vd A"B"C"D" bdng nhau vi cd mdt 
phep ddi hinh bien hinh thang ABCD thanh hinh thang A"B"C"D". 

D 1 C m 
-—7^1 

7 n z 1 
A' 

/ ^ rw/MMMr" ' 

H 
P^D' 

H;n/71.48 

b) Phep tinh tie'n theo vecto v bie'n 
hinh tjd' thanh hinh ^ , phep quay 

tdm O gdc 90° bi^n hinh ^ thdnh 

hinh '^. Do dd phep ddi hinh cd 
dugc bang each thuc hidn lien ti^p 
phep tinh tie'n theo vecto v vd phep 

quay tdm O gdc 90° bie'n hinh ^ 

thdnh hinh ^. Tur dd suy ra hai hinh 

^ vd 'g'bang nhau (h.1.49). 

^ 5 Cho hinh chO nhat ABCD. Gpi / la giao dilm ciia AC vd BD. Gpi E, F theo thir ty la 
trung dilm cOa AD vd BC. Chijmg minh rang cac hinh thang AEIB va CFID bang nhau. 

Hinh 1.49 

BAI TAP 

1. Trong mat phang Oxy cho cdc dilm A(-3 ; 2), B{-4 ; 5) va C(-l ; 3). 

a) Chiing minh ring cdc dilm A'(2 ; 3), B'{5 ; 4) vd C'(3 ; 1) theo thii tu la anh 

ciia A, 5 va C qua phep quay tdm O gdc - 90°. 

b) Ggi tam gidc A B̂jĈ  la anh ciia tam gidc ABC qua phep ddi hinh cd dugc 

bang each thuc hien lien ti^p phep quay tdm O gdc -90° vd phep dd'i xiing 
qua true Ojf. Tim toa dd cae dinh ciia tam gidc Aj5jCj. 

23 

www.truongbachviet.com



2. Cho hinh chii nhdt ABCD. Ggi E, F, H, K, O, I, J ldn luat la trung dilm cua cdc 
canh AB, BC, CD, DA, KF. HC, KO. Chiing minh hai hinh thang AEJK va 
FOIC bang nhau. 

3. Chiing minh rang : Ne'u mdt phep ddi hinh bie'n tam gidc ABC thanh tam giac 
A'B'C thi nd ciing biln trgng tdm cua tam giac ABC tuong ling thanh trgng tam 
cua tam giac A'5'C 

I. DINH NGHIA 

§7. PHEP V| Tif 

Dinh nghla 

Cho diim O vd sd k^ 0. Phep biin hinh biin mdi diim M 
thdnh diim M' sao cho OM' = k.OM duac ggi Id phep vi tu 
tdm O, tisdk (h.l.50). 

Hinh 1.50 

Phep vi tu tdm O, ti sd k thudng duge kf hidu Id V.̂  x̂ 

B' 
4 

b) 

Vidul 
a) Tren hinh 1.51a cac dilm A', B', O ldn Iugt la anh ciia cae dilm A, B, O qua 

phep vi tu tdm O ti sd -2. 

b) Trong hinh 1.5 lb phep vi tu tdm O, ti sd 2 bî n hinh ̂  thdnh hinh ^ ' 
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A i Cho tam giac ABC. Gpi £ vd F tuong yng Id trung dilm eCia AB va AC. Tim mdt 

phep vi ty biln 5 va C tuong ling thdnh E vd F. 

Nhdn xet 
1) Phep vi tu bie'n tdm vi tu thanh chfnh nd. 

2) Khi )t = 1, phep vi tu la phep ddng nhdt. 

3) Khi k = -\, phep vi tu la phep dd'i xiing qua tdm vi tu. 

4)M'= K(o^ )̂(M) ^ M=V_ 1 (M'). 
(0,-) 

k 

2 ChCrng minh nhdn x§t 4. 

II. TINH CHAT 
Tinh chdt I 

Niu phep vi tu tl sd k biin hai diim M, N tuy y theo thU tu 
thdnh M', N' thi M'N' = kMN vd M'N' = \k\.MN. 

Cfittng minA 
Ggi 0 Id tdm ciia phep vi tu ti sd k. Theo dinh 

nghia ciia phep vi tu ta cd : OM' = kOM vd ^ 

ON'' = kON (h. 1.52). Dodd: 

M'N' = ON' - OM' = kON - kOM 

= k{ON-OM) = kMN. 

Tit d6 suy m M'N'=\k\MN. 

Vi du 2. Ggi A', B', C theo thii tu la anh ciia A, B, C qua phep vi tu ti sd k. 

Chiing minh rang AB = tAC, t e <^AB' = tAC'. 

gidi 

Ggi O la tdm ciia phep vi tu ti sd k, ta cd A'B' = kAB, AC = kAC. Do dd : 

.TT^ 1 1 AB = f AC <=> - AB' = t - AC <=> A'B' = tAC. 
k k 

3 O l y rang : dilm B nam giOa hai dilm A vd C khi va chi khi AB = tAC, 0<t<l. 
Sii dung vf du trdn chCmg minh rang neu dilm B nam giSa hai dilm A va C th 
dilm B' nam giffa hai dilm A' va C. 

25 

www.truongbachviet.com



Tinh chdt 2 

. Phep vi tu ti sd k : 

, a) Biin ba diim thdng hdng thdnh ba diim thdng hdng vd bdo 
todn thit tu giUa cdc diim dy (h. 1.53). 

b) Biin dudng thdng thdnh dudng thdng song song hodc triing 
vdi no, biin tia thdnh tia, biin dogn thdng thdnh dogn thdng. 

• c) Biin tam gidc thdnh tam gidc ddng dgng vdi no, biin gdc 
thdnh gdc bdng nd (h.l.54). 

d) Biin dudng trdn bdn kinh R thdnh dudng trdn bdn kinh \k\R 
.' (h.l.55). 

A 

A' 

A.A Cho tam giac ABC ed A', B', C theo thy ty 
la trung dilm ciia cac canh BC, CA, AB. Tim 
mdt phep vj ty biln tam gidc ABC thdnh tam 
gidc A'S'C (h.l.56). 

Vi du 3. Cho dilm O vd dudng trdn (/ ; R). Tun anh cua dudng trdn do qua 
phep vi tu tdm O ti sd -2. 
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gidi 
Ta chi cdn tim / ' = K^ _'}\{I) bang each ld'y trdn tia dd'i ciia tia 01 dilm / ' sao 

cho or = 20I. Khi do anh cua (/ ; R) la (/'; 2R) (h. 1.57). 

Hinh 1.57 

HI. TAM VI TUCUA HAI D U 6 N G TRON 

Ta da bilt phep vi tu biln dudng trdn thanh dudng trdn. Ngugc lai, ta cd dinh 
If sau 

Djnhli 

' Vdi hai dudng trdn bd't ki ludn cd mgt phep vi tu biin dudng 
trdn ndy thdnh dudng trdn kia. 

Tdm ciia phep vi tu dd dugc ggi la tdm vi tu cua hai dudng trdn. 

Cach tim tam vi tu cua hai dudng tron 

Cho hai dudng trdn (/; R) vd (/'; /?')• 
Cd ba trudng hgp xay ra : 

• Trudng hap I triing vdil' 
R' 

Khi dd phep vi tu tdm / ti sd — va phep vi 
R 

/?' 
tu tam / ti sd bie'n dudng trdn (/ ; R) 

R 
thdnh dudng trdn {I; R') (h.1.58). 

• Trudng hgp I khdc r vd R ^ R'. Hinh 1.58 

Ldy dilm M bd't ki thude dudng trdn (/ ; R), dudng thing qua / ' song song vdi 
IM cat dudng trdn (/'; R') tai M' vd M". Gia sir M, M' nam ciing phfa dd'i vdi 
dudng thing / / ' edn M, M" nim khae phfa dd'i vdi dudng thang // ' . Gia su 
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dudng thing MM' cat dudng thing / / ' tai dilm O nam ngodi doan thing // ' , 
cdn dudng thing MM" cdt dudng thing / / ' tai dilm O, nim trong doan 
thing// ' (h.l.59). 

Hinh 1.59 

R' R' 
Khi dd phep vi tu tdm O ti sd ^ = — va phep vi tu tdm^ O^ ti sd ^i = -— se 

R R 
bie'n dudng trdn (/ ; R) thanh dudng trdn (/'; R'). Ta ggi O Id tdm vitu ngodi 
cdn O^ la tdm vi tu trong cua hai dudng trdn ndi tren. 
• Trudng hap I khdc I' vdR = R'. 

Khi dd MM' IIIT ndn chi cd 
phep vi tu tdm O^ ti sd 

R 
k = — = -1 bie'n dudng trdn 

R 
{I; R) thanh dudng trdn (/'; /?')• 
Nd chfnh la phip dd'i xiing tdm 
Oj (h.1.60). 

Vidu 4 

Cho hai dudng trdn {O ; 2R) vd (O'; R) ndm ngoai nhau. Tim phep vi tu biln 
(O ; 2R) thdnh {O'; R). 

Hinh 1.60 

Hinh 1.61 
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La'y dilm L bd't ki tren dudng trdn {O ; 2R), dudng thing qua O', song song 
vdi OL cdt {0';R) tai MvhN (h.1.61). Hai dudng thing LM va LN cat dudng 
thing 00' ldn Iugt tai / va / . Khi dd cac phep vi tu V/ N̂ vd V/ JN se 

[''2) [^' "2 J 
bien {O ; 2R) thanh (O'; /?). 

BAI TAP 

1. Cho tam giac ABC cd ba gdc nhgn va H Id true tdm. Tim anh cua tam gidc 

ABC qua phep vi tu tdm H, ti sd — • x 

2. Tim tdm vi tu ciia hai dudng trdn trong cac trudng hgp sau (h. 1.62): 

3. Chiing minh rang khi thuc hidn lien tilp hai phip vi tu tdm O se dugc mdt phep 
vitu tdm O. 

§8. PHEP DONG DANG 

Nha toan hgc cd Hi Lap ndi tie'ng Py-ta-go 
(Pythagore) tiing ed mdt cdu ndi dugc 
ngudi ddi nhd mai : "Diing thdy bdng cua 
minh d trdn tudng rdt to ma tudng minh vi 
dai". Thdt vdy, bdng each dilu chinh den 
ehilu va vi tri diing thfch hgp ta cd thi tao 
duge nhiing cai bdng ciia minh trdn tudng 
gid'ng het nhau nhung cd kfeh thude to nhd 
khae nhau. Nhiing hinh cd tfnh chdt nhu the' 
ggi la nhung hinh ddng dang (h.1.63). Vdy 
thi nao la hai hinh ddng dang vdi nhau ? Dl 

Hinh 1.63 

hiiu mdt cdch ehfnh xdc khai niem do ta cdn deh phep biln hinh sau ddy. 

29 

www.truongbachviet.com



I. DINH NGHIA 

Djnh nghla 

Phep biin hinh F duac ggi Id phep ddng dgng ti sdk (k > 0), 
neu vdi hai diem M, N bd't ki vd dnh M', N' tuang Ong ciia 
chung ta ludn co M'N' = kMN (h.l.64). 

B 

N' A' 

Hinh 1.64 

Nhgn xet 
1) Phep ddi hinh la phep ddng dang ti sd 1. 
2) Phep vi tu ti sd k la phep ddng dang ti so \k\. 

^ 1 Chyng minh nhan xet 2. 

4 

3) Ne'u thuc hien lien tie'p phep ddng dang ti so k vd phep ddng dang ti sdp ta 
dugc phep ddng dang ti sopk. 

2 Chyng minh nhan xet 3. 

Vi du 1. Trong hinh 1.65 phep vi tu tdm O ti sd 2 bieh hinh t^ thdnh hinh ^ . 
Phep ddi xiing tdm / biln hinh ^ thdnh hinh ^. Ixx dd suy ra phep ddng 
dang cd dugc bang each thuc hidn lidn tie'p hai phep bien hinh tren se biln 
hinh ̂  thanh hinh ^. 
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II. TINH CHAT 

;, Tfnh chdt 

Phep ddng dgng ti sdk : 
a) Biin ba diim thdng hdng thdnh ba diem thdng hdng vd 

bdo todn thit tu giua cdc diim dy. 
b) Biin dudng thdng thdnh dudng thdng, bien tia thdnh tia, 

bien dogn thdng thdnh dogn thdng. 

c) Biin tam gidc thdnh tam gidc ddng dgng vdi nd, biin gdc 
thdnh gdc bdng nd. 

d) Biin dudng trdn bdn kinh R thdnh ducmg trdn bdn kinh kR. 

^ 3 Chyng minh tfnh chat a. 

^ 4 Gpi A', B' lan Iugt la anh cua A, B qua phep dong d,ang F. ti sd k. Chyng minh rang 
nlu M la trung dilm cua AB thi M' = F(M) la trung dilm cDa A'B' 

D^ Chd y. a) Niu mgt phep ddng dgng biin tam gidc ABC thdnh tam gidc A'B'C 
thi nd ciing biin trgng tdm, true tdm, tdm cdc dudng trdn ndi tiip, ngogi tiip 
cua tam gidc ABC tuang ling thdnh trgng tdm, true tdm, tdm cdc dudng trdn 
ndi tiip, ngogi tiip cua tam gidc A'B'C (h.l.66). 

Hinh 1.66 

b) Phep ddng dgng biin da gidc n cgnh thdnh da gidc n cgnh, biin dinh thdnh 
dinh, biin cgnh thdnh cgnh. 

HI. HINH DONG DANG 

Chiing ta da bie't phep ddng dang bieh mdt tam giac thdnh tam giac ddng 
dang vdi nd. Ngudi ta cung chiing minh dugc rang cho hai tam giac ddng 
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dang vdi nhau thi ludn cd mdt phep ddng dang biln tam gidc ndy thanh tam 
giac kia. Vdy hai tam gidc ddng dang vdi nhau khi vd ehi khi ed mdt phep 
ddng dang biln tam gidc nay thdnh tam gidc kia. Dilu dd ggi cho ta each dinh 
nghia cac hinh ddng dang. 

Djnh nghla 

Hai hinh duac ggi la ddng dgng vdi nhau niu cd mot phep 
dong dgng biin hinh ndy thdnh hinh kia. 

Vidu 2 

a) Tam gidc A'B'C Id hinh ddng dang eua tam gidc ABC (h.l.67a). 

b) Phep vi tu tdm / ti sd 2 biln hinh t ^ thanh hinh ^ , phep quay tdm O gde 

90° bie'n hinh ^ thdnh hinh ^. Do dd phep ddng dang cd duge bdng each 

thuc hien lien tiep hai phep bie'n hinh tren se biln hinh t ^ thdnh hinh ^. Tit 

dd suy ra hai hinht^ vd "^ddng dang vdi nhau (h. 1.67b). 

A ^ 

b) 
Hinh 1.67 

Vi du 3. Cho hinh chii nhdt ASCD, AC va BD cdt nhau tai /. Ggi H, K,L\aJ 
ldn Iugt Id trung dilm cua AD, BC, KC va IC. Chiing minh hai hinh thang 
JLKI va IHAB ddng dang vdi nhau. 

gidi 
Ggi M la trung dilm ciia AB (h.l.68). Phep vi tu tdm C, ti sd 2 bie'n hinh 
thang JLKI thanh hinh thang IKBA. Phep dd'i xiing qua dudng thing IM bieh 
hinh thang IKBA thdnh hinh thang IHAB. Do dd phep ddng dang cd dugc 
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bang cdch thuc hidn lien tilp hai 
phep bie'n hinh tren bi^n hinh thang 
JLKI thdnh hinh thang IHAB. Tii dd 
suy ra hai hinh thang JLKI va IHAB 
ddng dang vdi nhau. 

5 Hai dudng trdn (hai hinh vudng, hai 
hinh chQ nhat) bat ki cd ddng dang vdi 
nhau khdng ? 

BAI TAP 
• 

1. Cho tam gidc ABC. Xde dinh anh ciia nd qua phep ddng dang ed duge bdng 

cdch thue hidn lien tiep phep vi tu tdm B ti sd' — vd phdp ddi xiing qua dudng 

trung true ciia BC. 

2. Cho hinh chii nhdt ABCD, AC va BD edt nhau tai /. Ggi H, K,LvhJ ldn Iugt Id 
trung dilm eiia AD, BC, KC vd IC. Chiing minh hai hinh thang JLKI va IHDC 
ddng dang vdi nhau. 

3. Trong mat phlng Oxy cho dilm /(I ; 1) vd dudng trdn tdm / bdn kfnh 2. Vie't 
phuang trinh eua dudng trdn la anh eua dudng trdn trdn qua phep ddng dang cd 

dugc bdng each thuc hidn lien tie'p phep quay tdm O, gde 45° vd phep vi tu 
tdm O, ti sd ^/2. 

4. Cho tam gidc ABC vudng tai A, AH la dudng cao ke tii A. Tim mdt phep ddng 
dang bie'n tam gidc HBA thanh tam gidc ABC. 

CAU H 6 I 6 N T^P CHirONG I 

1. Th^ nao la mdt phep bie'n hinh, phep ddi hinh, phep ddng dang ? Neu mdi lien 
he giiia phep ddi hinh va phep ddng dang. 

2. a) Hay kl ten cac phep ddi hinh da hgc. 
b) Phep ddng dang cd phai la phep vi tu khdng ? 

3. Hay ndu mdt sd tfnh chdt diing dd'i vdi phep ddi hinh ma khdng diing ddi vdi 
phep ddng dang. 
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4. ThI nao la hai hinh bang nhau, hai hinh ddng dang vdi nhau ? Cho vf du. 

5. Cho hai diem phdn biet A, B va dudng thing d. Hay tim mdt phep tinh tie'n, 
phep dd'i xiing true, phep dd'i xiing tdm, phep quay, phep vi tu thoa man mdt 
trong cdc tinh ehdt sau : 

a) Bie'n A thdnh chfnh nd ; 
b) Bien A thanh 5 ; 

c) Bie'n d thanh chfnh nd. 

6. Ndu each tim tdm vi tu eua hai dudng trdn. 

BAI TAP ON TAP CHl/ONG I 

1. Cho luc gidc diu ABCDEF tdm O. Tim anh cua tam giac AOF 

a) Qua phep tinh tie'n theo vecto AB ; 

b) Qua phep dd'i xiing qua dudng thing BE ; 

c) Qua phep quay tdm O gdc 120°. 

2. Trong mat phlng toa dd Oxy cho dilm A(-l ; 2) va dudng thing d ed phuong 
trinh 3x + y+l=0. Tim anh eua A va J 

a) Qua phep tinh tie'n theo vecto v = (2 ; 1); 

b) Qua phep ddi xiing qua true Oy ; 
c) Qua phep ddi xiing qua gd'c toa dd ; 

d) Qua phep quay tdm O gde 90°. 

3. Trong mat phlng toa dd Oxy, cho dudng trdn tdm /(3 ; -2), ban kfnh 3. 
a) Vie't phuong trinh eua dudng trdn dd. 
b) Viet phuang trinh anh cua dudng trdn (/ ; 3) qua phep tinh ti6i theo vecto 

v = ( - 2 ; l ) . 
c) Vie't phuang trinh anh ciia dudng trdn (/; 3) qua phep dd'i xiing qua true Ox. 

d) Viet phuang trinh anh eiia dudng hdn (/; 3) qua phep ddi xiing qua gdc toa dd. 

4. Cho vecto v , dudng thing d vudng gde vdi gid ciia î . Ggi d' Id anh ciia d qua 

phep tinh tie'n theo vecto - v . Chiing minh rang phep tinh tie'n theo vecto v Id 

ket qua eua viec thuc hien lien tidjp phep dd'i xiing qua cdc dudng thing d vd d'. 
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5. Cho hinh chii nhdt ABCD. Ggi O la tdm dd'i xiing ciia nd. Ggi /, F, J, E lan Iugt 
la trung dilm cua cae canh AB, BC, CD, DA. Tim anh cua tam giac AEO qua 
phep ddng dang cd dugc tit viec thuc hien lien tilp phep dd'i xiing qua dudng 
thing / / vd phep vi tu tdm B, ti sd 2. 

6. Trong mat phlng toa dd Oxy, cho dudng trdn tdm /(I ; -3), ban kfnh 2. Viet 
phuang trinh anh cua dudng trdn (/ ; 2) qua phep ddng dang cd dugc tii vide 
thuc hien lien tidp phep vi tu tdm O ti sd 3 vd phep dd'i xiing qua true Ox. 

7. Cho hai diem A, B va dudng trdn tdm O khdng cd diem chung vdi dudng thing 
AB. Qua mdi dilm M chay trdn dudng trdn (O) dung hinh binh hanh MABN. 
Chiing minh ring dilm Â  thude mdt dudng trdn xdc dinh. 

CAU HOI TRAC NGHIEM CHUONG I 

1. Trong cdc phep bien hinh sau, phep ndo khdng phai la phep ddi hinh ? 

(A) Phep chie'u vudng gde ldn mdt dudng thing ; 

(B) Phep ddng nhdt; 

(C)Phepvitutisd-l ; 

(D) Phep dd'i xiing true. 

2. Trong cac mdnh dl sau, menh dl ndo sai ? 
(A) Phep tinh tien bien dudng thing thanh dudng thing song song hoac triing 

vdi nd; 
(B) Phep dd'i xiing true bie'n dudng thing thdnh dudng thing song song hoac 

trung vdi nd; 
(C) Phep dd'i xiing tdm bie'n dudng thing thanh dudng thing song song hoac 

trung vdi nd; 
(D) Phep vi tu bie'n dudng thing thanh dudng thing song song hoac triing vdi nd. 

3. Trong mat phlng Oxy cho dudng thing d cd phuang trinh 2x - y + I = 0. Di 
phep tinh tien theo vecto v biln d thanh chfnh nd thi v phai la vecta ndo trong 
cdc vecto sau ? 

(A) i? = (2 ; 1); (B) v = (2 ; -1 ) ; 

( C ) v = ( l ; 2 ) ; (D) v='(-l ; 2). 

35 

www.truongbachviet.com



4. Trong mat phlng toa dd Oxy, cho v = (2 ; -1) vd dilm M(-3 ; 2). Anh eua 
dilm M qua phep tinh tiln theo vecto v la dilm ed toa dd ndo trong cae toa dd 
sau ? 

(A) (5; 3); (B) (1 ; 1); 

(C) (-1 ; 1); (D) (1 ; -1). 

5. Trong mat phlng toa dd Oxy cho dudng thing d ed phuang trinh : 3x - 2>' + 1 = 0. 
Anh ciia dudng thing d qua phep dd'i xiing true Ox cd phuang trinh Id : 

(A) 3x + 2^ -I-1 = 0 ; (B) -3x + 2); + 1 = 0 ; 

(C)3x + 2 ) ' - l = 0 ; (D)3x-23;+l=0. 

6. Trong mat phlng toa dd Oxy cho dudng thing d ed phuong trinh : 
3A: - 2^ - 1 = 0. Anh cua dudng thing d qua phep dd'i xiing tdm O cd phuong 
trinh Id: 

(A)3x + 2>'-i-l = 0; (B)-3x + 2 > ' - l = 0 ; 

(C) 3JC-I-23; - 1 = 0 ; ( D ) 3 x - 2 y - l = 0 . 

7. Trong eae minh dl sau, menh dl nao sai ? 

(A) Cd mdt phep tinh tiln biln mgi dilm thdnh chfnh nd ; 

(B) Cd mdt phep dd'i xiing true biln mgi dilm thanh chfnh nd ; 

(C) Cd mdt phep quay bie'n mgi dilm thdnh ehfnh nd ; 

(D) Cd mdt phdp vi tu bie'n mgi dilm thanh ehfnh nd. 

8. Hinh vudng ed md'y true dd'i xiing ? 

(A) l ; (B)2; 

(C) 4 ; (D) vd sd. 

9. Trong cdc hinh sau, hinh ndo cd vd sd tdm dd'i xiing ? 

(A) Hai dudng thing cit nhau; (B) Dudng elip; 

(C) Hai dudng thing song song ; (D) Hinh luc gidc diu. 

10. Trong edc mdnh dl sau, menh dl ndo sai ? 

(A) Hai dudng thing bd't ki ludn ddng dang ; 

(B) Hai dudng trdn bdt ki ludn ddng dang ; 

(C) Hai hinh vudng bdt ki ludn ddng dang ; 
(D) Hai hinh chu nhdt bd't ki ludn ddng dang. 
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(JgcTbem 
ftp dung phep bien hinh 

de gî i toan 
(Bdi todn 1 

Hai thdnh phd MvhN nim d hai phfa ciia mdt con sdng rdng cd hai bd a va 6 
song song vdi nhau. M ndm phfa bd a, N nam phfa bd b. Hay tim vi tri A ndm 
trdn bd a, B nim tren bd b dl xdy mdt clnic cdu AB nd'i hai bd sdng dd 
sao cho AB vudng gdc vdi hai bd sdng vd tdng cdc khoang cdch MA + BN 
ngdn nhdt. 

gidi 
Gia s^ da tim duge cac dilm A, B thoa 
man dilu kidn ciia bai todn (h.l.69). 
Ldy edc dilm C vd D tuong ling thude 
a va b sao cho CD vudng gdc vdi a. 

Phep tinh tiln theo vecto CD bie'n A 
thdnh B vd bieh M thanh dilm M'. Khi 
dd MA = M'B. Do dd : 

MA + BN ngdn nhdt <^ M'B + BN ngdn nhdt 

<=> M', B, N thang hdng. 

<Bdi todn 2 

Hinh 1.69 

Trdn mdt viing ddng bdng ed hai khu dd thi A vd 5 nim ciing vl mdt phfa 
ddi vdi con dudng sdt d (gid sit eon dudng dd thing). Hay tim mdt vi tri C 
trdn d di xdy dung mdt nha ga sao cho tdng cdc khodng cdch tif C de'n trung 
tdm hai khu dd thi dd Id ngdn nhdt. 

Tit bdi todn thuc tiln trdn ta cd bdi todn hinh hgc sau : 

Cho hai diim Avd B ndm vi cUng mdt 
phia dd'i vdi dudng thdng d. Tim trin d 
diim C sao cho AC + CB ngdn nhdt. ^ 

gidi 
Gia sir da tim dugc dilm C. Ggi A' la 
anh eua A qua phdp ddi xiing true d. 

Hinh 1.70 
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Khi dd AC = A'C. Dodd: 

AC + CB ngdn nhdt <=» A'C -i- CB ngln nhdt 

<^ B,C,A thing hang (h. 1.70). 

<Mitodn3 

Cho tam gidc ABC. Ggi H la true tdm ciia tam gidc, M la tmng dilm canh 
BC. Phep dd'i xiing tdm M biln H thanh //'. Chiing minh rang H' thude 
dudng trdn ngoai tie'p tam giac ABC. 

goiy 

- Cd nhdn xet gi vl tu: gidc BHCH', gdc ABH' vd gdc AC//' (h. 1.71) ? 

- Chiing minh tii gidc ABH'C Id tii gidc ndi 
tilp. Tir dd suy ra dilu phai chiing minh. 

Nhgn xet. Ggi (O) la dudng trdn ngoai 
tie'p tam gidc ABC. Cd dinh B va C thi M 
cQng cd dinh. Khi A chay trdn (O) thi theo 
bai toan 3, / / ' cung chay trdn (O). Vi true 
tdm H la anh cua // ' qua phep dd'i xiing 
tdm M ndn khi dd H se chay trdn dudng 
trdn (O') la anh cua (O) qua phep dd'i 
xiing tdm M. 

(Bdi todn 4 

Cho tam giac ABC nhu hinh 1.72. Dung vl phfa ngoai cua tam giac dd cac 
tam gidc BAE va CAE vudng can tai A. Ggi /, M va / theo thii tu la trung dilm 
ciia EB, BC va CF. Chiing minh ring tam gidc IMJ la tam gidc vudng cdn. 

gidi 

Xet phep quay tdm A, gdc 90° (h.1.72). ^ 
Phep quay nay biln £ vd C ldn Iugt thanh B 
va F. Tit dd suy ra EC = BF va EC 1 BF. 
Vi IM la dudng trung binh eua tam gidc 

BEC ndn IM II EC va IM = - EC. Tuang 
2 
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tu, MJ II BF vaMJ= - BF. Tit dd suy ra IM = MJ va IM 1 MJ. Do dd tam 
2 

gidc IMJ vudng cdn tai M. 

(Bdi todn S 

Cho tam giac ABC nhu hinh 1.73. Dung vl phfa ngoai cua tam giac dd cac 
hinh vudng ABEF va ACIK. Ggi M la trung dilm ciia BC. Chiing minh ring 

AM vudng gdc vdi FA'vd AM = - F A : . 

gidi 
Goi D la anh ciia B qua phep ddi xiing 
tdmA (h.1.73). Khidd AD =AB = AFva 

AD 1 AF. Phep quay tdm A gdc 90° 
bidn doan thing DC thanh doan thing 
FK. Do dd DC = FK vd DC ± FK. Vi 
AM la dudng trung binh cua tam gidc 

BCD ndn AM IICDvaAM=-CD. 
2 

Tit dd suy ra AM 1 F/S: va AM = -FK. 
2 

(Bdi todn 6 

Cho tam gidc ABC ndi tilp dudng trdn tdm O ban kfnh R. Cdc dinh B, C cd 
dinh cdn A chay trdn dudng trdn dd. Chiing minh ring trgng tdm G cua tam 
gidc ABC chay trdn mdt dudng trdn. 

gidi 
Ggi / Id trung dilm cua BC. Do B va C cd dinh 
ndn / ed dinh (h.1.74). Ta cd G ludn thude I A 

sao cho IG = —IA, Vdy cd thi xem G la anh cua 
3 

A qua phep vi tu tdm /, ti sd - • Ggi O' la anh 

ciia O qua phep vi tu dd, khi A chay trdn {O ; R) 
( 1 ^ thi tdp hgp cdc dilm G la dudng trdn O' •,-R 
V 3 

la anh eua (O ; R) qua phep vi tu trdn. Hinh 1.74 
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(Bdi todn 7 

Cho dilm A nim tren nira dUdng trdn tdm O, dudng kfnh BC nhu hinh 1.75. 
Dung vl phfa ngodi cua tam gidc ABC hinh vudng ABEF. Ggi / la tdm ddi 
xiing ciia hinh vudng. Chiing minh rang khi A chay trdn nita dudng trdn da 
cho thi / chay trdn mdt nia dudng trdn. 

gidi 
Trdn doan BF ldy dilm A' sao cho 
BA = BA (h.l.75). Do gdc lugng 

gidc {BA ; BA^ ludn bdng 45° vd j 

BI BI 1 BF V2 , , ^ .,. 
= — = = — khdng ddi, 

BA BA 2BA 2 
ntn cd thi xem A Id anh ciia A qua 
phep quay tdm B, gdc 45° ; / la anh eua A qua phdp vi tu tdm B ti sd ^ ^ • 

Do dd / Id anh cua A qua phep ddng dang F cd duge bdng cdch thue hien 

42 
lien tilp phip quay tdm B, gde 45° vd phip vi tu tdm B, ti sd Tit dd 

suy ra khi A chay trdn nira ducmg trdn (O) thi / cQng chay tren nita dudng 
trdn (OO Id anh cua nita dudng trdn (O) qua phip ddng dang F. 

Qiol thieu 
ve hinh hoc !rac-tan (fractal) 

BO-noa Man-den-ba-r6 (Benolt Mandelbrot - sinh nam 1924) 
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Quan sdt ednh duong xi hay 
hinh ve bdn ta thdy mdi nhdnh 
nhd eiia nd diu ddng dang vdi 
hinh toan thi. Trong hinh hgc 
ngudi ta cung gap rdt nhilu 
hinh cd tfnh "chdt nhu vdy. 
Nhiing hinh nhu thi ggi la 
nhiing hinh tu ddng dang. Ta se 
xlt them mdt sd hinh sau ddy. 

Cho doan thing AB. Chia doan thing dd thdnh ba doan bdng nhau AC = CD = DB. 
Dung tam gidc diu CED rdi bo di khodng (JD. Ta se dugc dudng gdp khue 
ACEDB kf hieu Id ^"1. Viec thay doan AB bdng dudng gdp khiic ACEDB ggi Id 
mdt quy tie sinh. Lap lai quy tie sinh dd cho edc doan thing AC, CE, ED, DB 
ta duge dudng gdp khiie Kj. Lap lai quy tie sinh dd cho cdc doan thing eua 
dudng gdp khiie K2 ta duge dudng gdp khiie ^3 . . . . Lap lai mai qud trinh dd ta 
dugc mdt dudng ggi Id dudng Vdn Kde (dl ghi nhdn ngudi ddu tidn da tim ra 
nd vdo nam 1904 - Nhd todn hgc Thuy Diln Helge Von Koch). 

E 

K. 

D B 

Budng Vdn K6C 

Cung lap lai quy tie sinh nhu trdn cho cdc canh ciia mdt tam gidc diu ta 
dugc mdt hinh ggi Id bdng tuydt Vdn Kd'e. 

A 

V 
Sdng tuy&t Vdn Kd'c 
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Bay gid ta xud't phat tir mdt hinh vudng. Chia nd 
thanh chin hinh vudng con bing nhau rdi xoa di 
phan trong cua hinh vudng con d chfnh giita ta duge 
hinh Xj. Ta lap lai qua trinh trdn cho mdi hinh vudng 
con cua Xj ta se dugc hinh X2. Tilp tuc mai qua trinh 
dd ta se dugc mdt hinh ggi la tham Xec-pin-xki 
(Sierpinski). 

Cdc hinh ndu d trdn la nhfing hinh tu ddng dang hodc mdt bd phdn cua 
chung la hinh tu ddng dang. Chiing dugc tao ra bdng phuong phdp lap, cd 
quy tic sinh don gian nhung sau mdt sd bude trd thanh nhiing hinh rdt phiie 
tap. Nhung hinh nhu the' ggi la cdc ixactal (tit fractal cd nghla la gay, vd). 
Khdng phai hinh tu ddng dang nao ciing Id mdt fractal. Mdt khoang cua 
dudng thing cung cd thi xem la mdt hinh tu ddng dang nhung khdng phai la 
mdt fractal. 

Dudi ddy la mdt sd fractal khae. 

A A 
Mac dii cac fractal da dugc bid't din tit ddu the' ki XX, nhung mai de'n thdp 
nien 80 cua thi ki XX nhd todn hgc Phdp gd'c Ba Lan Bo-noa 
Man-den-ba-rd (Benoit Mandelbrot) mdi dua ra mdt If thuyd't cd he thdng dl 
nghien ciiu chiing. Ong ggi dd la Hinh hgc fractal. 

Ngdy nay vdi su hd trg eua cdng nghe thdng tin, Hinh hgc fractal dang phdt 
triln manh me. Lf thuyd't ndy cd nhilu ling dung trong vide md ta vd nghidn 
ciiu cac cdu tnic gdp gay, ldi ldm, hdn ddn... ciia the' gidi tu nhien, dilu ma 
hinh hgc 0-elft thdng thudng chua lam dugc. Nd ciing Id mdt cdng cu mdi, 
cd hieu luc dl gdp phdn nghidn 
ciiu nhilu mdn khoa hgc khdc nhu 
Vdt H, Thien vdn, Dia If, Smh hgc, 
Xdy dung. Am nhac, Hdi hoa,... 

Sau ddy la sd hinh fractal trong 
tu nhidn. 
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CHtUNG II 
DI/dNG THANG VA MAT PHANG 

• 

TRONG KHdNG GIAN. 
QUAN HE SONG SONG 

• 

*t* Dai cuong ve dudng thang va mat phang 
*t* Hai dudng thang cheo nhau va hai dirdng thang 

song song 
<* Dudng thang va mat phang song song 
*** Hai mat phang song song 
••• Phep chieu song song 

Hinh bieu diln cua mot hinh Ichdng gian 

Hinh 2.1 

Trudc day chung ta da nghien cCfu cac tinh chat cua 
nhOrng tiinh nam trong mat phang. IVIdn hgc nghien 
cufu cac tinh chat ciia hinh nam trong mat phang 
dugc ggi la Hinh hoc phang. Trong thuc te, ta 
thudng gap cac vat nhU : hop pha'n, ke sach, ban 
hgc ... la cac hinh trong khdng gian. Mdn hgc nghidn 
cull cac tinh chat cua cac hinh trong khdng gian 
dugc ggi la Hinh hoc khong gian (h.2.1). 
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§1. OAI CUtlNC VE OirdNC THAINC 
VA MAT PHANG 

I. KHAI NifeM M 6 D X U 

1. Mat phdng 

Mat bang, mat ban, mat nudc hd ydn lang cho ta hinh anh mdt phdn eua mdt 
phlng. Mat phlng khdng cd bl ddy vd khdng cd gidi han (h.2.2). 

a) b) 

Hinh 2.2 

c) 

• De bieu diln mat phdng ta thudng diing hinh binh hdnh hay mdt miln gde 
vd ghi ten eua mat phang vao mdt gdc cua hinh bilu diln (h.2.3). 

Hinh 2.3 

• Dl kf hieu mat phlng, ta thudng diing chii edi in hoa hoac chO: cdi Hi Lap 
dat ttong dd'u ngode (). Vi du : mdt phlng (F), mdt phlng (Q), mdt phlng {o^, 
mdt phlng {/3) hodc vilt tit Id mp(F), mp(e), mp(c^, mpOfif) hodc (F), {Q), 
(a), (y^... 

2. Diem thude mdt phdng 

Cho dilm A va mat phlng (a). 

Khi dilm A thude mat phdng (ct) ta ndi A ndm tren (or) hay (or) chita A, hay 
(or) di qua A va kf hidu la A e (or). 
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Khi dilm A khdng thugc mat phdng {a) 
ta ndi dilm A ndm ngodi {a) hay (or) 
khdng chUa A va kf hidu la A g {a). 

Hinh 2.4 cho ta hinh bilu diln ciia dilm 
A thude mat phlng (a), cdn dilm B khdng 
thude (Q). 

Hinh 2.4 

3. Hinh bieu diin cua mdt hinh khong gian 

Dl nghidn ciiu hinh hgc khdng gian ngudi ta thudng ve cdc hinh khdng gian ldn 
bang, len gidy. Ta ggi hinh ve dd la hinh bilu diln cua mdt hinh khdng gian. 

- Ta ed mdt vdi hinh bilu diln cua hinh ldp phuong nhu trong hinh 2.5. 

. • 

Hinh 2.5 

- Hinh 2.6 Id mdt vdi hinh bilu diln eua hinh chop tam giac. 

Hinh 2.6 

1 Hay vg them mdt v^i hinh bilu di§n cCia hinh chop tam giac. 

Dl ve hinh bilu diln cua mdt hinh trong khdng gian ngudi ta dua vdo nhflng 
quy tie sau ddy. 

- Knh bilu diln cua dudng thing Id dudng thing, ciia doan thing Id doan thing. 
- Hinh bilu diln cua hai dudng thing song song la hai dudng thing song song, 

cua hai dudng thing cdt nhau Id hai dudng thing cdt nhau. 
- Hinh bilu diln phai gifl nguyen quan he thude gifla dilm va dudng thing. 
- Diing net ve liln dl bilu diln cho dudng nhin thdy va net dut doan bilu 

diln cho dudng bi che khudt. 

Cdc quy tie khdc se duge hgc d phdn sau. 
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H. CAC TINH CHAT THl/A NHAN 

De nghien ciiu hinh hgc khdng gian, tfl quan sat thuc tiln va kinh nghidm 
ngudi ta thfla nhdn mdt so tfnh chdt sau. 

Tinh chdt 1 

Co mgt vd chi mot dudng thdng di qua hai diim phdn biet. 

Hinh 2.7 cho thd'y qua hai 
dilm A, B cd duy nhdt mdt 
dudng thing. 

Hinh 2.7 

Tinh chdt 2 

Cd mgt vd chi mot mat phdng di qua ba diim khdng thdng hdng. 

Nhu vdy mdt mat phlng hoan toan xdc dinh 
ne'u bie't nd di qua ba dilm khdng thing 
hang. Ta ki hidu mat phlng qua ba dilm 
khdng thing hang A, B, C la mat phdng 
(ABC) hoac mp (ABC) hoac (ABC) (h.2.8). Hinh 2.8 

Hinh 2.9. CCfu Dinh d Hoang Thanh, Hue Hinh 2.10 

Quan sat mdt may chup hinh dat trdn mdt gia cd ba chdn. Khi ddt nd ldn bdt 
ki dia hinh nao nd cung khdng bi gdp ghlnh vi ba dilm A, B, C (h.2.10) ludn 
nim tren mdt mat phang. 

46 

www.truongbachviet.com



Tinh chdt 3 

Niu mdt dudng thdng eg hai diim phdn biet thugc mot mat 
phdng thi mgi diim cua dudng thdng deu thugc mat phdng dd. 

^ 2 Tai sao ngudi thg mdc l<ilm tra dd phlng 
mat ban bang each re thude thing tr6n 
matban?(h.2.11). 

Nlu mgi diem eua dudng thing d diu 
thude mat phlng (a) thi ta ndi dudng 
thing d nim trong {a) hay (a) chfla d 
va kf hieu la cf c (or) hay (or) 3 J. 

^ 3 Cho tam giac ABC, M la diem thude phan 
l<eo dai eiia doan BC (h.2.12). Hay cho 
biet M CO thuoc mat phang {ABC) Ichdng 
va dudng thang AM ed nam trong mat 
phang {ABC) l<hdng ? 

Tinh chdt 4 

A Hinh 2.11 

Hinh 2.12 

Ton tgi bdn diim khdng cUng thugc mdt mat phdng. 

Ne'u ed nhilu dilm cung thude mdt mat phlng thi ta ndi nhirng dilm dd 
ddng phdngi cdn ndu khdng cd mat phlng nao chfla cac diem dd thi ta ndi 
ring chung khdng ddng phdng. 

Tinh chdt 5 

li Niu hai mat phdng phdn biet cd mot diim chung thi chiing 
cdn cd mdt diim chung khdc nita. 

Tfl dd suy ra : Niu hai mat phdng phdn biet cd mot diim chung thi chiing se 
cd mgt dudng thdng chung di qua diim chung dy. 

Hinh 2.13. iJtat nUdc va thanh dap giao nhau theo dudng thing. 
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Dudng thing chung d eua hai mat phlng 
phdn biet (a) vd (^ dugc ggi la giao tuyin 
cua («) vd (yfif) va kf hieu \kd = {a) n {J3) 
(h.2.14). 

Hinh 2.14 

4 Trong mat phang (F), cho hinh binh 
h^nh ABCD. L^y dilm S nam ngoSi 
mat phang (F). Hay ehi ra mdt dilm 
chung cOa hai mat phang {SAC) vd 
(SBD) Ichae dilm S(h.2.15). 

A 5 Hinh 2.16 diing hay sai? Tai sao? 

Hinh 2.16 

I Tfnh chdt 6 

ll Fren ffi(J/ mat phdng, cdc kit qud dd biit trong hinh hgc phdng 
I diu diing. 

HI. CACH XAC DINH M O T M ^ T P H A N G 

1. Ba cdch xdc dinh mat phdng 

Dua vao cdc tfnh ehd't duge thfla nhdn tren, ta cd ba cdch xdc dinh mdt mat 
phlng sau ddy. 

a) Mat phang dugc hodn toan xde dinh khi bie't nd di qua ba dilm khdng 
thing hang. 
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Ba dilm A, B, C khdng thing hdng xde dinh mdt mat phlng (h.2.17). 

b) Mat phlng dugc hoan toan xdc dinh khi bilt nd di qua mdt dilm vd chfla 
mdt dudng thing khdng di qua dilm dd. 

Cho dudng thing d va dilm A khdng thude d. Khi dd dilm A vd dudng thing 
d xae dinh mdt mat phang, kf hidu la mp (A, d) hay (A, d), hoae mp (d. A) hay 
(rf. A) (h.2.18). 

A , A . 

Hinh 2.17 Hinh 2.18 

Hinh 2.19 

c) Mat phlng duge hoan toan xdc dinh khi bidt nd chfla hai dudng thing cit nhau. 

Cho hai dudng thing cIt nhau a vd b. Khi dd hai dudng thing avab xdc dinh 
mdt mat phlng vd kf hidu la mp (a, b) hay {a, b), hodc mp {b, a) hay {b, a) 
(h.2.19). 

2. Mot sd vidu 

Vi du 1. Cho bd'n dilm khdng ddng phlng 
A, B, C, D. Trdn hai doan AB vd AC ldy hai 

diem M va iV sao cho = 1 va = 2. 
BM NC 

Hay xae dinh giao tuye'n ciia mdt phang 
{DMN) vdi edc mat phlng {ABD), {ACD), 
{ABC), {BCD) (h.2.20). 

gidi 
Hinh 2.20 

Dilm D va dilm M cung thude hai mat phlng (DMN) vd (ABD) ndn giao 
tuye'n cua hai mat phlng dd la dudng thing DM. 
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Tuong tu ta cd {DMN) n {ACD) = DN, {DMN) n {ABC) = MN. 

Trong mat phang {ABC), vi ?t ndn dudng thing MN va BC eit nhau 
^ MB NC 6 6 

tai mdt dilm, ggi dilm dd Id E. Vi D, E cung thude hai mat phlng (DMN) va 
{BCD) nen (DMN) n {BCD) = DE. 
Vi dti 2. Cho hai dudng thing clt nhau Ox, Oy va hai dilm A, B khdng ndm 
trong mat phlng {Ox, Oy). Bilt ring dudng thing AB vd mat phang {Ox, Oy) 
cd dilm chung. Mdt mat phlng {ct) thay ddi ludn ludn chfla AB vd clt Ox, Oy 
ldn Iugt tai M, Â . Chung minh ring dudng thing MN ludn ludn di qua mdt 
dilm ed dinh khi (or) thay ddi. 

gidi 
Ggi / la giao dilm eua dudng 
thing AB vd mat phlng {Ox, Oy) 
(h.2.21). Vi AB vd mat phlng 
{Ox, Oy) ed dinh ndn / cd dinh. Vi 
M, N, I la cdc dilm chung ciia hai 
mat phlng (a) vd {Ox, Oy) ntn 
chung ludn ludn thing hdng. Vdy 
dudng thing MN ludn ludn di qua 
/ cd dinh khi (a) thay ddi. 

Nhgn xet. Dl ehiing minh ba dilm thing hang ta cd thi ehiing minh chung 
ciing thude hai mat phlng phdn bidt. 

Vi du 3. Cho bd'n dilm khdng ddng phlng A, B, C, D. Trdn ba canh AB, AC 
vd AD ldn Iugt ldy cdc dilm M,N vaK sao cho dudng thing MN eat dudng 
thing BC tai H, dudng thing NK cat dudng thing CD tai /, dudng thing KM 
cdt dudng thing BD tai / . Chiing minh ba dilm H, I, J thing hang. 

gidi 
Ta cd / la dilm chung ciia hai mat phlng (MNK) vd (BCD) (h.2.22). 

{jeMK 
Thdt vdy, ta ed "̂  ^ / e {MNK) 

• \MK^{MNK) 

Hinh 2.21 

va 
\JeBD 

[BD C (BCD) 
J e {BCD). 
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Lf ludn tuong tu ta cd /, H cung Id 
dilm chung cua hai mat phlng 
{MNK) vd {BCD). 

Vdy /, / , H nim trdn giao tuyin 
eua hai mat phlng (MNK) vd 
{BCD) nen /, J, H thing hang. 

Vi du 4. Cho tam gidc BCD va 
dilm A khdng thude mat phlng 
(BCD). Ggi A" la trung dilm eua 
doan AD vd G Id trgng tdm cua 
tam gidc ABC. Tim giao dilm 
cua dudng thing GK vd mat 
phlng {BCD). 

gidi 
Ggi / la giao dilm eua AG vd BC. 
Trong mat phlng {AID), 
AG 2 

~ 3 

Hinh 2.22 

AJ 
— = - ntnGKvaJD 
AD 2 

clt nhau (h.2.23). Ggi L la giao 
dilm ciia G/sTvd/D. 

Tacd L e (BCD). 

Hinh 2.23 

\LeJD 
[JD(Z{BCD)' L' 

Vdy L la giao dilm cua GK vd (BCD). 

Nhgn xet. ^i tim giao diem cua mdt dudng thing va mdt mat phlng ta cd thi 
dua vl vide tim giao dilm cua dudng thing dd vdi mdt dudng thing nim 
trong mat phlng da cho. 

IV. HINH CHOP VA HINH Ttf DI$N 

1. Trong mat phang {d) cho da gidc ldi AjA2... A .̂ Ldy dilm S nim ngodi (d). 

Ldn Iugt nd'i 5 vdi edc dinh Aj, A2, ..., Â  ta dugc n tam gidc SAj A2, SA2 A3, ..., 

SA^Ay Hinh gdm da gidc A^A^... A^ va n tam gidc SAjA2, 5A2A3,, ..., 

5A^Aj ggi la hinh ehdp, kf hidu la S. A^A^... A^. Ta ggi 5 Id dinh vd da gidc 
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AjA2... Â  la mat ddy. Cae tam gidc SAjA2, 5A2A3, ..., SA^A^ dugc ggi Id 

cae mat ben ; cac doan SAp SA^, ..., SA^ Id cac cgnh ben ; edc canh eua da 

gidc day ggi Id cdc cgnh ddy cua hinh ehdp. Ta ggi hinh ehdp cd day la tam 
gidc, tfl gidc, ngu giac, ... ldn Iugt la hinh chop tam gidc, hinh chop tie gidc, 
hinh chop ngii gidc,... (h.2.24). 

Dinh-

Mat ben 

Cgnh ben 

Mat ddy 

Cgnh ddy 

Hinh 2.24 

2. Cho bd'n dilm A, B, C, D khdng ddng phlng. Hinh gdm bdn tam giac ABC, 
ACD, ABD va BCD ggi Id hinh tit dien (hay ngln ggn Id tii dien) va duge kf hieu 
Id ABCD. Cdc dilm A, B, C, D ggi la cac dinh ciia tfl dien. Cdc doan thing AB, 
BC, CD, DA, CA, BD ggi la cdc cgnh eua tfl dien. Hai canh khdng di qua mdt 
dinh ggi la hai cgnh dd'i dien. Cdc tam gidc ABC, ACD, ABD, BCD ggi la cac 
mat cua tfl didn. Dinh khdng nim trdn mdt mat ggi Id dinh ddi dien vdi mat dd. 

Hinh tfl dien ed bdn mat la cdc tam gidc diu ggi Id hinh tii dien diu. 

B^ Chiiy. Khi ndi de'n tam gidc ta ed thi hiiu la tdp hgp eae dilm thude eae canh 
hodc cung ed thi hiiu Id tdp hgp edc dilm thude cdc canh va cdc dilm trong 
eua tam gidc dd. Tuong tu cd thi hiiu nhu vdy dd'i vdi da gidc. 

^ 6 K l ten cae mat ben, canh b6n, canh day cOa hinh chop d hinh 2.24. 

Vi du 5. Cho hinh chop SABCD ddy la hinh binh hdnh ABCD. Ggi M, N, P 
ldn Iugt la trung diem cua AB, AD, SC. Tim giao dilm eua mat phlng {MNP) 
vdi cac canh cua hinh ehdp va giao tuye'n eua mat phang (J^NP) vdi edc mat 
eua hinh chop. 

gidi 
Dudng thing MN cat dudng thing BC, CD ldn Iugt tai K,L. 

Ggi E la giao dilm cua PK va SB, F la giao dilm cua PL va SD (h.2.25). 
Ta cd giao dilm cua (MA F̂) vdi cdc canh SB, SC, SD ldn Iugt la E, P, F. 
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Tfl dd suy ra 

(MA F̂) n (ABCD) = MN, 

(MNP) n (SAB) = EM, 

{MNP) n (5BC) = EP, 

(MNP) n (SCD) = PF 

vd (MA F̂) n (SDA) = FN. 

D3° Cha ^. Da gidc MEPFN cd canh nam trdn giao tuyin cua mat phlng {MNP) 
vdi edc mat cua hinh ehdp S.ABCD. Ta ggi da gidc MEPFN Id thiit diin (hay 
mat cdt) eua hinh ehdp S.ABCD khi clt bdi mat phlng (MA^F). 

Ndi mdt cdch don gidn : Thiit diin (hay mat cdt) cua hinh Ji^ khi cat bdi mat 

phlng (or) Id phdn chung eua o^vh{a). 

BAI TAP 

1. Cho dilm A khdng nim trdn mat phlng (a) chfla tam giac BCD. Ldy E, F Id 
cac dilm ldn Iugt nim tren cdc canh AB, AC. 

a) Chflng minh dudng thing EF ndm trong mat phang (ABC). 

b) Khi EF vd BC edt nhau tai /, chflng minh / Id dilm chung eua hai mdt phlng 
{BCD) vk (DBF). 

2. Ggi M Id giao dilm cua dudng thing d vd mat phlng (or). Chiing minh M Id 
dilm chung eua (or) vdi mdt mat phlng bdt ki chfla d. 

3. Cho ba dudng thing dy, ^2. ^3 khdng cflng nim trong mdt mdt phlng vd cdt 
nhau tflng ddi mdt. Chflng minh ba dudng thing trdn ddng quy. 

4. Cho bdn dilm A, B, C vd D khdng ddng phlng. Ggi G^, Gg, Gc, Gp ldn Iugt Id 
hgng tdm ciia cdc tam gidc BCD, CDA, ABD, ABC. Chflng minh ring AG^, 
BGfi, CGc, DGD ddng quy. 

5. Cho tfl gidc ABCD nim trong mat phlng (or) cd hai canh AB va CD khdng song 
song. Ggi S Id dilm nim ngodi mat phlng (or) vd M la trung dilm doan SC. 
a) Tim giao dilm N ciia dudng thing SD vd mat phlng (MAB). 
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b) Ggi O Id giao dilm eua AC va BD. Chflng minh ring ba dudng thing SO, 
AM, BN ddng quy. 

6. Cho bd'n dilm A, B, C vd D khdng ddng phlng. Ggi M, Â  ldn Iugt Id trung 
dilm cua AC vd BC. Trdn doan BD ldy dilm F sao cho BP = 2PD. 
a) Tim giao dilm eua dudng thang CD vd mdt phlng (MNP). 
b) Tun giao tuyin eua hai mdt phlng (MA F̂) vd {ACD). 

7. Cho bd'n dilm A, B, C vd D khdng ddng phlng. Ggi /, K ldn Iugt Id trung dilm 
cua hai doan thing AD vd BC. 

a) Tim giao tuyin cua hai mdt phang (IBC) vd {KAD). 

b) Ggi M vd Â  la hai dilm ldn Iugt ldy trdn hai doan thing AB vd AC. Tim giao 
mydn cua hai mat phang {IBC) vd {DMN). 

8. Cho tfl dien ABCD. Ggi M vd Â  ldn Iugt Id trung dilm cua cdc canh AB vd CD, 
tren canh AD ldy dilm F khdng trung vdi trung dilm eua AD. 

a) Ggi E Id giao dilm cua dudng thing MP vd dudng thing BD. Hm giao 
mye'n cua hai mat phlng (FMAO va (BCD). 

b) Tim giao dilm eua mdt phdng (FMAO vd BC. 

9. Cho hinh ehdp SABCD cd ddy Id hinh binh hdnh ABCD. Trong mat phang ddy 
ve dudng thing d di qua A vd khdng song song vdi cdc canh eua hinh binh hanh, 
d cdt doan BC tai E. Ggi C Id mdt dilm nam trdn canh SC. 

a) Tim giao dilm M eua CD vd mat phlng (CAE). 

b) Tim thie't dien eua hinh chop cdt bdi mat phlng (CAE). 

10. Cho hinh ehdp SABCD cd AB vd CD khdng song song. Ggi M Id mdt dilm 
thude miln trong eua tam gidc 5CD. 

a) Tm giao dilm Â  eua dudng thing CD vd mat phlng (SBM). 

b) Tim giao tuyin cua hai mdt phlng (SBM) va (5AC). 

c) Tim giao dilm / eua dudng thing BM va mat phlng (5AC). 

d) Tim giao dilm F cua SC vd mat phlng (ABM), tfl dd suy ra giao tuydn cua 
hai mat phlng (SCD) vd {ABM). 
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§2. HAI Dl/OfNG THANG CHEO NHAU 

VA HAI Dl/GlNC THANG SONG SONG 

Hinh 2.26 cho ta thdy hinh anh cua 
nhiing dudng thing song song, dudng 
thing ehio nhau. Cdc khdi nidm ndy se 
duge trinh bdy sau ddy. 

1 Quan sdt ede canh tudng trong ldp hoe va 
xem canh tudng Id hinh anh eOa dudng 
thang. Hay eW ra mdt sd cap dudng thing 
Ichdng thi eung thude mdt mat phang. 

Hinh 2.26 

I. VI TRI TUONG Ddi CUA HAI DUC)NG T H A N G TRONG K H 6 N G GIAN 

Cho hai dudng thing a vd 6 trong khdng gian. Khi dd ed thi xay ra mdt trong 
hai trudng hgp sau. 

Trudng hop I. Cd mdt mdt phlng chfla avkb. 

Khi dd ta ndi avkb ddng phdng. Theo kdt qua cua hinh hgc phlng cd ba kha 
ndng sau ddy xay ra (h.2.27). 

anb= {M} allb 

Hinh 2.27 

a = b 

i) a vk b cd dilm chung duy nhdt M. Ta ndi a vk b cdt nhau tai M vd 
kf hieu Id a n fe = [M] . Ta cdn cd thi vie't anb = M. 

ii) avkb khdng cd dilm chung. Ta ndi avkb song song vdi nhau vd kf hidu 
lka//b. 

Hi) a triing b, kf hieu lka = b. 

55 

www.truongbachviet.com



Nhu vdy, hai dudng thdng song song la hai dudng thdng ciing ndm trong mot 
mat phdng vd khdng cd diim chung. * 

Trudng hap 2. Khdng ed mat phlng ndo chfla avkb. 

Khi dd ta ndi avkb cheo nhau hay a cheo vdi b (h.2.28). 
A 

Hinh 2.28 

2 Cho tiJ di6n ABCD, chiing minh hai dudng thing AB vd CD ch§o nhau. Chi ra cap 
dudng thing eh6o nhau khdc eCia tur difin ndy (h.2.29). 

II. TINH CHAT 

Dua vdo tidn dl 0-elft vl dudng thing song song trong mat phlng ta ed cdc 
tfnh ehdt sau ddy. 

Dinh If 1 

Trong khdng gian, qua mdt diim khdng ndm trin dudng thdng 
cho trudc, cd mdt vd chi mdt dudng thdng song song vdi 
dudng thdng dd cho. 

M 

Cf«Saigmmfi 

Gid sfl ta ed dilm M vd dudng thing d 
khdng di qua M. Khi dd dilm M vd dudng 
thing d xde dinh mdt mat phlng (ct) 
(h.2.30). Trong mat phlng (or), theo tidn 
dl 0-elft vl dudng thing song song ehi ed 
mdt dudng thing d' qua M vd song song 
vdi d. Trong khdng gian nlu ed mdt 
dudng thing d" di qua M song song vdi d thi d" cung nim trong mat phlng 
(or). Nhu vdy trong mat phlng (or) cd d', d" Id hai dudng thing cung di qua M 
vd song song vdi d ndn d', d" trflng nhau. 

Hinh 2.30 
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Nhdn xit. Hai dudng thing song song avkb 
xdc dinh mdt mdt phlng, kf hidu Id mp {a, b) 
hay {a, b) (h.2.3i). 

^ 3 Cho hai mat phang {d) vd [fi). Mdt mat phang 
(;^ cat (c^ vd {/3\ lan Iugt theo cae giao tuyin a 
vd b. Chflng minh rang khi a vd 6 eat nhau tai / 
thi / Id dilm chung cDa («) vd {^ (h.2.32). 

Hinh 2.31 

Oinh 112 (vl giao tuyin cua ba mat phlng) 

Niu ba mdt phdng ddi mdt cdt nhau theo ba giao tuyin phdn 
biit thi ba giao tuyin dy hodc ddng quy hodc ddi mdt song 
song vdi nhau (h.2.32 va h.2.33). 

Hinh 2.32 Hinh 2.33 

H^ qua 

Niu hai mat phdng phdn biit ldn lu0 chiia hai dudng thdng 
I song song thi giao tuyin cua chung (niu cd) ciing song song 
I vdi hai dudng thdng dd hodc triing vdi mdt trong hai dudng 

thdng dd (h.2.34a, b; c). 

/ 4 
/ 

i 

d 

i) 

^ 
^2 

'a) 

^d 

d, 

b) 

^ 

d. 

/ 

dl 

A 
^ 

^2 

c) 

Hinh 2.34 
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Vi du 1. Cho hinh ehdp SABCD cd day Id 
hinh binh hanh ABCD. Xdc dinh giao 
tuylh cua cdc mat phlng (SAD) vk (SBC). 

gidi 
Cae mat phlng (5AD) vd (5BC) ed dilm 
chung S vd ldn Iugt chfla hai dudng thing 
song song Id AD, BC ntn giao mylh cua 
chflng la dudng thing d di qua S vd song 
song vdi AD, BC (h.2.35). 

Hinh 2.35 

Vi du 2. Cho tfl dien ABCD. Ggi / vd / ldn Iugt la trung dilm cua BC vk BD. 
(F) la mat phlng qua IJ vk cat AC, AD ldn Iugt tai M, Â . Chflng minh ring tfl 
gidc IJNM la hinh thang. Ndu M la trung dilm cua AC thi tfl gidc IJNM la 
hinh gi ? 

gidi 
Ba mat phlng (ACD), {BCD), (F) ddi mdt 
cat nhau theo cdc giao mydn CD, IJ, MN. 
Vi / / // CD {IJ la dudng ttung binh cua tam 
giac BCD) ndn theo dinh h 2 ta cd 
IJ II MN. Vdy tfl gidc IJNM la hmh thang 
(h.2.36). 
Ndu M la trung dilm cua AC thi Â  la trung 
diem eua AD. Khi dd tfl giac IJNM cd mdt 
cap canh ddi vfla song song vfla bing nhau 
ndn la hinh binh hdnh. 

Hinh 2.36 

Trong hinh hgc phlng ndu hai dudng thing phdn biet cung song song vdi 
dudng thing thfl ba thi chflng song song vdi nhau. Dilu ndy vdn dflng troiig 
hinh hgc khdng gian. 

Dinh It 3 

Hai dudng thdng phdn biet 
cUng song song vdi dudng 

I thdng thit ba thi song song 
vdi nhau (h.2.37). 

Khi hai dttdng thing avkb cung song song 
vdi dudng thing c ta kf hidu a II b II c vk 
ggi la ba dudng thdng song song. Hinh 2.37 
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Vi du 3. Cho tfl dien ABCD. Ggi M, Â , F, Q,RvkS ldn Iugt la trung dilm cua 
cae doan thing AC, BD, AB, CD, AD vk BC. Chiing minh rang cac doan thing 
MN, PQ, RS ddng quy tai trung dilm cua mdi doan. 

gidi 
(Xem hinh 2.38) 

Trong tam gidc ACD ta ed MF Id 
duimg trung binh ndn 

MR II CD 

MR = -CD. 
2 

(1) 

Tuong tu trong tam giac BCD, ta cd 

(SNIICD 

SN = -CD. 
2 

(2) 

MRIISN 
Tit (1) vd (2) ta suy ra < 

' ^ \MR=SN. 
Do dd tfl gidc MRNS Id hinh binh hdnh. Nhu vdy MÂ , RS clt nhau tai trung 
dilm G cua mdi doan. 

Lf ludn tuong tu, ta ed tfl gidc PRQS cung Id hinh binh hdnh ndn PQ, RS clt 
nhau tai trung dilm G cua mdi doan. Vdy PQ, RS, MN ddng quy tai trung 
dilm cua mdi doan. 

BAI TAP 

1. Cho tfl dien ABCD. Ggi F, Q,RvkS la bd'n dilm ldn Iugt ld'y trdn bdn canh AB, 
BC, CD vk DA. Chflng minh ring nlu bd'ii dilm F, Q,RvkS ddng phlng thi 
a) Ba dudng thing PQ, SR vk AC hoae song song hodc ddng quy ; 
b) Ba dudng thing PS, RQ vk BD hoae song song hoac ddng quy. 

2. Cho tfl dien ABCD vk ba dilm F, Q, R ldn Iugt ld'y tren ba canh AB, CD, BC. 
Tim giao dilm S eua AD vk mat phlng (PQR) trong hai trudng hgp sau ddy. 
a) PR song song vdi AC ; 
b) FF clt AC. 
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3. Cho tfl dien ABCD. Ggi M, N ldn Iugt Id trung dilm cua cdc canh AB, CD vk G 
la trung dilm cua doan MÂ . 

a) Tim giao dilm A' cua dudng thing AG vk mat phlng {BCD). 

b) Qua M ke dudng thing Mx song song vdi AA' vd Mx clt (BCD) tai M'. 
Chung minh B,M',A' thing hdng vd BM' = MA' = A W. 

c) Chung minh GA = 3GA. 

§7. Dl/dNG THANG 
VA MAT PHANG SONG SONG 

I. VI TRi TUONG D6I CUA DU6NG THANG VA MAT PHANG 

Cho dudng thing d vk mat phlng (or). Tuy theo sd dilm chung cua d vk (or), ta 
cd ba trudng hgp sau (h.2.39). 

d 11(a) dn{ot)={M} dciol) 

Hinh 2.39 

• dvd (or) khdng cd diim chung. Khi dd ta ndi d song song vdi (or) hay (o^ 
song song vdi d vd kf hidu Ik d II {a) hay {a) II d. 

• dvd{a) cd mdt diim chung duy nhdt M. Khi dd ta ndi dvk{a) cdt nhau tai 
dilm M vd kf hieu \kd n (or) = { M } hay dn{o^ = M. 

• d vd (a) cd tii hai diim chung trd lin. Khi dd, theo tfnh ehdt 3 §1, rf nim 
trong (or) hay (or) chfla rf vd kf hidu d c (or) hay {a)Z)d. 

^ 1 Trong phdng hpe hay quan sat hinh anh eiia dudng thing song song vdi mat phang. 
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II. TINH CHAT 

Dl nhdn bie't dudng thing d song song vdi mat phlng (or) ta cd thi can cfl vdo 
sd giao dilm cua chflng. Ngodi ra ta cd thi dua vdo cdc ddu hidu sau ddy. 

II Djnh li I 

I Niu dudng thdng d khdng ndm trong mat phdng (a) vd d song 
I song vdi dudng thdng d' ndm trong (a) thid song song vdi (a). 

CfiOnff ntinfi 

Ggi {fi) Id mat phlng xae dinh bdi • 
hai dudng thing song song d, d'. 

Tacd (a) n (yfi) = af'(h.2.40). 

Ne'u dn{a)= {M} thi M thude 

giao tuyin eua {oi)vk{^lkd' hay 
d r\ d' = [M). Dilu nay mdu 
thudn vdi gia thiit d II d'. 

WkydlKa). 

2 Cho tur difn ABCD. Gpi M, Â , F lan Iugt Id trunĝ  diem cCia AB, AC, AD. Cae 
dudng thing MA ,̂ NP, PM ed song song vdi mat phing (BCD) khdng ? 

Dinh If 2 

Hinh 2.40 

Cho dudng thdng a song song vdi mat phdng (a). Niu mat 
il phdng (P) chita a vd cdt (or) theo giao tuyin b thi b song song 

vdi a {h.2.4l). 

Hinh 2.41 

Vi du. Cho tfl dien ABCD. Ldy M Id diem thude miln trong cua tam gidc ABC. 
Ggi (o^ Id mat phlng qua M vd song song vdi cac dudng thing AB vd CD. Xae 
dinh thi^ didn tao bdi (or) vd tfl didn ABCD. Thiit dien dd la hinh gi ? 
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gidi 
Mat phlng (or) di qua M vd song song vdi AB ndn (or) edt mat phlng {ABC) 
(chfla AB) theo giao tuye'n d di qua M va song song vdi AB. Ggi E, F ldn Iugt 
la giao dilm cua cf vdi AC va BC (h.2.42). 

Mat khdc, (or) song song vdi CD nen 
(a) clt (ACD) vd (BCD) (la cdc mat 
phlng chfla CD) theo cdc giao tuye'n 
EH vk EG cung song song vdi CD 
(HeADvkGe BD). 

Ta cd thiet didn la tfl gidc EFGH. Hon 
nfla ta cd 

(a) II AB vk (ABD) n (or) = HG, tfl dd ' Hinh 2.42 

suy raHG II AB. 

Tvt gidc EFGH cd EF II HG dl AB) vk EH IIFG {II CD) ndn nd la hinh binh hanh. 

Tfl dinh If 2 ta suy ra he qua sau. 

He qua 

Niu hai mat phdng phdn 
biet ciing song song vdi 

I mdt dudng thdng thi giao 
• tuyin cua chung (niu cd) 
I cUng song song vdi 
,•; dudng thdng dd (h.2.43). Hinh 2.43 

Hai dudng thing cheo nhau thi khdng the cung nam trong mdt mat phlng. 
Tuy nhidn, ta cd thi tim dugc mat phlng chfla dudng thing nay vd song song 
vdi dudng thing kia. Dinh If sau ddy the hidn tfnh chdt dd. 

Djnh If 3 

; Cho hai dudng thdng cheo nhau. Cd duy nhdt mdt mat phdng 
''. chita dudng thdng ndy vd song song vdi dudng thdng kia. 

Gia sfl ta ed hai dudng thing cheo nhau avkb. 
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Ld'y dilm M bdt ki thude a. Qua M ke 
dudng thing b' song song vdi b. Ggi 
{o^ la mat phlng xae dinh bdi a vd fe' 
(h.2.44).' 

Ta cd : fe // fe' vd fe' c (or), tfl dd suy ra 
bll{a). 

Hon nfla (or) Z) a ntn (or) la mat phlng cdn tim. Hinh 2.44 

Ta chiing minh (or) la duy nhdt. Thdt vdy, nlu cd mdt mat phang (^ khdc (or), 
chfla a vk song song vdi fe thi khi dd (or), (J3) la hai mat phlng phdn bidt cung 
song song vdi fe nen giao tuyin cua chung la a, phai song song vdi fe. Dilu 
nay mdu thudn vdi gia thiit a vkb cheo nhau. 

Tuong tu ta ed thi ehiing minh cd duy nhd't mdt mat phlng chfla fe vd song 
song ydi a. 

BAI TAP 

1. Cho hai hinh binh hanh ABCD vk ABEF khdng cflng nim trong mdt mat phlng. 
a) Ggi O vk O' ldn Iugt la tdm eua cdc hinh binh hdnh ABCD vk ABEF. Chung 

minh ring dudng thing 00' song song vdi cae mat phang (ADF) vk (BCE). 

b) Ggi M va Â  ldn Iugt Id trgng tdm eua hai tam gidc ABD vk ABE. Chiing 
minh dudng thing MN song song vdi mat phlng (CEF). 

2. Cho tfl didn ABCD. Trtn canh AB ldy mdt dilm M. Cho (or) la mat phlng qua M, 
song song vdi hai dudng thing AC vk BD.-

a) Tim giao tuyd'n eua (or) vdi cac mat cua tfl dien. 

b) Thie't dien cua tfl.dien clt bdi mat phang (or) la hinh gi ? 

3. Cho hinh ehdp SABCD cd ddy ABCD la mdt tfl gidc ldi. Ggi O la giao dilm 
cua hai dudng cheo AC vk BD. Xde dinh thiet dien cua hinh ehdp cdt bdi mat 
•phlng (or) di qua O, song song vdi AB vk SC. Thie't dien dd la hinh gi ? 
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§4. HAI MAT PHANG SONG SONG 

Hinh 2.45 

I. DINH NGHIA 

Hai mat phdng (a), {J3) duac ggi la song song 
vdi nhau niu chung khdng cd diim chung. 

Khi dd ta kf hidu (or) // (P) hay (fi) II («) 
(h.2.46). 

^ 1 Cho hai mat phing song song {dj vd (y6). 
Dudng thing d nam trong {dj (h.2.47). Hdi d 
vd (y^ cd dilm chung khdng ? 

II. TINH CHAT 

Dinh If I 

Hinh 2.46 

Hinh 2.47 

Niu mat phdng (or) chita hai dudng thdng cdt nhau a, bvda,b 
I cUng song song vdi mat phdng (fi) thi{d) song song vdi {j3). 

Cfnbig minh 

Ggi M la giao diem cua a va fe. 

Vi (or) chfla amka song song vdi (fi) ntn (a) vk {^ Id hai mat phlng phdn 
biet. Ta cdn chiing minh (or) song song vdi (13). 
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Gia sfl (or) va (P) khdng song song vd 
cat nhau theo giao tuyd'n c (h.2.48). 
Tacd 

va < 

alKP) 
{a)Z)a 

{a)n{/3) = c 

bIKP) 
(or) 3 fe 

{a)n{P) = c 

ell a 

cllb. 
Hinh 2.48 

Nhu vdy tfl M ta ke dugc hai dudng thing a, b cung song song vdi c. Theo 
dinh If 1, §2, dilu nay mdu thudn. Vdy (or) vd (y^ phai song song vdi nhau. 

2 Cho tur di§n 5ABC. Hay dung mat phing (o^ qua trung dilm / cOa doan SA vd song 
song vdi mat phing {ABC). 

Vidu 1. Cho tfl dien ABCD. Ggi G^,G2,G-^ ldn Iugt Id trgng tdm cua cac tam 

giac ABC, ACD, ABD. Chiing minh mat phlng (G^G^G^) song song vdi mat 

phlng (BCD). 

Goi M, Â , F ldn luat Id trung dilm eua 
BC, CD, DB (h.2.49)! Ta ed : 

M 

N 

P 

Df 

EAG^ 

eAG^ 

eAG^ 

1 do 

vd 

va 

vd 

AG 

AM 

AG^ 

AN 

AG3 

AP 

"3 

_2 
~ 3 

_2 
~ 3 

,_AG2 
_ . _. suy ra G,G,IIMN. 

AM AN ^ 1 2 
Vi MN nim trong {BCD) ntn Gifi^ Hi^CD). 

AG, AG. 
Tuong tu - = —-r- suy ra G,G.IIMP. Vi MP nim trong (BCD) ntn 

AM AP ^ ^ 
G^G^ II {BCD). Vdy (G1G2G3) // {BCD). 
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Ta bie't ring qua mdt dilm khdng thude dudng thing d cd duy nhdt mdt 
dudng thing d' song song vdi d. Nlu thay dudng thing d bdi mat phlng {(^ 
thi dugc kit qua sau. 

Dmh If 2 

Qua mdt diim ndm ngodi mdt 
mat phdng cho trudc cd mot vd 

, chi mgt mat phdng song song 
vdi mat phdng ddcho (h.2.50). 

Tfl dinh li trdn ta suy ra cac he qua sau. 

f/# qua 1 

Niu dudng thdng d song song 
vdi mat phdng {a) thi qua d cd 
duy nhdt mdt mat phdng song 
song vdi (d) (h.2.51). 

Hinh 2.50 

Hinh 2.51 

,', H$qua2 

ji Hai mat phdng phdn biit cUng song song vdi mat phdng thit 
ba thi song song vdi nhau. 

Hf qua 3 

Cho diim A khdng ndm trin 
mat phdng (or). Mgi dudng 
thdng di qua A vd song song 
vdi (d) diu ndm trong mat 
phdng di qua A vd song song 
vdi {d) (h.2.52). Hinh 2.52 

Vi du 2. Cho tfl dien SABC ed SA = 5B = SC. Ggi Sx, Sy, Sz ldn Iugt la phdn 
gidc ngoai eua cdc gdc 5 trong ba tam gidc 5BC, SCA, SAB. Chflng minh : 

a) Mdt phlng {Sx, Sy) song song vdi mat phlng (ABC); 

b) Sx, Sy, Sz cflng ndm trdn mdt mat phang. 
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gidi 

Hinh 2.53 

a) Trong mat phlng (SBC), vi Sx la phdn gidc ngodi eua gdc S trong tam giac 
cdn SBC (h.2.53) ndn 5x//BC. Tfldd suyra Sx//(ABC). (1) 

Tflong tu, ta ed Sy II (ABC). (2) vd Sz // (ABC). 

Tfl (1) va (2) suy ra : {Sx, Sy) II (ABC). 

b) Theo he qua 3, dinh If 2, ta ed Sx, Sy, Sz la cdc dudng thing cung di qua S 
vd cflng song song vdi (ABC) ntn Sx, Sy, Sz cflng nim tren mdt mat phlng di 
qua S vd song song vdi {ABC). 

I Dinh If 3 

I Cho hai mat phdng song song. Niu mot mat phdng cdt mat 
I phdng ndy thi cUng cdt mat phdng kia vd hai giao tuyen song 
I song vdi nhau. 

Cfncn^ ntinfi 

Ggi (or) vd (yff) la hai mat phlng song song. Gia 
sfl (y) clt {d) theo giao tuyin a. Do (y) chfla a 
(h.2.54) nen {}) khdng thi trflng vdi (/?). Vi vdy 
hoac (f) song song vdi {^ hoac (y) clt (y6). Nlu 
{}) song song vdi {^ thi qua a ta ed hai mat 
phlng (or) vd {}) cflng song song vdi {^. Dilu 
nay vd If. Do dd (j^ phai clt (fi). Ggi giao tuyin 
cua (f) vk (P) la fe. 

Hinh 2.54 
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Hinh 2.55 

Ta cd a c (or) vkb d (P) md (or) // {P)ntna r\ b = 0 . Vdy hai dudng thing 
a va fe cflng nam trong mdt mat phang (f) vk khdng ed dilm chung ndn a II fe. 

I HSqua 

|l Hai mat phdng song song chdn trin hai cdt tuyen song song 
I nhiing dogn thdng bdng nhau. 

Cfttingfninh 

Ggi {d)vk{/3) la hai mat phlng song song va 
{y) Id mat phlng xde dinh bdi hai dudng 
thing song song a, fe. Ggi A, B ldn Iugt Id 
giao dilm eua dudng thing a vdi (or) vd (y^ ; 
A, B' ldn Iugt Id giao dilm cua dudng thing fe 
vdi (or) vd {J3) (h.2.55). Theo dinh If 3 ta ed 

{{a)ll{/3) 

{y)n{a) = AA 

{y)n{P) = BB\ 

Tfldd suy ra AA'//BB'. 

Vi AB song song vdi A'B' (do a song song vdi fe) ndn tfl gidc AABB la hinh 
binh hdnh. 

Vdy AB = A'B'. 

III. DINH LI TA-LET (THALES) 

^ 3 Phat bilu dinh If Ta-let trong hInh hpe phing. 

£)/hA7//4(DinhlfTa-let) 

j Ba mat phdng ddi mdt song 
song chdn trin hai cdt tuyin 
bd't ki nhitng dogn thdng 
tuong itng ti li. Hinh 2.56 

Nlu d, d' la hai cdt tuyin bdt ki clt ba mat phlng song song (or), (fi), (f) ldn 
Iugt tai cdc dilm A, B, C va A', B', C (h.2.56) thi 

AB BC CA 

A'B' B'C CA' 
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IV. HINH LANG TRU VA HINH H O P 

Cho hai mat phlng song song (or) vd (or')- Tren (or) cho da gidc ldi 

AjA2... A^. Qua edc dinh Aj, A2, ..., A^ ta ve cae dudng thing song song 

vdi nhau vd clt (or') ldn Iugt tai A|, A^, ..., A^. 

Hinh gdm hai da gidc A^A2... A^, A'^A^... A'^ vk eae hinh binh hdnh 

AjAjA^A2, A2A^A^A3, ..., A^A'^A^A^ dugc ggi Id hinh Idng tru vk dugc kf 

hieu Id A1A2... A^.A{A^... A; (h.2.57). 

- Hai da gidc AjA2... Â  vd 

A^A^...A'^ dugc ggi Id hai mat ddy 

cua hinh Idng tru. 

- Cdc doan thing A^A^, A2A^,..., 

A^A^ dugc ggi la cac cgnh bin cua 

hinh Idng tru. 

- Cdc hinh binh hdnh A^AjA^A2, 

A2A^A^A3, ..., Â Â Â Â  duge ggi 

Id cdc mat bin eua hinh Idng tru. 

- Cdc dinh cua hai da gidc duge ggi 
Id cdc dinh cua hinh lang tru. Hinh 2.57 

Nhdn xit 
• Cdc canh ben cua hinh Idng tru bing nhau vd song song vdi nhau. 
• Cdc mat ben cua hinh Idng tru Id cdc hinh binh hanh. 
• Hai ddy eua hinh Idng tru Id hai da gidc bang nhau. 

Ngudi ta ggi ten eua hinh lang tru dua vdo ten eua da gidc ddy, xem hinh 2.58. 

Hinh ISng tru tam gidc Hinh Idng tru tur giac 

Hinh 2.58 

Hinh Idng tm luc giac 
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• Hinh lang tru cd day la hinh tam gidc 
dugc ggi la hinh Idng tru tam gidc. 

• Hinh Idng tru cd day la hinh binh hanh 
dugc ggi la hinh hop (h.2.59). 

V. HINH CHOP CUT ninh 2.59 

Dinh nghia 

Cho hinh chop S.AjA2... Â^ ; mdt mat 

phlng (F) khdng qua dinh, song song vdi 
mat phlng day cua hinh ehdp clt cdc 
canh SAj, SA2, ..., SA^ ldn Iugt tai A[, 

A^, ...,A'^. Hinh tao bdi thiit dien 

Aj'A^ ... A'^j vk day A^Aj... A^^ eua hinh 

ehdp cflng vdi cac tfl giac A[A^A2Aj, 

A2A3A3A2, ..., A^AjAjA^ ggi Id hinh Hinh 2.60 

chop cut (h.2.60). 

Day eua hinh chop ggi la ddy ldn cua hinh ehdp cut, cdn thie't dien Aj A^... Â  

ggi la ddy nho cua hinh ehdp cut. Cae tfl gidc A^A^A^A-^, A^A^^A^^Aij, —, 

A^AJAjA ĵ ggi la cae mat bin cua hinh ehdp cut. Cae doan thing 

A| A[, A2A^,..., A ^ ^ ggi la cac cgnh ben cua hinh ehdp cut. 

Tuy theo day la tam giac, tfl giac, ngu gidc ..., ta cd hinh chop cut tam gidc, 
hinh chop cut tu gidc, hinh chop cut ngU gidc,... 

Vi hinh ehdp cut dugc clt ra tfl mdt hinh chop ndn ta dl ddng suy ra cac tfnh 
ehd't sau ddy cua hinh ehdp cut. 

Tfnh chdt 

1) Hai day Id hai da gidc cd cdc cgnh tucng itng song song vd 

cdc ti sdcdc cap cgnh tUcfng itng bdng nhau. 

2) Cdc mat ben Id nhibig hinh thang. 

3) Cdc dudng thdng chita cdc cgnh ben ddng quy tgi mot diim. 
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BAITAP 

1. Trong mat phlng {d) cho hinh binh hdnh ABCD. Qua A, B, C, D ldn Iugt ve 
bd'n dudng thing a, fe, c, d song song vdi nhau vd khdng nim tren (d). Trtn a, 
fe, c ldn Iugt ld'y ba dilm A', B', C tuy y. 
a) Hay xde dinh giao dilm D' cua dudng thing d v6i mat phlng (AB'C). 

b) Chung minh A'B'C'D' la hinh binh hdnh. 

2. Cho hinh Idng tru tam gidc ABC AB'C. Ggi M vd M' ldn Iugt la trung diem cua 
eae canh BCva B'C. 
a) Chiing minh ring AM song song vdi AM'. 

h) Tim giao dilm cua mat phang (AB'C) vdi dudng thing AM. 

c) Tim giao tuyd'n d ciia hai mat phlng (AB'C) vk (BA'C). 

d) Tim giao dilm G cua dudng thing d vdi mdt phdng {AM'M). 

Chflng minh G la trgng tdm cua tam giac AB'C. 

3. Cho hinh hdp ABCD.A'B'C'D'. 

a) Chflng minh ring hai mat phlng {BDA') vk (B'D'C) song song vdi nhau. 

b) Chflng minh ring dudng cheo AC di qua trgng tdm Gj vd G2 ciia hai tam 

gidc BDA'vd B'D'C. 

c) Chiing minh Gj vd G2 chia doan AC thdnh ba phdn bing nhau. 

d) Ggi O vd / ldn Iugt la tdm cua cdc hinh binh hdnh ABCD va AA'CC. Xae 
dinh thie't dien cua mat phlng {A'lO) vdi hinh hdp da cho. 

4. Cho hinh ehdp S.ABCD. Ggi Aj la trung dilm cua canh SA vd A2 la trung dilm 

cua doan AAj. Ggi (d) vk (P) la hai mat phlng song song vdi mat phlng 

{ABCD) vk ldn Iugt di qua Aj, A2. Mat phang {d) clt cac canh SB, SC, SD lan 

Iugt tai B^,Ci,Di. Mat phang (fi) clt cac canh SB, SC, SD ldn Iugt tai B2, Ci. 

D2. Chiing minh : 

a) BJ, Cj, Dl ldn Iugt la trung dilm cua cac canh SB, SC, SD ; 

b) B1B2 = B2B, C1C2 = C2C, D,D2 = D2D : 

c) Chi ra eae hinh chop cut cd mdt day la tfl giac ABCD. 
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§5. PHEP CHIEU SONG SONG. 
HINH BIEU DIEN CUA MOT HINH KHONG GIAN 

I. PHEP CHI^U SONG SONG 

Cho mat phlng (or) vd dudng thing A clt (or). 

Vdi mdi dilm M trong khdng gian, dudng 
thing di qua M va song song hodc trung 
vdi A se clt (or) tai dilm M' xde dinh. 
Dilm M' dugc ggi Id hinh chiiu song song 
cua dilm M trdn mat phlng (or) theo 
phuong cua dudng thing A hoae ndi ggn 
Id theo phuang A (h.2.61). 

Mat phlng (or) ggi Id mat phdng chiiu. Phuang A ggi \k phuang chie'u. 

Phep ddt tuong flng mdi dilm M trong khdng gian vdi hinh chie'u M' cua nd 
tren mat phlng (or) duge ggi Ik phep chiiu song song lin (a) theo phuang A. 

Nlu ^ la mdt hinh nao dd thi tdp hgp ^ ' eae hinh chidu M' eua tdt ea 

nhflng dilm M thude ^ dugc ggi la hinh chie'u eua ^ qua phep chidu song 
song ndi trdn. 

1^ Cha y. Nlu mdt dudng thing cd phuong trflng vdi phuong chiiu thi hinh 
ehilu cua dudng thing dd Id mdt dilm. Sau ddy ta chi xet cdc hinh ehilu cua 
nhflng dudng thing cd phuang khdng trung vdi phuang chie'u. 

Hinh 2.61 

II. CAC TINH CHAT CUA PHEP CHI^U SONG SONG 

Dinh If 7 

a) Phip chiiu song 
song biin ba diim 
thdng hdng thdnh ba 
diim thdng hdng vd 

f khdng ldm thay ddi 
-̂ thit tu ba diem dd 

(h.2.62). Hinh 2.62 
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i b) Phep chiiu song song biin dudng thdng thdnh dudng 
f\ thdng, bii'n tia thdnh tia, biin dogn thdng thdnh dogn thdng. 
i 
\ c) Phep chieu song song bii'n hai dudng thdng song song thdnh 

li hai dudng thdng song song hogc trUng nhau (h.2.63 va h.2.64). 

Hinh 2.63 Hinh 2.64 

4 

i d) Phep chiiu song song khdng ldm thay ddi ti sd do ddi ciia 
hai dogn thdng ndm trin hai dudng thdng song song hodc 
cUng ndm trin mdt dudng thdng (h.2.65 vd h.2.66). 

C 

_A 

/ . A 
/ C J D' 

A- B' 

AB A'B' 

CD CD' 

Hinh 2.65 

1 Hinh ehilu song song cOa mdt hInh 
vudng co thi Id hinh binh hdnh 
duge khdng ? 

A 2 Hinh 2.67 cd the Id hinh chieu 
song song cOa hinh luc gidc diu 
dugc khdng ? Tai sao ? 

AB 

CD 

A'B' 

CD' 

Hinh 2.66 

A B 

E D 

Hinh 2.67 
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HI. HINH BIEU DifiN CUA M O T HINH KHONG GIAN TRfeN MAT P H A N G 

Hinh bilu diln cua mdt hinh ^ trong khdng gian la hinh ehilu song song 

cua hinh ^ tren mdt mat phlng theo mdt phuong chie'u nao dd hoae hinh 
ddng dang vdi hinh chiiu dd. 

^ ^ 3 Trong cac hinh 2.68, hinh nao bilu dien cho hinh lap phuong ? 

a) b) 

Hinh 2.68 
0 

Hinh bilu diln ciia cac hinh thudng gap 

• Tam gidc. Mdt tam gidc bd't ki bao gid cung ed thi coi la hinh bilu diln cua 
mdt tam giac cd dang tuy y cho trudc (cd thi Id tam gidc diu, tam giac edn, 
tam giac vudng, v.v ...) (h.2.69). 

a) b) 

Hinh 2.69 

c) 

• Hinh binh hdnh. Mdt hinh binh hdnh bdt ki bao gid cung ed thi coi Id hinh 
bilu diln cua mdt hinh binh hdnh tuy y cho trudc (ed thi la hinh binh hanh, 
hinh vudng, hinh thoi, hinh chfl nhdt...) (h.2.70). 

b) G) 

Hinh 2.70 

d) 
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• Hinh thang. Mdt hinh thang bd't 
ki bao gid cung ed the coi la hinh 
bilu diln cua mdt hinh thang tuy 
y cho trudc, miln la ti sd dd dai 
hai day cua hinh bieu diln phai 
bing ti sd dd dai hai day cua hinh 
thang ban ddu. 

• Hinh trdn. Ngudi ta thudng 
dflng hinh elip dl bilu diln cho 
hinh trdn (h.2.71). 

A 4 Cae hinh 2.69a, 2.69b, 2.69c Id hinh 
bieu di§n eiia cac tam giac nao ? 

A s Cae hinh 2.70a, 2.70b, 2.70c, 2.70d 
Id hinh bilu diin eija cac hinh binh 
hanh ndo (hinh binh hdnh, hinh 
thoi, hinh vudng, hinh chfl nhat)? 

6 Cho hai mat phing (o^ vd (y^ song 
song vdi nhau. Dudng thing a eat 
[dj va {P) lan Iugt tai A vd C. 
Dudng thing fe song song vdi a eat 
(o^ vd(y^ lan Iugt tai BvdD . 

Hinh 2.72 minh hoa npi dung n6u tren dung hay sai ? 

Hinh 2.71 

Hinh 2.72 

. ^ 
Cach bieu dien ngu giac deu 

Mdt tam giac bdt ki cd thi coi la hinh bieu diln cua mdt tam gidc diu. Mdt 
hinh binh hanh cd the coi la hinh bilu diln cua mdt hinh vudng. Ddi vdi ngu 
giac deu, hinh bilu diln nhu the nao ? 

Gia sfl ta cd ngu giac diu ABCDE vdi cac dudng cheo AC va BD clt nhau d 
dilm M (h.2.73). Ta thd'y hai tam giac ABC vk BMC la ddng dang (tam giac 
can cd chung gdc C d day). 
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Tacd (1) 

E D ^1 ^1 

Hinh 2.73 Hinh 2.74 

Mat khac.vi tfl giac AMDE la hinh thoi ndn AM = AE = BC, do dd 

^^^ AC AM 
(1) <^ = 

AM MC 
Ddt AM = a, MC = x, ta ed 

a + x a 2 2 rv = — <^x +ax-a =0^ 

MC sf5-\ 2 . BM 2 
Suy ra = = — va = — 

AM 2 3 MD 3 

x = | ( V 5 - l ) 

;c = - ( - 7 5 - 1 ) (loai). 

Cdc ti sd ndy gifl nguydn tren hinh bilu diln. Dl xdc dinh hinh bilu diln, ta 
ve mdt hinh binh hdnh AjMiDiFj bdt ki ldm hinh bilu diln cua hinh thoi 

2 
AMDE (h.2.74). Sau dd keo ddi canh A^Mi mdt doan MjCj = -M^A^ vd keo 

2 
ddi caiih DjMi thdm mdt doan MiBi = -MjD^ 

Nd'i cac dilm Aj, Bj, Ci, Dj, Fj theo thfl tu dd ta dugc hinh bilu diln eua mdt 
ngu gidc deu. 
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CAU HOI 6 N TAP CHUONG II 

1. Hay ndu nhung each xdc dinh mat phlng, kf hieu mat phlng. 

2. The' ndo Id dudng thing song song vdi dudng thing ? Dudng thing song song 
vdi mat phlng ? Mat phlng song song vdi mat phlng ? 

3. Ndu phuang phdp chung minh ba dilm thing hang. 

4. Neu phuang phdp chflng minh ba dudng thing ddng quy. 

5. Neu phuong phdp chiing minh 

- Dudng thing song song vdi dudng thing ; 

- Dudng thing song song vdi mat phlng ; 

- Mat phlng song song vdi mat phlng. 

6. Phdt bilu dinh If Ta-let trong khdng gian. 

7. Ndu each xde dinh thiit dien tao bdi mdt mat phang vdi mdt hinh ehdp, hinh 
hdp, hinh lang tru. 

BAI TAP ON TAP CHl/ONG II 

Cho hai hinh thang ABCD vk ABEF cd chung ddy ldn AB vk khdng cflng nim 
trong mdt mat phlng. 
a) Tim giao tuyin efla cdc mat phang sau : 

(AEC) vk (BED); (BCE) vk (ADF). 

b) Ldy M la dilm thude doan DF. Tim giao dilm cfla dudng thing AM vdi mat 
phlng (BCF). 

c) Chflng muih hai dudng thing AC vd BF khdng cdt nhau. 

Cho hmh ehdp SABCD cd day ABCD la hinh binh hanh. Ggi M, Â , F theo thfl 
tu Id trung dilm cua cac doan thing SA, BC, CD. Tim thiit dien cua hinh chop 
khi cdt bdi mat phlng (MNP). 

Ggi O Id giao dilm hai dudng cheo cua hinh binh hdnh ABCD, hay tim giao 
dilm cua dudng thing SO vdi mat phlng (MNP). 

Cho hinh chop dinh S cd ddy la hinh thang ABCD vdi AB la day ldn. Ggi M, Â  
theo thfl tu la trung dilm cfla cac canh SB vk SC. 

a) Tim giao tuyd'n cfla hai mat phlng (SAD) vk (SBC). 
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b) Tim giao dilm cua dudng thing SD vdi mat phlng (AMN). 

c) Tim thie't dien cua hinh ehdp S.ABCD clt bdi mat phlng (AMN). 

4. Cho hinh binh hdnh ABCD. Qua A, B, C, D ldn Iugt ve bdn nfla dudng thing 
Ax, By, Cz, Dt d cflng phfa dd'i vdi mat phlng (ABCD), song song vdi nhau va 
khdng nim trong mat phang (ABCD). Mdt mat phlng (P) ldn luat clt Ax, By, 
Cz vkDt tai A, B',C'vkD'. 

a) Chflng minh mat phang (A.v, By) song song vdi mat phlng {Cz, Dt). 

b) Ggi I = AC n BD,J = A'C n B'D'. Chung minh / / song song vdi AA'. 

c) Cho AA' = a, BB' = fe, CC - c. Hay tfnh DD'. 

CAU HOI TRAC NGHIEM CHl/ONG II 

1. Tim mdnh dl sai trong cac mdnh dl sau ddy : 
(A) Neu hai mat phlng ed mdt dilm chung thi chflng cdn ed vd sd dilm chung 

khdc nfla: 
(B) Neu hai mat phlng phan biet cflng song song vdi mat phlng thfl ba thi 

chung song song vdi nhau ; 
(C) Neu hai dudng thing phdn bidt cflng song song vdi mdt mat phlng thi song 

song vdi nhau; 
(D) Neu mdt dudng thing clt mdt trong hai mat phlng song song vdi nhau thi 

se clt mat phlng cdn lai. 

2. Neu ba dudng thing khdng cflng nim trong mdt mat phlng vd ddi mdt clt 
nhau thi ba dudng thing dd 
(A) Ddng quy ; • (B) Tao thdnh tam gidc ; 
(C) Trung nhau ; (D) Cflng song song vdi mdt mat phlng. 
Tim menh dl dflng trong cac menh dl treh. 

3. Cho tfl dien ABCD. Ggi I,JvkK ldn Iugt la 
trung dilm cua AC, BC vk BD (h.2.75). Giao 
tuye'n cfla hai mat phlng (ABD) vk (UK) la 
(A) KD ; 
{'S)KI; 

(C) Dudng thing qua K vk song song vdi AB ; 
(D) Khdng cd. 

Hinh 2.75 
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Tim mdnh dl dflng trong cac menh dl sau : 

(A) Ne'u hai mat phlng {d) va (P) song song vdi nhau thi mgi dudng thing nim 
trong (or) diu song song vdi{P; 

(B) Nlu hai mat phlng (or) va (P song song vdi nhau thi mgi dudng thing nim 
trong (or) diu song song vdi mgi dudng thing nim trong (P ; 

(C) Ne'u hai dudng thing song song vdi nhau ldn Iugt nim trong hai mat phang 
phdn biet (or) vd (P) thi (or) vd (P song song vdi nhau ; 

(D) Qua mdt dilm nim ngoai mat phlng cho trudc ta ve dugc mdt va chi mdt 
dudng thing song song vdi mat phlng cho trudc dd. 

5. Cho tfl dien ABCD. Ggi M va Â  lan Iugt la 
trung dilm cua AB vk AC (h.2.76), E la 
dilm tren canh CD vdi ED = 3EC. Thiit 
dien tao bdi mat phlng (MNE) vk tfl dien 
ABCD la: 

(A) Tam gidc MNE; 

(B) Tfl gidc MA F̂F vdi F la dilm bdt ki 
trdn canh BD ; 

(C) Hinh binh hanh MA F̂F vdi F Id dilm 
trdn canh BD ma EF II BC ; 

(D) Hinh thang MA F̂F vdi F Id dilm tren 
canh BD ma FF//BC. 

6. Cho hinh Idng try tam giac ABC.A'B'C. 
Ggi /, / ldn Iugt la trgng tdm cfla cdc tam 
gidc ABC vk A'B'C (h.2.77). Thie't dien tao 
bdi mat phlng {AIJ) vdi hinh lang tru da 
cho Id 

(A) Tam gidc cdn ; 

(B) Tam gidc vudng ; 

(C) Hinh thang; 

(D) Hinh binh hdnh. 

7. Cho tfl didn diu SABC canh bing a. Ggi / 
la trung dilm eua doan AB, M la dilm di 
ddng trdn doan AI. Qua M ve mat phlng 
(or) song song vdi (SIC). 

79 

www.truongbachviet.com



Thie't dien tao bdi (or) va tfl dien SABC Id 

(A) Tam gidc cdn tai M ; (B) Tam giac diu ; 

(C) Hinh binh hanh ; (D) Hinh thoi. 

8. Vdi gia thiit cfla bai tdp 7, chu vi cfla thidt dien tfnh theo AM = xlk 

(A)jc(l-H V3); (B)2JC(1+>/3) ; 

(C) 341 + >/3); (D) Khdng tfnh duge. . 

9. Cho hinh binh hdnh ABCD. Ggi Bx, Cy, Dz Id edc dudng thing song song vdi 
nhau ldn Iugt di qua B, C, D vd nam vl mdt phfa eua mat phlng {ABCD), ddng 
thdi khdng nim trong mdt phlng (ABCD). Mdt mat phang di qua A vd clt Bx, 
Cy, Dz ldn Iugt tai B', C^D' vdi BB' = 2, DD' = 4. Khi dd CC bing 

(A)3; (B)4; 

(C) 5 ; (D) 6. 

10. Tim mdnh dl dflng trong cdc menh dl sau : 
(A) Hai dudng thing phdn biet cflng nim trong mdt mat phlng thi khdng 

cheo nhau; 
(B) Hai dudng thing phdn biet khdng cat nhau thi cheo nhau ; 
(C) Hai dudng thing phdn biet khdng song song thi cheo nhau ; 
(D) Hai dudng thing phdn biet ldn Iugt thude hai mat phlng khae nhau thi 

cheo nhau. 

11. Cho hinh vudng ABCD vk tam giac diu SAB nim trong hai mat phlng khdc 
nhau. Goi M la dilm di ddng trdn doan AB. Qua M ve mdt phang (or) song song 
vdi (SBC). 

Thie't dien tao bdi (a) vk hinh chop SABCD Id hinh gi ? 
(A) Tam giac; (B) Hinh binh hdnh ; 

(C) Hinh thang ; (D) Hinh vudng. 

12. Vdi gia thie't cua bdi tap 11, ggi Â , F, Q ldn Iugt la giao cua mat phlng {d) vdi 
cae dudng thing CD, DS, SA. Tdp hgp cdc giao dilm / cfla hai dudng thing 
MQ vk NPlk 

(A) Dudng thing ; (B) Nfla dudng thing ; 
(C) Doan thing song song vdi AB; (D) Tdp hgp rdng. 
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^ 
Ta-le!. nguoi dau tien 
phat hien ra nhat thuc 

Mgi ngudi chflng ta diu bilt dlh dinh If Ta-let trong hinh hgc phlng vd trOng 
hinh hgc khdng gian. Ta-let la mdt thuang gia, mdt ngudi thfch di du Iich vd 
mdt nhd thidn vdn kiem trilt hgc. Ong Id mdt nhd bdc hgc thdi cd Hi Lap vd la 
ngudi sdng ldp ra trudng phdi trilt hgc tu nhien d Mi-let. Ong cung duge xem 
Id thuy t6 cua bd mdn Hmh hgc. Trong Iich sfl bd mdn Thidn vdn, Ta-ldt Id 
ngudi ddu tien phdt hien ra nhdt thue vdo ngdy 25 thdng 5 nam 585 trudc 
Cdng nguydn. 6ng da khuyen nhihig ngudi di biln xdc dinh phuong hudng 
bdng cdch dua vdo chdm sao Tilu Hflng Tinh. 

dQcth^ 

QiCfi thieu phuang phap tien de 
trong viec xay dung hinh hoc 

Trong luc cfiuyen tro, Hin-be (Hilbert) noi dua rdng 
"Trong hint) tioc, ttiay cho diSm, dudng thdng, 
mdt phdng ta co the noi ve cai ban, cai ghe 

vd nhung cdc bia." 

Tfl the' ki thfl ba trudc Cdng nguydn, qua tac phdm "Co ban", 0-elft la ngudi 
ddu tien ddt nIn mdng cho vide dp dung phuang phdp tien dl trong viec xdy 

dung hinh hgc. Y tudng tuyet vdi nay eua 0-elft da duge hodn thidn bdi nhilu 
the' he todn hgc tilp theo vd mai dlh cud'i the' ki XDC, Hin-be, nhd todn hgc 
Dflc, trong tac phdm "Co sd hinh hgc" xudt ban ndm 1899 da dua ra mdt he 
tien dl ngln, ggn, ddy dfl vd khdng mdu thudn. Ngdy nay cd nhilu tac gia 
khae dua ra nhitng he tien dl mdi eua hinh hgc 0-elft nhung vl eo ban vdn 
dua vdo he tidn dl Hin-be. Sau ddy chflng ta se tim hiiu so luge vl phuong 
phdp tien dl. 
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l.Tiindeldgi? 

Trong sdch giao khoa hinh hgc b hudng phd thdng, chflng ta da gap nhflng 
khdi niem ddu tien cua hinh hgc nhu dilm, dudng thing, mat phlng, dilm 
thude dudng thing, dilm thude mat phlng.v.v... Cdc khai nidm ndy dugc md 
ta bing hinh anh eua chung vd diu khdng dugc dinh nghia. Ngudi ta ggi dd la 
cdc khdi niim ca bdn vk dflng chung dl dinh nghia edc khdi nidm khdc. Hon 
nfla, khi hgc Hinh hgc, chflng ta cdn gap nhiing mdnh dl todn hgc thfla nhdn 
nhung tfnh chdt dflng din don gian nhdt cua dudng thing vd mat phlng ma 
khdng ehiing muih, dd la cae tiin de hinh hgc. 

Thf du nhu: 

- Cd mdt vd chi mdt dudng thing di qua hai dilm phdn bidt cho trudc ; 

- Cd mdt vd chi mdt mdt phlng qua ba dilm khdng thing hdng cho trudc ; 

- Ndu cd mdt dudng thing di qua hai dilm cua mdt mat phlng thi mgi dilm 
cua dudng thing diu thude mat phlng dd ; 

V. V... 

Ngudi ta dua vdo cdc tidn dl Hinh hgc dl chiing minh cdc dinh If cua Hiiih 
hgc vd xdy dung toan bd ndi dung cua nd. Mdt hd tien dl hoan chinh phai 
thoa man mdt sd dilu kidn sau : 

- He tien dl phai khdng mdu thudn ; 

- Mdi tidn dl cfla he phai ddc ldp vdi cdc tidn dl cdn lai; 

- He tien dl phai ddy dfl. 

2. Cdc li thuyet hinh hgc. Chflng ta bie't ring mdi If thuylt hinh hgc ed mdt 
he tien dl rieng cfla nd. Ridng hinh hgc 0-clft vd hinh hgc Ld-ba-sep-xki chi 
khdc nhau vl tidn dl song song, edn tdt ca edc tidn dl edn lai cua hai H thuylt 
hinh hgc ndy diu gidng nhau. Trong sach gido khoa Hinh hgc ldp 7, tidn dl 
0-elft vl dudng thing song song dugc phdt bilu nhu sau : 

M d 

"Qua mdt diim M ndm ngodi mdt dudng thdng a chi cd mdt dudng thdng d. 
song song vdi dudng thdng a do ". Trong edc gido tiinh vl co sd hinh hgc, tien 
dl ndy dugc ggi la tidn d6 V efla 0-clft. Sudt han 2000 nam ngudi ta da nghi 
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ngd cho ring tien dl V Id mdt dinh h ehfl khdng phai la mdt tidn dl vd tim 
cdch chflng mmh tien dl V tfl cdc tien dl cdn lai, nhung tdt ca diu khdng di 
ddn ke't qua. Tien dl V cdn dugc phdt bilu mdt each ehfnh xdc nhu sau: 

"Trong mat phang xde dinh bdi dudng thing a vd mdt dilm M khdng thude a 
cd nhilu nhd't Id mdt dudng thing di qua dilm M va khdng eat a". Sau dd 
ngudi ta ddt tdn cho dudng thing khdng cat a ndi trdn la dudng thing song 
song vdi a. 

Ld-ba-sep-xki la ngudi ddu tidn dat v& dl thay tien dl 0-clft bing tien dl 
Ld-ba-sep-xki nhu sau: 

'Trong mat phdng xdc dinh bdi dudng thdng a vd mdt diim M khdng thude a 
cd it nhdt hai dudng thdng di qua M vd khdng cdt a ". 

Tfl tidn dl nay ngudi ta chiing minh duge tdng eae gdc trong mdi tam gidc 
diu nho hon hai vudng vd xdy dung ndn mdt mdn Hinh hgc mdi la Hinh hgc 
Ld-ba-sip-xki. Ngdy nay, Hinh hgc Ld-ba-sep-xki ed nhilu flng dung trong 
nganh Vdt If vu tru vd da tao ndn mdt bude ngoat trong vide lam thay ddi tu 
duy khoa hgc cua con ngudi. 
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VECTO TRONG KHONG GIAN. 
QUAN HE VUDNG GOC TRONG 
KH6NG GIAN 

• ; ' • • . • 
I I I-I 1111 

* • • : 
I I 11 

C* Vectd trong khong gian 
*t* Hai dudng thing vuong goc 
*t* Dudng thang vuong gdc vdi mdt phang 
*** Hai mat phang vuong goc 
*t* Khoang each 

' ^ ,.^.r.P^E 
^^B^^m 

- ^ ^ < .Jfc,*'"''' -.^ 

•i -—''̂ ^^ 

m . 1 

Trong chuong nay chung ta se nghien cufu ve vecto 
trong I<h6ng gian, dong thdi dua vao cac kien thufc cd 
lien quan den tap hop cac vecto trong khong gian de 
xay dung quan he vudng gdc cCia dudng thing, m§t 
phSng trong khdng gian. 
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§1. VECTCf TRONG KHONG GIAN 

O ldp 10 chflng ta da dugc hgc vl vecto trong mat phlng. Nhung kiln thflc cd 
lien quan de'n vecto da giflp chflng ta lam quen vdi phuong phap dflng vecto 
va dflng toa dd dl nghidn cflu hinh hgc phlng. Chflng ta bilt ring tdp hgp edc 
vecto nim trong mat phlng ndo dd Id mdt bd phdn eua tdp hgp cae vecto trong 
khdng gian. Do dd dinh nghia vecto trong khdng gian cflng vdi mdt sd ndi 
dung ed lidn quan din vecto nhu dd ddi eua vecta, su cung phuang, cflng 
hudng cua hai vecto, gid eua vecto, su bing nhau eua hai vecto vd edc quy tie 
thuc hidn edc phip todn vl vecto dugc xdy dung va xde dinh hodn todn tuong 
tu nhu trong mat phlng. Tdt nhien trong khdng gian, chflng ta se gap nhflng 
vdn dl mdi vl vecto nhu vide xet su ddng phlng hodc khdng ddng phlng cua 
ba vecto hodc vide phdn tfch mdt vecto theo ba vecto khdng ddng phlng. 
Nhflng ndi dung ndy se dugc xlt din trong cdc phdn tidp theo sau ddy. 

I. DINH NGHIA VA CAC PHEP TOAN V^ VECTO TRONG KH6NG GIAN 

Cho doan thing AB trong khdng gian. Nlu ta ehgn dilm ddu la A, dilm cudi 

Id B ta ed mdt vecto, dugc id hidu Id AB. 

1. Dinh nghla 

Vecta trong khdng gian Id mdt dogn thdng cd hudng. Ki hiiu 
AB chi vecta CO diim ddu A, diim cud'i B. Vecta cdn duac ki 
hiiu la a, b, x,y ,... 

Cdc khdi niem cd lidn quan din vecto nhu gid cfla vecto, dd dai eua vecto, su 
cflng phuang, cflng hudng cua hai vecto, vecto - khdng, su bing nhau eua hai 
vecto,... dugc dinh nghia tuong tu nhu trong mat phlng. 

1 Cho hinh tfl di6n ABCD. Hay chf ra c&c vectd c6 dilm dau Id A vd dilni cudi Id cdc 
dfnh cdn lai cCia hinh tfl diSn. Cdc vecto dd c6 cOng nam trong mdt mat phang khdng ? 

2 Cho hinh hdp ABCD.A'B'C'D'. 

Hay k l t§n cdc vecto c6 dilm dau vd dilm cudi Id cdc dinh cOa hinh hdp vd bang 

vecto JB. 

2. Phep cong vd phep trit vecta trong khdng gian 

Phdp cdng va phep trfl hai vecto trong khdng gian dugc dinh nghia tuong tu 
nhu phep cdng va phep trfl hai vecto trong mat phang. Phep cdng vecto trong 
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Hinh 3.1 

khdng gian cung ed edc tfnh ehdt nhu phep cdng vecto trong mdt phang. Khi 
thue hidn phep cdng vecto trong khdng gian ta vdn ed thi dp dung quy tie ba 
dilm, quy tie hinh binh hdnh nhu ddi vdi vecto trong hinh hgc phlng. 

Vidu 1. Cho tfl dien ABCD. Chflng mmh : ~^+ 'BD = ~^+ ^ . 

gidi 

Theo quy tie ba dilm ta ed 

AC = AD + DC (h.3.1). 

Dodd: AC + ̂  = AD + DC + BD 

= AD + {BD + DC) 

= AD+^. 

3 Cho hinh hdp ABCD.EFGH. Hay thuc 
hi6n cdc ph§p todn sau ddy (h.3.2): 

a) AB + CD + FF + G^; 

b )BF-C^ . 

Quy tdc hinh hdp 

Cho hinh hdp ABCD A'B'C'D' cd ba 
canh xudt phdt tfl dinh A Id AB, AD, 
AA' vd cd dudng chdo Id AC. Khi dd 
ta cd quy tie hinh hdp Id : 

7iB + ~W + JA' = Jc' (h.3.3). 

Quy tie ndy dugc suy ra tfl quy tie 
hinh binh hdnh trong hinh hgc 
phlng. 

3, Phip nhdn vecta vdi mdt sd' 

Trong khdng gian, tfch cfla vecto a vdi mdt s6 k ^ 0 la vecto ka dugc dinh 
nghia tuong tu nhu trong mdt phlng vd cd edc tfnh ehdt gidng nhu cac tfnh 
chdt da duge xet trong mat phlng. 

Hinh 3.2 
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Vi du 2. Cho tfl didn ABCD. Ggi M, Â  ldn Iugt Id trung dilm eua eae canh 
AD, BC vk G Id trgng tdm cua tam gidc BCD. Chiing minh rang : 

a)'MN = ^{AB + DC); b) AB-l-AC + AD = 3AG. 

gidi 

a)Tacd AIN = AIA + JB + 'BN vk ~MN = ~MD+ 'DC^CN (h.3.4). 

Do.dd: 2MÂ  = MA-l-MD-l-AB-l-DC + BAf + CAr 

Vi M la trung dilm eua doan AD ntn 
I * ^ 

MA-l-MD = 0 vd N Id trung dilm cfla 

doan BC nen BAT-(-civ = 6. 
1 

Hinh 3.4 

Do dd MÂ  = -{AB + DC). / 

-^ —. ^ B4=::-V 
b)Tacd AB = AG + GB, V ~ C : 

. __ __ ATs" / 

AC = AG + GC, V 

AD = AG + GD. 

Suyra AB + AC + AD = 3AG + GB + GC + GD. 

Vi G Id trgng tdm eua tam gidc BCD ntn GB+ GC+ GD = 0. 
Doddtasuyra AB + AC + AD = 3AG. 

4 Trong khdng gian cho hai vecto a vd fe d6u khdc vecto - khdng. H§y xdc dinh cdc 

vecto m = 2a, n = -3b yti p = rh + n. 

n . DI^U KlfiN D 6 N G P H A N G CtA BA VECTO 

1. Khdi niim vi su ddng phdng cua ba vecta trong khdng gian 

Trong khdng gian cho ba vecto a, 6, c diu khdc vecto - khdng. Nlu tfl mdt 

dilm O bdt ki ta ve OA = a, OB = b, OC = c thi ed thi xay ra hai hudng hgp: 

• Trudng hgp edc dudng thing OA, OB, OC khdng cflng nim trong mdt mat 

phang, khi dd ta ndi ring fea vec?(r a, fe, c khdng ddng phdng {h.3.5a). 
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• Trudng hgp cdc dudng thing OA, OB, OC cflng ndm trong mdt mat phlng 

thi ta ndi ba vecta a, fe, c ddng phdng ()i.3.5h). 

Trong trudng hgp ndy gia cua cdc vecto a, fe, c ludn ludn song song vdi 
mdt mat phlng. 

/ ^ ^ N 
/ ^ ^ '' 

*<^ 

-̂  y? 

s^ 

fi / 
/ 

_ / 

a) Ba vecto 5, fc, c khSng (!6ng phSng b) Ba vecto a, b, c d6ng phlng 

H/nh 3.5 

Cha y. Vide xdc dinh su ddng phlng hodc khdng ddng phlng cua ba vecto ndi 
trdn khdng phu thude vdo vide chgn dilm O. 

Tfl dd ta cd dinh nghia sau ddy : 

2. Binh nghia 

p Trong khdng gian ba vecta duac ggi Id ddng phdng niu cdc 
I gid eUa chung cung song song vdi mdt mat phdng (h.3.6). 

Hinh 3.6 

Vi du 3. Cho tfl dien ABCD. Ggi M vd ATldn Iugt la trung dilm efla AB vk 

CD. Chflng mmh ring ba vecto BC, AD, MN ddng phlng. 
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gidi 
Ggi F vd Q lin Iugt Id trung dilm cua AC 
vk BD (h.3.7). Ta ed FÂ  song song vdi 

MQ vk PN = MQ= -AD. Vdy tfl gidc 

MFÂ G Id hinh binh hdnh. Mat phdng 
{MPNQ) chiia dudng thing MN vk song 
song vdi cdc dudng thing AD va BC. 

Ta suy ra ba dudng thing MÂ , AD, BC 
cflng song song vdi mdt mdt phlng. Do 

dd ba vecto ^ , JIN, AD ddng phlng. 

5 Cho hinh hdp ABCD.EFGH. Goi / yd K lan Iugt Id trung dilm ciia cdc canh AB vd 
BC. Chflng minh rang cdc dudng thing IK vd ED song song vdi mat phang {AFC). 

Tfl d6 suy ra ba vecto AF, IK, ED ddng phang. 

Hinh 3.7 

3. Diiu kien deba vecta ddng phdng 

Tfl dinh nghia ba vecto ddng phlng vd tfl dinh If vl su phdn tfch (hay bilu thi) 
mdt vecto theo hai vecto khdng cflng phuang trong hinh hgc phlng chung ta 
cd thi chiing minh duge dinh If sau ddy : 

I Dinh If I 

I Trong khdng gian cho hai vecta a, fe khdng ciing phuang vd 
I vecta c. Khi dd ba vecta a, fe, c ddng phdng khi vd chi khi 
I cd cap sdm, n sao cho c = ma + nb. Ngodi ra cap sdm, n Id 
il duy nhd't. 

6 Cho hai vecto a vd fe diu khdc vecto 0 , Hay xdc dmh vecto c = 25-fe vd giai 

thfch tai sao ba vecto d,b,c ddng phang. 

7 Cho ba vecto a, fe, c trong khdng gian. Chflng minh rang nlu md + nb + pc=0 

vd mdt trong ba sd m, n, p khdc khdng thi ba vecto a, fe, c ddng phang. 

Vi du 4. Cho tfl didn ABCD. Ggi M vd Â  ldn Iugt la hung dilm cua AB vk 
CD. Tren cdc canh AD vk BC ldn Iugt ldy eae dilm F vd C sao cho 

'AP = -AB vk ^ = -BC. Chflng minh ring bdn dilm M, Â , F, Q cflng 

thude mdt mat phlng. 
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gutt 

Tacd MÂ  = MA + AD + DÂ  

va MN = MB + BC + CN (h.3.8). 

Dodd2M^ = AD + BC 

hay MAr=-(AD-i-BC). (1) 

Mdt khae vi AP = -ADntnAD = -AP, 
3 . 2 

'BQ = -'BC ntn 'BC = -1BQ. 
3 2 

Dodd tfl (l)ta suy ra : 

\ 3 ,-7. ^TT^. 3 

Hinh 3.8 

MN = {AP + BQ) = -{AM + MP + BM + MQ). 

MN = -{MP + MQ),vi AM + BM = 0. 
4 

He thflc MN = -MP + -MQ chflng td ba vecto MN, MP, MQ ddng phdng 
4 4 

nen bdn dilm M, Â , F, Q cflng thude mdt mat phlng. 
Dinh If 1 cho ta phuong phdp chiing minh su ddng phlng cfla ba vecto thdng 
qua vide bilu thi mdt vecto theo hai vecto khdng cflng phuong. 

Vl vide bilu thi mdt vecto bd't ki theo ba vecto khdng ddng phlng trong 
khdng gian, ngudi ta chiing minh duge dinh If sau ddy. 

90 

Djnh If 2 

Trong khdng gian cho ba 
vecta khdng ddng phdng 
d, fe, c. Khi dd vdi mgi 
vecta X ta diu tim duac mdt 
bd ba so m, n, p sao cho 
X = ma + nb + pc. Ngodi ra 
bd ba sdm, n, p la duy nhdt 
(h.3.9). 

c \ / \ 

'^Vt B\ 
yo\ \ / 

A/ 

D' 
Hinh 3.9 
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Vi du 5. Cho hinh hdp ABCD.EFGH cd AB = d,AD = b,AE = c. Ggi / la 

trung dilm cua doan BG. Hay bilu thi vecto AI qua ba vecto a, fe, c. 

gm 
1 

Vi / Id trung dilm cua doan BG ntn tacd AI = -{AB + AG) 

trong dd AG = AB-I-AD+ AF 

= a-l-fe-l-c (h.3.10). 

Vdy AI = —{d + d + b + c), suyra 

AI = a+-b+-c. 
2 2 Hinh 3.10 

BAITAP 

1. Cho huih Idng tru tfl gidc ABCD.A'B'C'D'. Mat phang (F) clt cac canh bdn AA', 
BB', CC, DD' ldn Iugt tai /, K, L, M. Xet cdc vecto ed cae dilm ddu la cdc 
dilm /, K, L, M vk ed cdc dilm eudi la cdc dinh eua hinh Idng tru. Hay chi ra 
cdc vecto: 

a) Cung phuong vdi IA ; 

h) Cung hudng vdi IA ; 

c) Nguge hudng vdi IA. 

2. Cho hinh hdp ABCD A'B'C'D'. Chflng mmh ring : 

a)AB + Wc'+DD' = AC'; 

h) BD-D'D-B'D' = BB' ; 

e) AC + BA*'+ DB-I-C^ = 0. 

3. Cho hinh binh hdnh ABCD. Ggi 5 la mdt dilm nim ngodi mat phlng chfla hinh 
binh hdnh. Chflng minh ring .'SA + 'SC = ̂  + 1D. 
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4. Cho hinh tfl didn ABCD. Ggi M vd A/ ldn Iugt Id trung dilm eua AB vk CD. 
Chiing minh rang : 

a) M]V = - ( A D + BC) ; 

1 ,T^ 
b)MN = -(AC + BD). 

5. Cho hinh tfl dien ABCD. Hay xde dinh hai dilm E, F sao cho : 

a)AE = AB + AC + AD; 

h)'AF = AB + AC-AD. 

6. Cho hinh tfl dien ABCD. Ggi G Id frgng tdm cua tam gidc ABC. Chiing minh 

ring : D A + ^ + DC = 3DG. 

7. Ggi M vd Â  ldn Iugt Id trung dilm eua eae canh AC vk BD cfla hi dien ABCD. 
Ggi / Id trung dilm eua doan thing MÂ  vd F Id mdt dilm bdt ki trong khdng 
gian. Chiing minh ring : 

a)/A + /B + 7C + /D = 0 ; 

h)Tl = -{'PA + 'PB + Jc + JD). 

8. Cho hinh Idng tru tam gidc ABC.A'B'C cd AA'= d,AB = b,'AC = c. Hay phdn 

tfch (hay bilu thi) cae vecto B'C, BC' qua edc vecto a, fe, c. 

9. Cho tam gidc ABC. Ld'y dilm 5 nim ngodi mat phlng (ABC). Trdn doan SA ldy 

dilm M sao cho M5 = -2MA va tren doan BC ldy dilm Â  sao cho 

iVB = —ivC. Chiing minh ring ba vecto AB, 'MN, SC ddng phlng. 

10. Cho hinh hdp ABCD.EFGH. Ggi K Id giao dilm eua AH vk DE, Ilk giao dilm 

eua BH vk DF. Chflng minh ba vecto 'AC, H , ¥G ddng phlng. 
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§2. HAI Dl/OfNG THANG VUONG GOG 

I. TICH V6 Hl/dNG CUA HAI VECTO TRONG KHONG GIAN 

1. Goc giOa hai vecta trong khong gian 

, Dinh nghia 
,1 

*' Trong khdng gian, cho u vd 
;•! V Id hai vecta khdc vecta -
'j khdng. Ldy mdt diim A bdt 
f> ki, goi B vd C Id hai diim 
'1,1 °- , , 

if! sao cho AB = U, AC = v. 
I _ 

,̂' Khi dd ta ggi gdc BAC 
f' (0° < BAC < 180°) Id gdc 
"' giita hai vecta U vd v Hinh 3.11 
'- trong khdng gian, ki hiiu la 
i {u,v) (h.3.11). 

^ 1 Cho tfl di6n diu ABCD co H Id trung dilm cua canh AB. Hay tfnh goc gifla 
vecto sau ddy: 

a) AB vd BC ; b) C^ va AC. 

2. Tich vd hudng cua hai vecta trong khdng gian 

\ Djnh nghla 

. Trong khdng gian cho hai vecta u vd v diu khdc vecta • 
"' Tich vd hudng cua hai vecta U vd v Id mot so, ki 
,', it. V, duac xdc dinh bdi cdng thitc : 

cac cap 

• khdng. 
hiiu Id 

M.v =|M|.|i |̂.eos(i<,v) 

Trudng hgp M = 0 hoae i' = 0 ta quy udc M.V = 0. 

Vi du 1. Cho tfl dien OABC cd cdc canh OA, OB, OC ddi mdt vudng gdc vd 
OA = OB = OC = 1. Ggi M Id trung dilm eua canh AB. Tinh gdc gifla hai 
vecto OM vd BC. 
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giai 

Ta cd cos {OM, BC) = ^E:^^ 
\OM\.\BC\ 

OM.BC (h.3.12). 

Mat khdc OM.BC = -{oA + OB\.{OC - OB) 

= - {OA.OC - OA.OB + OB.OC - OB ) 

Vi OA, OB, OC ddi mdt vudng gde va OB = 1 ndn 

OAIOC = dAm = 08.00 = Ovk OB =1. 

Do dd cos {OM, ̂ ) = --- Vdy {OM,BC) = 120°. 

A 2 Cho hinh lap phuong ABCD.A'B'C'D'. 

a) Hay phan tfch cdc vecto AC' vd BD theo ba vecto AB, AD, AA'. 

b) Tfnh cos (AC', BD) vd tfl do suy ra AC' vd BD vudng goc vdi nhau. 

II. VECTO CHI PHl/ONG CUA D U 6 N G THANG 

/ . Dinh nghia 

j | Vecta a khdc vecta - khdng duac _, 
ggi Id vecta chi phuang ciia dudng 
thdng d niu gid cua vecta a song d_ 
song hodc triing vdi dudng thdng d 
(h.3.13). 

2. Nhgn xet 

a) Ne'u d la vecto chi phuang cua dudng thing d thi vecto ka vdik ^ 0 cung 
la vecto chi phuong eua d. 

Hinh 3.13 
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b) Mdt dudng thing d trong khdng gian hodn todn duge xde dinh nlu bie't mdt 
dilm A thude d vk mdt vecto chi phuong a cua nd. 

c) Hai dudng thing song song vdi nhau khi vd chi khi chflng la hai dudng 
thing phdn biet vd cd hai vecta chi phuong cung phuong. 

HI. GOC GI0A HAI DU6NG THANG TRONG KHONG GIAN 

Trong khdng gian cho hai dudng thing a, b bd't ki. Tfl mdt dilm O nao dd 
ta ve hai dudng thing a' va fe' ldn Iugt song song vdi a vd fe. Ta nhdn thd'y 
ring khi dilm O thay ddi thi gdc gifla a' vkb' khdng thay ddi. Do dd ta cd 
dinh nghia : 

/ . Dinh nghla 

ly Gdc giita hai dudng thdng avdb trong khdng gian Id gdc giita 
|i hai dudng thdng a' vd b' cung di qua mgt diim vd ldn luat 
|| song song vdi avdb (h.3.14). 

O 

Hinh 3.14 

2. Nhdn xet 

a) Dl xdc dinh gde gifla hai dudng thing a vd fe ta ed thi ldy dilm O thude 
mdt trong hai dudng thing dd rdi ve mdt dudng thing qua O vd song song vdi 
dudng thing edn lai. 

b) Nlu M Id vecto ehi phuong eua dudng thing a va v Id vecto ehi phuang 
cua dudng thing fe vd {U,v) = or thi gdc gifla hai dudng thing a vd fe bing a 

ne'u 0°<a<90° vdbing 180° -a nlu 90° < (̂  < 180°. Nlu a vd fe song 

song hoae trung nhau thi gdc gifla chflng bang 0°. 

^ 3 Cho hinh lap phuong ABCD A'B'C'D'. Tfnh gdc gifla cdc cap dudng thing sau ddy: 

a)ABvdB'C'; b)ACvdB'C'; c)A'C'vdB'C. 
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Vidu2. Cho hinh ehdp 5.ABC cd SA = SB = SC = AB = AC = a vkBC = a^. 
Tinh gdc gifla hai dudng thing AB vd SC. 

gvtx 
, I O / ^ AT} 

Tacd cos(5C,AB) = i 
ISCl.lABi 

(SA + ~AC)ji 
(h.3.15). 

a.a 

,-^-n^. SAAB + AC.AB 
cos {SC, AB) = 

Hinh 3.15 

Vi CB^ =(aV2)^ =a^ + a^ =AC^+AB^ ndn AC.AB = 0. Tam gidc SAB 
. . 2 

diu nen (5A,AB) = 120° va do dd SA.AB= a.a.eosl20° = Vdy : 

a' 
cos(5C,AB) = ^ - = — • Do dd(SC,AB)= 120°. 

Ta suy ra gde gifla hai dudng thing SC vk AB bing 180° -120° = 60°. 

IV. HAI DUCtNG THANG V U 6 N G GOC 

1. Dinh nghia 

i| Hai dudng thdng duac ggi Id vudng gdc vdi nhau niu gdc 
I giita chiing bdng 90°. 

Ngudi ta kf hieu hai dudng thing a vd fe vudng gdc vdi nhau la a J. fe. 

2. Nhgn xet 

a) Neu M vd V ldn Iugt la cdc vecto chi phuang cua hai dudng thing a vd fe 
thi: a 1 b <^ u.v = 0. 

b) Cho hai dudng thing song song. Ne'u mdt dudng thing vudng gdc vdi 
dudng thing ndy thi cung vudng gde vdi dudng thing kia. 

c) Hai dudng thing vudng gde vdi nhau ed thi eat nhau hoac cheo nhau. 
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Vi du3. Cho tfl dien ABCD cd AB 1 AC vd AB 1 BD. Ggi F vd Q ldn Iugt Id 
trung dilm eua AB vk CD. Chflng minh ring AB vk PQ Id hai dudng thing 
vudng gde vdi nhau. 

_ _^ gidi 

Tacd PQ = PA + AC + CQ 

vaJQ = PB + ^ + DQ (h.3.16). 

Do dd 2 FG = AC-I-BD. 

Vdy 2 JQ.AB = ( I C + 'BD).AB 

= ACAB + ^.AB = 0 

hay JQAB = 0 tflc la Fg 1 AB. 

^ 4 Cho hinh lap phuong ABCD.A'B'C'D'. Hay n§u t§n cdc dudng thing di qua hai 
dinh ciia hinh lap phuong da cho vd vudng gdc vdi: 

a) difdng thang AB; b) dfldng thang AC. 

5 Tim nhflng hinh anh trong thi/c t l minh hoa cho sfl vudng goc cOa hai dfldng thing 
trong khdng gian (trudng hgp cat nhau vd trudng hgp ch6o nhau). 

BAI TAP 

1. Cho hinh ldp phuong ABCD.EFGH. Hay xae dinh gde gifla edc cap vecto 
sau ddy: 

a) AB vk EG ; 

2. Cho tfl dien ABCD. 

b) AF vk EG ; e) AB vd DH. 

a) Chung minh ring AB.CD + AC.DB + AD.BC = 0. 

b) Tfl ddng thflc fl-en hay suy ra ring ndu tfl dien ABCD cd AB ± CD vk AC 1 DB 
thi AD 1 BC. 

3. a) Trong khdng gian nlu hai dudng thing a va fe cflng vudng gde vdi dudng 
thing c thi a vd fe CO song song vdi nhau khdng ? 

b) Trong khdng gian nlu dudng thing a vudng gdc vdi dudng thing fe vd dudng 
thing fe vudng gdc vdi dudng thing c thi a cd vudng gde vdi c khdng ? 
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4. Trong khdng gian cho hai tam gidc diu ABC vd ABC cd chung canh AB vk 
nim drong hai mat phlng khdc nhau. Goi M, N, F, Q ldn luot Id hung dilm cua 
eae canh AC, CB, BC, CA. Chflng muih ring : 

a ) A B l CC; 

b) Tfl giac MÂ FQ Id hinh chfl nhdt. 

5. Cho hinh ehdp tam gidc 5.ABC cd SA = 5B = SC vk cd ASB = BSC = CSA. 
Chiing minh ring SA 1 BC, SB 1 AC, SC 1 AB. 

6. Trong khdng gian cho hai hinh vudng ABCD vk ABCD' ed chung canh 
AB vk ndm trong hai mat phlng khdc nhau, ldn Iugt ed tdm O vd O'. Chflng 
minh ring AB 1 00' vd tfl gidc CDD'C la hinh chfl nhdt. 

7. Cho S Id didn tfch cua tam gidc ABC. Chiing minh ring : 

^=U S = -slAB^.AC^ -{AB.AC)^. 

8. Cho tfl dien ABCD cd AB = AC = AD vd BAC = BAD = 60°. Chflng muih ring 

a ) A B l C D ; 

b) Nlu M, Â  ldn Iugt la trung dilm eua AB vd CD thi MÂ  1 AB vd MÂ  1 CD. 

%J. Ol/OING THANG VUONG GOC Vdl MAT PHANG 

Trong thac te', hinh anh eua sgi ddy dgi vudng gde vdi nIn nhd cho ta khai 
niem vl su vudng gde cua dudng thing vdi mat phlng. 
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I. DINH NGHIA 

Dudng thdng d duac ggi 
Id vudng gdc vdi mat 
phdng (d) niu d vudng 
gdc vdi mgi dudng thdng 
a nam trong mat phdng 
(a) (h.3.17). Hinh 3.17 

Khi d vudng gde vdi (or) ta edn ndi {a) vudng gde vdi d, hodc d vk (d) vudng 
gde vdi nhau vd kf hidu Ikd ± (or). 

n . DI^U KlfeN Bi DUdNG THANG V U 6 N G GOC Vdl MAT PHANG 

i Dinh If 
m 0 
I Niu mot dudng thdng vudng gdc vdi hai dudng thdng cdt 
I nhau cUng thude mdt mat phdng thi nd vudng gdc vdi mat 
I phdng dy. 

CftiingminA 

Gia sfl hai dudng thing clt nhau cung thude mat phlng (or) la a, b ldn Iugt ed 
cdc vecto ehi phuong la m, ii (h.3.18). Tdt nhidn khi 6.d fh vk n Id hai vecto 
khdng cung phuang. Ggi c Id mdt dudng thing bd't ki nam trong mat phlng 
(or) vd cd vecto chi phuang p. Vi ba vecto rh, ii, p ddng phlng vd 
m, n Id hai vecto khdng cung phuong ndn ta cd hai sd x vk y sao cho 
p = xm + yn. 

Ggi M la vecto chi phuang cua 
dudng thing d.W d L a vad ± fe 
ndn ta cd U.fh = 0 vd M.n = 0. 

Khidd 

U.p = u.{xm + yn) = x.U.rh + y.U.n = 0. 

Vdy dudng thing d vudng gdc vdi 
dudng thing c bdt ki nim trong mat 
phlng {d) nghia la dudng thing d 
vudng gde vdi mat phlng (a). Hinh 3.18 
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H^qua 

Niu mdt dudng thdng vudng gdc vdi hai cgnh ciia mdt tam 
gidc thi nd cung vudng gdc vdi cgnh thit ba ciia tam gidc dd. 

^ 1 Mudn chflng minh dudng thing d vudng gdc vdi mdt mat phing (d), ngudi ta phii 
Idm nhu thi ndo? 

2 Cho hai dfldng thang a vd fe song song vdi nhau. IVldt dudng thing d vudng goc vdi 
a vd fe. Khi dd dfldng thing d c6 vudng goc vdi mat phing xdc dinh bdi hai dfldng 
thing song song a vd fe khdng ? 

III. TINH CHAT 

Tfl dinh nghia vd dilu kidn dl dudng thing vudng gdc vdi mat phlng ta cd 
cdc tfnh ehdt sau : 

I Tfnh chdt 1 

i 
I Cd duy nhdt mdt mat 
$ phdng di qua mot 
U diim cho trudc vd I vuong goc vai mgt 
I dudng thdng cho trudc 
i (h.3.19). 

Mat phdng trung true cua mot dogn thdng 

Ngudi ta ggi mat phang di qua trung 
dilm / cua doan thing AB vk vudng 
gde vdi dudng thing AB Id mat phdng 
trung true ciia doan thdng AB 
(h.3.20). 

Tfnh chdt 2 

i Cd duy nhdt mdt 
dudng thdng di qua 
mdt diim cho trudc vd 

I vudng gdc vdi mdt 
mat phdng cho trudc 
(h.3.21). 

Hinh 3.19 

,Hlnh3.20 

O 
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IV. LifiN Hfi GI0A QUAN Hfi SONG SONG vA QUAN H$ V U O N G G 6 C 

CIJA DU^NG T H A N G VA M A T P H A N G 

Ngudi ta ed thi chflng minh dugc mdt sd tinh chdt sau ddy vl su lidn quan 
gifla quan he vudng gdc vd quan he song song cua dudng thing vd mdt phlng. 

Tfnh chdt 1 

a) Cho hai dudng thdng song song. Mat phdng ndo vudng gdc 
vdi dudng thdng ndy thi cung vudng gdc vdi dudng thdng 
kia (h.3.22). 

b) Hai dudng thdng phdn 
biit ciing vudng gdc vdi 
mdt mat phdng thi song 
song vdi nhau. •̂ a 

Hinh 3.22 

^a 

^P 

Hinh 3.23 

Tfnh Chdt 2 

a) Cho hai mat phdng 
song song. Dudng 
thdng ndo vudng gdc 
vdi mat phdng ndy thi 
ciing vudng gdc vdi mat 
phdng kia (h.3.23). 

I b) Hai mat phdng phdn biit 
''• ciing vudng gdc vdi mdt 

dudng thdng thi song 
song vdi nhau (h.3.23). 

Tfnh Chdt 3 

a) Cho dudng thdng a vd 
mat phdng (a) song 
song vdi nhau. Dudng 
thdng ndo vudng gdc 
vdi (d) thi cung vudng 
gdc vdi a (h.3.24). 

b) Niu mdt dudng thdng vd mdt mat phdng (khdng chita 
dudng thdng dd) cUng vudng gdc vdi mdt dudng thdng khdc 
thi chiing song song vdi nhau (h.3.24). 

' a 

Hinh 3.24 
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Vi du 1. Cho hinh ehdp 5.ABC cd ddy la tam gidc ABC vudng tai B va ed canh 
SA vudng gde vdi mat phlng {ABC}.' 

a) Chung minh BC 1 (SAB). 

b) Ggi AH la dudng cao eua tam gidc SAB. Chflng minh AH ± SC. 

gtat 

a) Vi SA 1 (ABC) ntn SA 1 BC (h.3.25). 

Tacd BCISA, BCIAB. 

Tfl dd suy r a B C l (SAB). 

b) Vi BC 1 {SAB) vk AH nim trong (SAB) 

ntn BC 1 AH. Ta lai ed 

AH IBC, AHISB ntn AH 1 (SBC). 

Tfldd suyra AH ISC. 

V. PHEP CHI^U V U O N G G O C V A DINH LI BA DUCING V U 6 N G GOC 

1. Phip chiiu vuong gdc 

Cho dudng thing A vudng gde vdi mat phlng 
{d). Phep ehilu song song theo phuong cua A 
ldn mdt phlng (d) duge ggi Id phep chiiu 
vudng gdc lin mat phdng (d) (h.3.26). 

Nhdn xit. Phdp chiefl vudng gdc ldn mdt 
mat phlng Id trudng hgp ddc bidt cua phep 
chiiu song song nen ed ddy du cdc tfnh chdt 
cua phep chidu song song. Chfl y ring ngudi 
ta edn dung tdn ggi "phip chie'u len mat 
phlng (or)" thay cho ten ggi "phep chie'u vudng gdc ldn mat phlng (a)" va 
dung ten ggi ^ ' la hinh ehilu cua J ^ tren mat phang (d) thay cho ten ggi 

^ ' Id hinh chie'u vudng gde eua i3^ trdn mat phlng (d). 

Hinh 3.26 

2. Dinh li ba dudng vuong gdc 

I Cho dudng thdng a ndm trong mat phdng {d) vd b Id dudng 
I thdng khdng thude (a) ddng thdi khdng vudng gdc vdi (d). 
I Ggi fe' la hinh chiiu vudng gdc cua fe trin (a). Khi dd a vudng 
I gdc vdi fe khi vd chi khi a vudng gdc vdib'. 
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Hinh 3.27 

Cfiling ntinfi 

Trtn dudng thing fe ldy hai dilm A, B 
phdn biet sao cho chflng khdng thude 
(or). Ggi A' vd B' ldn Iugt Id hinh chie'u 
cua A vd B tren (d). Khi dd hinh chidu fe' 
eua fe trdn (d) chinh Id dudng thing di 
qua hai dilm A' vd B' (h.3.27). 

Vi a nim fl-ong (d) ntn a vudng gdc vdi AA'. 

- Vdy ndu a vudng gdc vdi fe thi a vudng 
gde vdi mdt phlng (fe', fe). Do dd a 
vudng gde vdi fe'. 

- Nguge lai nd'u a vudng gdc vdi fe.' thi a vudng gdc vdi mat phlng (fe', fe). Do 
dd fl vudng gde vdi fe. 

3. Gdc giita dudng thdng vd mdt phdng 

i Dinh nghTa 
i • ^ ^ 

i Cho dudng thdng d vd mat phdng {d). 
jii 

i| Trudng hop dudng thdng d vudng gdc vdi mat phdng (d) thi ta 
1 ndi rdng gdc giUa dudng thdng d vd mdt phdng (d) bdng 90°. 
I Trudng hgp dudng thdng d khdng vudng gdc vdi mat phdng (d) 
i thi gdc giita d vd hinh chiiu d' ciia nd trin (d) ggi Id gdc giita 
i-̂ ' dudng thdng d vd mat phdng {d). 

Khi d khdng vudng gdc vdi (o^ vd rf clt 
{d) tai dilm O, ta ldy mdt dilm A tuy y 
trdn d khae vdi dilm O. Ggi H Id hinh 
ehilu vudng gde cua Altn{d)vk^ Id gde 

gifla rfvd (a) thi AOAT = (p (h.3.28). 

D^ Cha y. Nlu (p la gdc gifla dudng thing d 
va mat phlng (or) thi ta ludn cd 

0°<^<90° . 
Hinh 3.28 

Vi du 2. Cho hinh ehdp S.ABCD ed day la hinh vudng ABCD canh a, ed canh 
SA = a42 vk SA vudng gdc vdi mat phlng (ABCD). 
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a) Ggi MvkN ldn Iugt Id hinh ehilu cua dilm A ldn cdc dudng thing SB vk 
SD. Tfnh gdc gifla dudng thing SC vk mat phlng {AMN). 

b) Tfnh gde gifla dudng thing SC vk mdt phlng {ABCD). 

gidi 
a) Ta cd BC 1 AB, BC 1 AS, suy ra BC 1 {ASB). 

Tfl dd suy ra BC 1 AM, md SB 1 AM 

nen AM 1 {SBC). Do dd AM 1 SC (h.3.29). 

Tuong tu ta chflng minh dugc AÂ  1 SC. 

VdySCl (AMA )̂. 

Do dd gdc gifla SC vk mdt phlng s 

(AMN) bing 90°. Hinh 3.29 

b) Ta ed AC la hinh ehilu eua SC Itn mat phang {ABCD) ntn SCA la gdc 
gifla dudng thing SC vdi mat phlng {ABCD). Tam giac vudng SAC edn tai A 

cd AS = AC = ayl2. Dodd SCA = 45°. 

BAITAP 

1. Cho hai dudng thing phdn bidt a, fe vd mat phlng {d). Cdc menh dl sau ddy 
dung hay sai ? 

a) Ne'u a II {d) vkb 1 {d) thi a lb. 
b) Ne'u a 11(d) vkb la thi b l{d). 
c) Nlu a II {(X) vk fe // (d) thi fe // a. 
d) Ndu a l{d)vkb 1 a thi fe//{d). 

2. Cho tfl dien ABCD cd hai mat ABC vk BCD la hai tam gidc edn cd chung canh 
ddy BC. Ggi / la trung dilm cua canh BC. 

a) Chiing minh ring BC vudng gde vdi mat phlng {ADI). 
h) Ggi AH Id dudng cao cua tam gidc ADI, chflng minh r ^ g AH vudng gde vdi 

mat phlng (BCD). 

3. Cho hinh chop SABCD ed day la hinh thoi ABCD vk cd SA = SB = SC = SD. Ggi O 
la giao dilm eua AC vk BD. Chflng minh ring : 
a) Dudng thing SO vudng gdc vdi mat phang (ABCD); 
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b) Dudng thing AC vudng gdc vdi mat phlng {SBD) vk dudng thing BD vudng 
gdc vdi mat phlng (SAC). 

4. Cho tfl dien OABC ed ba canh OA, OB, OC ddi mdt vudng gdc. Ggi //Id chdn 
dudng vudng gde ha tfl O tdi mdt phlng (ABC). Chflng minh ring : 
a) H Id true tdm cua tam gidc ABC ; 

b) T = T + T + 
O//^ O^ OB^ OC^ 

5. Trdn mdt phlng (or) cho hinh binh hdnh ABCD. Ggi O Id giao dilm eua AC vk 
BD, S Id mdt dilm nim ngodi mat phlng (d) sao cho SA = SC, SB = SD. Chflng 
minh ring: 

a) SO 1 (a); 
b) Ne'u trong mdt phlng (SAB) ke SH vudng gde vdi AB tai H thi AB vudng gdc 

vdi mdt phlng (SOH). 

6. Cho hinh chop S.ABCD ed day la hinh thoi ABCD vk ed canh SA vudng gde vdi 
mat phlng (ABCD). Ggi IvkKXk hai dilm ldn Iugt ld'y trdn hai canh SB vk SD 

sao cho — = Chiing minh : 
SB SD 

a) BD vudng gdc vdi SC ; 
b)/iRT vudng gdc vdi mat phlng (SAC). 

7. Cho tfl dien SABC cd canh SA vudng gde vdi mat phlng (ABC) vk ed tam gidc 
ABC vudng tai B. Trong mat phlng (SAB) ke AM vudng gdc vdi SB tai M. Trdn 

canh SC ld'y dilm Â  sao cho = Chiing minh ring : 
SB SC 

a)BC 1 (SAB) vkAM 1 (SBC); 

b) SB IAN. 
8. Cho dilm S khdng thude mat phlng (d) ed hinh chiiu tren (d) Id dilm H. Vdi 

dilm M bdt ki tren (or) vd M khdng trung vdi H, ta ggi SM la dudng xidn vd 
doan HM la hinh chie'u cua dudng xien do. Chiing minh ring : 
a) Hai dudng xidn bdng nhau khi va chi khi hai hinh chie'u cua chflng bang 

nhau; 
b) Vdi hai dudng xien cho trudc, dudng xien nao ldn ban thi cd hinh ehilu ldn 

ban va nguge lai dudng xidn ndo ed hinh ehilu ldn hon thi ldn ban. 
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§4. HAI MAT PHANG VUONG GOC 

Hinh anh eua mdt ednh cfla chuyin 
ddng vd hinh anh cua bl mat bfle tudng 
cho ta thdy dugc su thay ddi cua gdc 
gifla hai mdt phlng. 

I. GOC GICA HAI M A T P H A N G 

1. Dinh nghia 

Gdc giita hai mat phdng Id gdc giUa hai dudng thdng ldn luat 
il vudng gdc vdi hai mat phdng dd (h.3.30). 

Nlu hai mat phlng song song hoae trung nhau thi ta ndi ring gde gifla hai 

mat phlng dd bing 0°. 

Hinh 3.30 

2. Cdch xdc dinh gdc giita hai mat phdng cdt nhau 

Gia sfl hai mat phlng (or) vd {/3) clt 
nhau theo giao tuyin c. Tfl mdt dilm / 
bdt kl trdn c ta dung trong (or) dudng 
thing a vudng gde vdi c va dung trong 
(13) dudng thing fe vudng gde vdi c. 

Ngudi ta ehiing minh dugc gdc gifla hai 
mat phlng (or) va (y6) la gdc gifla hai 
dudng thing a va fe (h.3.31). 
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3. Diin tich hinh chiiu cua mdt da gidc 

Ngudi ta da ehiing minh tfnh ehd't sau ddy : 

Cho da gidc ^ ndm trong mat phdng (or) cd diin tich S vd ^ Id hinh chiiu 

vudng gdc ciia ^ trin mat phdng (P). Khi dd diin tich S' cua ^ duac tinh 
theo cdng thitc: 

S' = Seos^ 

vdi (p Id gdc gifla (or) vd {/3). 

Vi du. Cho hinh ehdp S.ABC cd ddy la tam gidc diu ABC canh a, canh bdn SA 
1 a 

vudng gde vdi mat phdng (ABC) va SA = — • 

a) Tfnh gde gifla hai mat phlng (ABC) vk (SBC). 

b) Tfnh dien tfch tam gidc SBC. 

gidi 
a) Ggi H Id hung dilm eua canh BC. Ta cdBC 1 AH. (l) 

Vi SA 1 (ABC) ntn SA 1 BC. (2) 

Tfl (1) va (2) suy ra BC 1 (SAH) ntn 
BC 1 SH. Vdy gde gifla hai mat phlng 

(ABC) va {SBC) bing SHA. Dat 

(p = SHA (h.3.32), tacd 
a 

SA ^ 2 ^ 1 _ ^ 
tan^ = 

AH aS y[3 'i 

Ta suy ra ^ = 30°. 

Vdy gde gifla (ABC) vk (SBC) bing 30°. 

b) Vi SA 1 (ABC) ntn tam gidc ABC la hinh ehilu vudng gdc eua tam gidc 
SBC. Ggi Sj, Sj ldn Iugt la didn tfch eua eae tam gidc SBC va ABC. Ta cd 

S2=Si.eos^ 5, = ^ 
cos^ 

Suyra: ^i = j ^ 
2 a^S (? a 

2 
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H. HAI MAT PHANG VUONG GOC 

1. Dinh nghia 

Hai mat phdng ggi Id vudng gdc vdi nhau niu gdc giffa hai 
mat phdng dd Id gdS vudng. 

Ne'u hai mat phlng (or) vd (^ vudng goc vdi nhau ta kf hidu {d) 1{P). 

2. Cdc dinh li 

Dinh If 1 

Diiu kiin cdn vd du dihai mat phdng vudng gdc vdi nhau Id 
mat phdng ndy chiia mdt dudng thdng vudng gdc vdi mdt 
phdng kia. 

CnHnff tuttin 

Gia sfl (or), {/^ la hai mat phlng vudng gdc vdi 
nhau. Ggi c Id giao tuyd'n eua (or) vd (0). Tfl 
dilm O thude c, trong mat phlng (or) ve dudng 
thing a vudng gdc vdi c vd trong {/3) ve dudng 
thing fe vudng gde vdi c (h.3.33). Ta cd gdc 
gifla hai dudng thing a va fe la gdc gifla hai 
mat phang (or) vd (P. Vi (or) vudng gde vdi 
(P ntn gdc gifla hai dudng thing a vd fe bing 

90°, nghla la a vudng gde vdi fe. Mat khae 
theo each dung ta cd a vudng gdc vdi c. 

Hinh 3.33 

Do dd a vudng gde vdi mat phlng (c, fe) hay a vudng gde vdi (yff). 

Lf ludn tuong tfl ta tim dugc trong mat phlng (y5) dudng thing fe vudng gdc 
vdi (or). 

Ngugc lai, gia sfl mat phlng (or) cd chfla mdt dudng thing a' vudng gde vdi 
mat phlng (/?). Ggi O' Id giao dilm eua a' vdi (P) thi td't nhidn O' thude giao 
tuyin c cua (or) va (fi). Trong mat phlng (P) dung dudng thing fe' di qua 0 ' vd 
vudng gdc vdi c. Vi a' vudng gde vdi (P) ntn a' vudng gde vdi c va a' vudng. 
gdc vdi fe'. Mat khdc ta cd a' vudng gde vdi c va fe' vudng gdc vdi c ntn gdc 

gifla hai mat phlng (or) va (P) la gdc gifla hai dudng thing a', fe' va bing 90°. 
Vdy (or) vudng gdc vdi (P. 
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^ 1 Cho hai mat phing {d) vd (P vudng gdc vdi nhau vd cat nhau theo giao tuyin d. 
Chflng minh rang nlu c6 mdt dirdng thing A nam trong (o^ vd A vudng goc vdi d 
thi A vudng gdc vdi {p. -

• ; i | W# qua I 
"> Niu hai mat phdng vudng gdc vdi nhau thi bd't cic dudng 
.'; thdng ndo nam trong mat phdng ndy vd vudng gdc vdi giao 
;.; tuyin thi vudng gdc vdi mat phdng kia. 

. He qua 2 
,. Cho hai mat phdng (a) vd (p) vudng gdc vdi nhau.. Niu tic 
\ mdt diim thugc mat phdng (a) ta dung mdt dudng thdng 
!' vudng gdc vdi mat phdng (P) thi dudng thdng ndy ndm trong 
"^ mat phdng (d^. 

, Dinh Ft 2 
'' ' 
''j Niu hai mat phdng cdt nhau vd cUng vudng gdc vdi mat phdng 
J, thii ba thi giao tuyin ciia chiing vudng gdc vdi mat phdng thit 
j badd. 

Cfiling ntinfi 

Gia sfl (or) vd (y^ Id hai mat phlng clt 
nhau va cflng vudng gde vdi mat 
phlng (x). 

Tfl mdt dilm A trdn giao tuye'n d ciia 
hai mat phlng {d)vk{P) ta dung dudng 
thing d' vudng gde vdi mat phlng (f). 
Theo he qua 2 thi d' nim trong (or) vd 
d' nim trong (P). Vdy d' triing vdi d 
nghia Id d vudng gdc vdi (f) (h.3.34). 

^ 2 Cho tfl dign ABCD co ba canh AB, AC, AD ddi mot vudng goc vdi nhau. Chflng 
minh rang cdc mat phing {ABC), {ACD), {ADB) cung ddi mdt vudng goc vdi nhau. 

3 Cho hinh vudng ABCD. Dung doan thing AS vudng goc vdi mat phang chfla hinh 
'vudng ABCD. 

a) Hay neu ten cdc mat phing lan Iugt chfla cdc dfldng thing SB, SC, SD va vudng 
gdc vdi mat phang {ABCD). 

b) Chflng minh rang mat phing {SAC) vudng gdc vdi mat phing (SBD). 

Hinh 3.34 
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m . HINH L A N G T R U DtNG, HINH H O P C H C NHAT, HINH L A P P H U O N G 

I. Dinh nghia 

II Hinh lang tru ditng Id hinh lang tru cd cdc cgnh bin vudng gdc 
I vdi cdc mat ddy. Do ddi cgnh bin duac ggi Id chiiu cao cOa 
II hinh lang tru ditng. 

• Hinh Idng tru dung cd ddy Id tam gidc, tfl giac, ngu gidc, v.v... dugc ggi la 
hinh Idng tru ditng tam gidc, hinh lang tru ditng tit gidc, hinh Idng tru diing 
ngU gidc, v.v... 

• Hinh lang tru dflng cd day Id mdt da giac diu duge ggi Id hinh lang tru diu. 
Ta ed eae loai Idng tru diu nhu hinh Idng tru tam gidc diu, hinh lang tru tii 
gidc diu, hinh lang tru ngu gidc diu ... 

• Hinh Idng tru dung ed day Id hinh binh hdnh duge ggi Id hinh hdp diing. 

• Hinh Idng tru diing ed day Id hinh chfl nhdt dugc ggi la hinh hdp chit nhdt. 

• Hinh lang tru dflng cd day la hinh vudng vd eae mat bdn diu la hinh vudng 
duge ggi Id hinh lap phuang. 

Hinh ISng tru difng tam giac Hinh Idng tru dflng ngu giac 

/ \ 
/ 1 

1 
1 

/ / / / / / 
1 

Hinh hop chur nhat 

/ 

7 

/ 

Hinh 3.35 

/ 

/ / / / / 

Hinhl Ip phi/d 

/ 

y 
ig 
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^ 4 Cho bilt menh d l ndo sau ddy Id dung ? 

a) Hinh hdp Id hinh lang tru dflng. 

b) Hinh hdp chfl nhat Id hirlh lang try dflng. 

c) Hinh lang tru Id hinh hdp. 

d) C6 hinh lang tru khdng phai la hinh hdp. 

2. Nhgn xet 

Cdc mat bdn cua hinh lang tru dflng ludn ludn vudng gde vdi mat phlng day vd 
Id nhihig hinh chfl nhdt. 

^ 5 Sdu mat cua hinh hdp chfl nhat co phai la nhflng hinh chfl nhat khdng ? 

Vi du. Cho huih ldp phuang ABCD A'B'C'D' ed canh bing a. Tfnh didn 
tfch thiit dien eua hinh ldp phuong bi clt bdi mat phang trung true (d) cua 
doan AC. 

gidi 

aVs 
Ggi M la trung dilm eua BC. Ta ed MA = MC = ndn M thude mat 

phlng trung true eua AC (h.3.36). 

Ggi N, P, Q, R, S ldn Iugt la trung dilm 
cua CD, DD', D'A, A'B', B'B. Chflng 
minh tuong tu nhu trdn ta ed edc dilm 
ndy diu thude mat phlng trung true cua 
AC Vdy tfiie't dien eua hinh ldp phuang 
bi clt bcrt mat phlng trung true (or) cua 
doan AC Id hinh luc gidc diu MNPQRS 

a42 
ed canh bang —-— 

Didn tfch S eua thie't dien cdn tim la : 

S = 6 
'aj2^' N/3 3yf3 
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IV. HINH CHOP D £ U V A HINH CHOP CUT D £ U 

/ . Hinh chop diu 

Cho hinh chop dinh S cd day Id da gidc AjA2... Â  vd / / Id hinh chidu vudng 

gdc efla S trdn mat phlng ddy (AjA2... A^). Khi dd doan thing SH ggi la 

dudng cao eua hinh ehdp vd H ggi Id chdn dudng cao. 

Mgt hinh chop duac ggi Id hinh chop deu niu nd cd ddy. Id 
mdt da gidc deu vd cd chdn dudng cao triing vdi tdm cua da 
gidc ddy. 

. Nhdn xit 

a) Hinh ehdp diu ed cac mat bdn la nhiing tam giac cdn bang nhau. Cdc mat 
bdn tao vdi mat day cae gde bing nhau. 

b) Cac canh bdn cua hinh ehdp diu tao vdi mat ddy cdc gde bing nhau. 

2. Hinh chop cut diu 

Phdn ciia hinh chop deu ndm giita ddy vd mot thiit diin song 
Jl song vdi ddy cdt cdc cgnh bin ciia hinh ehdp diu duac ggi Id 

hinh ehdp cut diu. 

Vf du hinh A1A2A3A4A5A6.B1B2B3B4B5B6 
trong hinh 3.37 Id mdt hinh ehdp cut diu. 
Hai ddy eua hinh ehdp cut diu la hai da 
giac diu va ddng dang vdi nhau. 

Nhdn xit. Cae mat bdn eua hinh ehdp 
cut diu la nhitng hinh thang cdn vd cac 
canh bdn cua hinh ehdp cut diu cd do 
dai bing nhau. 

Hinh 3.37 

^ 6 Chflng minh rang hinh chop diu cd cdc mat bdn Id nhflng tam gidc cdn bang nhau. 

^ 7 Co tdn tai mot hinh chop tfl giac S.ABCD co hai mat bdn {SAB) vd {SCD) cCing 
vudng goc vdi mat phang ddy hay khdng' 
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Kim hr Jhap Kc-op (Cheops) 

Kim tu thap Kd-dp do dng vua Kd-d'p 
eua nude Ai Cdp ehu tii viec xdy 
dung. Ddy Id kim tu thdp ldn nhdt 
trong cdc kim tu thdp d Ai Cdp. Thdp 
nay dugc xdy dung vao khoang 
2500 nam trudc Cdng nguydn vd 
duge xem la mdt trong bay ki quan 
cua the' gidi. Thap cd hinh dang la mdt 
khdi ehdp tfl gidc diu vd cd ddy la 
mdt hinh vudng mdi canh ddi khoang 230 m. Trudc ddy chieu cao cua thdp la 
147 m, nay do bi bao mdn d dinh ndn ehilu cao cua thap ehi cdn khoang 138 m. 
Ngudi ta khdng bilt ngudi cd Ai Cdp da xdy dung thap bing each ndo, lam 
thi nao dl lip ghep cdc tang dd lai vdi nhau va lam the' ndo de dua dugc edc 
tang dd nang vd to len eae dd cao cdn thie't. Thap ndng khoang sdu tridu tdn va 
dugc lip ghep bdi 2300000 tang da. Thdt Id mdt cdng tiinh ki vi! 

BAI TAP 

1. Cho ba mat phang (or), (P), (f), mdnh dl ndo sau ddy dflng ? 

a)mu{a)l{Pvk{a)ll{})t\n{pi{f); 
h)mu{d)l{Pvk{a)l{f)t\n{Pll{f). 

2. Cho hai mat phlng (or) vd (P vudng gde vdi nhau. Ngudi ta ldy trdn giao tuye'n 
A eua hai mat phlng dd hai dilm A vd B sao cho AB = 8 cm. Ggi C la mdt dilm 
trdn (or) vd D la mdt dilm trdn (P sao cho AC vk BD cflng vudng gdc vdi giao 
tuyin A va AC = 6 cm, BD = 24 cm. Tfnh do ddi doan CD. 

3. Trong mat phlng (or) cho tam giac ABC vudng d B. Mdt doan thing AD vudng 
gdc vdi (or) tai A. Chung minh ring : 

a) ABD la gdc gifla hai mat phlng (ABC) vk (DBC); 
b) Mat phlng (ABD) vudng gdc vdi mat phlng (BCD); 
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c) HKII BC vdiHvkK ldn Iugt la giao diem cfla DB vk DC vdi mat phlng (F) 
di qua A va vudng gdc vdi DB. 

4. Cho hai mat phang (d), (P clt nhau vd mdt dilm M khdng thugc (d) vk khdng 
thugc (P. Chiing minh ring qua dilm M cd mdt va chi mdt mat phlng (P) 
vudng gdc vdi (or) va (P. Ne'u (or) song song vdi (P thi ke't qua tren se thay ddi 
nhu thi nao ? 

5. Cho hinh lap phuong ABCD A'B'C'D'. Chiing minh ring : 
a) Mat phlng (AB'C'D) vudng gde vdi mat phlng (BCD'A'); 

b) Dudng thing AC vudng gdc vdi mat phlng (A'BD). 

6. Cho hinh ehdp S.ABCD cd day ABCD Id mdt hinh thoi canh a vk cd SA = SB = 
= SC = a. Chflng minh ring : 
a) Mat phlng (ABCD) vudng gdc vdi mat phlng (SBD) ; 

b) Tam gidc SBD la tam gidc vudng. 

7. Cho hinh hdp chfl nhdt ABCD.A'B'C'D'cdAB = a, BC = fe,CC' = c. 
a) Chiing minh ring mat phlng (ADC'B') vudng gde vdi mat phlng {ABB'A'). 

b) Tfnh do dai dudng cheo AC theo a, fe, c. 

8. Tfnh dd dai dudng cheo cua mdt hinh lap phuang canh a. 

9. Cho hinh chop tam giac diu SABC cd SH la dudng cao. Chiing minh SA 1 BC 
vkSBlAC. 

10. Cho hinh ehdp tfl giac diu SABCD cd cae canh bdn va cae canh ddy diu bing a. 
Ggi O la tdm cua hinh vudng ABCD. 
a) Tinh do ddi doan thing SO. 

b) Ggi M la trung dilm cua doan SC. Chflng minh hai mat phdng (MBD) vk 
(SAC) vudng gde vdi nhau. 

c) Tfnh do dai doan OM vk tinh gdc giua hai mat phlng (MBD) vk (ABCD). 

11. Cho hinh ehdp S.ABCD cd day ABCD Id mdt hinh thoi tdm / canh a vk cd gdc 

A bing 60°, canh SC = vd SC vudng gdc vdi mat phlng (ABCD). 

a) Chung minh mat phlng (SBD) vudng gde vdi mat phlng (SAC). 

b) Trong tam gidc SCA ke IK vudng gdc vdi SA tai K. Hay tfnh dd dai IK. 

c) Chflng minh BKD = 90° va tfl dd suy ra mat phlng (SAB) vudng goe vdi 
mat phlng (SAD). 
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Hinh 3.38 

§5. KHOANG CACH 

I. K H O A N G C A C H Tir MOT DIEM DEN MOT DUCiNG THANG, DEN 
MOT MAT PHANG 

/. Khodng cdch til mot diem din mot dudng thdng 

Cho dilm O va dudng thing a. Trong 
mat phlng (O, a) ggi H la hinh chieu 
vudng gdc cua O trdn a. Khi dd khoang 
cdch gifla hai dilm O vk H dugc ggi Id 
khodng cdch tic diem O din dudng 
thdng a (h.3.38), kf hieu la d{0, a). 

^ 1 Cho diem O va dfldng thing a. Chflng minh rang khoang each tfl diem O den 
dirdng thing a la be nhat so vdi cac khoang each tfl O den mot diem bat ki cija 
dudng thing a. 

2. Khodng cdch tuc mot diem din mgt mat phdng 

Cho dilm O va mat phlng (or). Ggi H 
la hinh ehilu vudng gdc cua O ldn mat 
phlng (or). Khi dd khoang each giua 
hai dilm O vk H dugc ggi la khodng 
cdch tic diim O de'n mat phdng (d) 
(h.3.39) vd duge kf hidu la d{0, (or)). ^,„^ ^^g 

^ 2 Cho dilm O va mat phing {dj. Chflng minh rang khoang each tfl diem O den 
mat phing (or) la be nha't so vdi cac khoang each tfl O tdi mot dilm bat ki cua 
mat phang {o^. 

H. K H O A N G C A C H G I C A D U 6 N G THANG VA MAT P H A N G SONG 
SONG, GltlA HAI MAT P H A N G SONG SONG 

I. Khodng cdch giUa dudng thdng vd mat phdng song song 

Dmh nghla 

Cho dudng thdng a song song vdi mat phdng (d). Khodng 
cdch giita dudng thdng a vd mat phdng (d) la khodng cdch tit 
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mdt diim bd't ki cua a din mat 
phdng (or), ki hieu Id d{a, (or)) 
(h.3.40). 

A' 

Hinh 3.40 

^ 3 Cho dfldng thing a song song vdi mat phing (o). Chflng minh rang khoang each 
gifla dfldng thing a va mat phing (o) la be nhat so vdi khoang cdch tfl mdt dilm 
bat ki thude a tdi mdt diem bat ki thuoc mat phang {dj. 

2. Khodng cdch giUa hai mat phdng song song 

Dmh nghia 

Khodng cdch giita hai mat phdng song song la khodng cdch tit 
mdt diim bdt ki cua mat phdng ndy din mat phdng kia (h.3.41). 

Ta kf hieu khoang each gifla hai mat 
phlng (or) vd (P song song vdi nhau la 
d{{d), (P). Khi do d{{d), (P) = d{M, (P) 
vdi M e (d), vk d{{a), (P) = d{M', (or)) 
vdiM'G 06) (h.3.41). 

tM 

-'a 

M' 

Hinh 3.41 

^ 4 Cho hai mat phing {dj vd (y6). Chflng minh rang khoang each gifla hai mat phing 
song song (o^ va (P Id nho nhat trong eae khoang each tfl mot dilm ba't kl cua mat 
phang nay tdi mot diem bat ki ciia mat phing kia. 

III. DUCJNG V U O N G G O C CHUNG vA K H O A N G C A C H GIITA HAI 
DUCJNG THANG CHEO NHAU 

A s Cho tfl dien diu ABCD. Gpi M, Â  lan Iugt Id 
trung diem cua canh BC vd AD. Chflng minh 
rang : MÂ  1 BC va MÂ  1 AD (h.3.42). 

Hinh 3.42 
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1. Dinh nghia 

a) Dudng thdng A cdt hai dudng 
thdng cheo nhau a, fe vd cung 
vudng gdc vdi mdi dudng 
thdng dy duac ggi Id dudng 
vudng gdc chung cua avdb. 

b) Niu dudng vudng gdc chung 
A cdt hai dudng thdng cheo 
rihau a, fe ldn lU0 tgi M, N 
thi do ddi dogn thdng MN ggi 
Id khodng cdch giita hai 
dudng thdng cheo nhau avdb 
(h.3.43). 

2. Cdch tim dudng vudng gdc chung cua hai dudng thdng ehio nhau 

Cho hai dudng thing cheo nhau a vk fe. Ggi (P la mat phlng chfla fe va song 
song vdi a, a' la hinh chieu vudng gdc cua a trdn mat phlng (P. 

Vi a II (P ntn a II a'. Do dd a' vk fe cat 
nhau tai mdt dilm. Ggi dilm nay la A'̂ . 
Ggi (or) la mat phlng chfla a vk a', A la 
dudng thing di qua Â̂  va vudng gdc vdi 
(P. Khi dd (or) vudng gde vdi (P. Nhu 
vdy A nim trong (or) ndn cat dudng 
thing a tai M va clt dudng thing fe tai N, 
ddng thdi A cung vudng gdc vdi ca a vk 
fe. Do dd A la dudng vudng gdc chung 
cuaa vafe (h.3.44). Hinh 3.44 

3. Nhgn xit 
a) Khoang each giua hai dudng thing 
cheo nhau bing khoang each gifla mdt 
trong hai dudng thing dd din mat 
phlng song song vdi nd va chfla dudng 
thing cdn lai. 

b) Khoang each gifla hai dudng thing 
cheo nhau bing khoang each gifla hai 
mat phlng song song ldn Iugt chfla hai 
dudng thing dd (h.3.45). 

Hinh 3.45 
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^ 6 Chflng minh rang khoang each gifla hai dudng thing cheo nhau la be nhat so.vdi 
khoang each gifla hai diem bat ki lan Iugt nam tren hai dudng thing ay. 

Vi du. Cho hinh chop S.ABCD cd day la hinh vudng ABCD canh a, canh SA 
vudng gdc vdi mat phlng (ABCD) vk SA = a. Tfnh khoang each gifla hai 
dudng thing cheo nhau SC vk BD. 

gidi 

Goi O la tdm cua hinh vudng ABCD. Trong mdt phlng (SAC) ve OH 1 SC 
(h;3.46). 

Ta cd BD 1 AC vk BD 1 SA ntn BD 1 (SAC), suy ra BD 1 OH. 

Mat khae OH 1 SC. Vay OH la doan vudng gdc chung cua SC va BD. 

Do dai doan OH la khoang each gifla hai dudng thing cheo nhau SC va BD. 

Hai tam giac vudng SAC va OHC ddng dang vi cd chung gde nhgn C. 

Dodd 
SA OH 

Vdy OH = 

SC OC 

SA.OC 

{= sinC). 

SC 

Ta cd SA = a,OC = 
ay[2 

SC = ^SA^+AC'^ 

= \la^+2a^ =ayf3 

ntn OH = 

ay[2 
2 _ a^6 

aS 6 

Hinh 3.46 

Vdy khoang each gifla hai dudng thing cheo nhau SC vk BD la OH = ^ ^ . 
6 
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BAITAP 

1. Trong cac mdnh dl sau ddy, menh dl ndo la dung ? 

a) Dudng thing A la dudng vudng gdc chung cua hai dudng thing a va fe neu A 
vudng gde vdi a va A vudng gde vdi fe ; 

b) Ggi (F) la mat phlng song song vdi ca hai dudng thing a, fe cheo nhau. Khi 
dd dudng vudng gde chung A efla avkb ludn ludn vudng gdc vdi (F); 

c) Ggi A la dudng vudng gde chung cua hai dudng thing cheo nhau avkb thi 
A la giao tuyd'n cua hai mat phlng (a. A) va (fe. A); 

d) Cho hai dudng thing cheo nhau a vk fe. Dudng thing nao di qua mdt diem 
M trdn a ddng thdi cat fe tai Â  vd vudng gdc vdi fe thi dd la dudng vudng gde 
chung cua a vd fe ; 

e) Dudng vudng gde chung A cua hai dudng thing cheo nhau a va fe nim trong 
mat phlng chfla dudng nay va vudng gdc vdi dudng kia. 

2. Cho tfl dien S.ABC cd SA vudng gdc vdi mat phlng (ABC). Ggi //, K lan Iugt la 
true tdm cua cdc tam giac ABC vk SBC. 

a) Chiing minh ba dudng thing AH, SK, BC ddng quy. 
b) Chiing minh rang SC vudng gdc vdi mat phlng (BHK) vk HK vudng gdc vdi 

mat phlng (SBC). 

c) Xae dinh dudng vudng gdc chung cua BC va SA. 

3. Cho hinh ldp phuang ABCD A'B'C'D' canh a. Chflng minh ring cac khoang 
cdch tfl cdc dilm B, C, D, A, B', D' de'n dudng cheo AC deu bing nhjau. Tfnh 
khoang each dd. 

4. Cho hmh hdp chfl nhdt ABCD.A'B'C'D' ed AB = a, BC = fe, CC = c. 

a) Tinh. khoang cdch tfl B ddn mat phdng {ACCA'). 

b) Tfnh khoang each gifla hai dudng thing BB' vk AC 

5. Cho hmh ldp phuong ABCD.A'B'C'D'canh a. 
a) Chflng minh ring B'D vudng gde vdi mat phlng (BAC). 

b) Tfnh khoang each gifla hai mat phlng (BAC) vk (ACD'). 

c) Tfnh khoang each giua hai dudng thing BC vk CD'. 

6. Chflng minh ring neu dudng thing nd'i trung diem hai canh AB vk CD ciia tfl dien 
ABCD la dudng vudng gdc chung eua AB vd CD thi AC = BD va AD = BC. 
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7. Cho hinh ehdp tam giac diu S.ABC cd canh ddy bang 3a, canh bdn bang 2a. 
Tfnh khoang each tfl S tdi mat day (ABC). 

8. Cho tfl dien diu ABCD canh a. Tfnh khoang cdch gifla hai canh dd'i cua tfl didn 
diu dd. . 

CAU HOI ON TAP CHlTONG III 

1. Nhic lai dinh nghia vecto trong khdng gian. 

Cho hinh lang tru tam giac ABC.A'B'C Hay kl tdn nhiing vecto bang vecto 

AA cd diem ddu va dilm cud'i la dinh eua hinh Idng tru. 
—» 

2. Trong khdng gian cho ba vecto a, fe, c diu khdc vecto - khdng. Khi ndo ba 
vecto dd ddng phlng ? 

3. Trong khdng gian hai dudng thing khdng cdt nhau cd thi vudng gdc vdi nhau 
khdng ? Gia sfl hai dudng thing a, fe ldn Iugt ed vecto ehi phUong Id M vd î . 
Khi nao ta cd the ke't ludn a va fe vudng gdc vdi nhau ? 

4. Mudn chiing minh dudng thing a vudng gde vdi mat phang (or) ed cdn chiing 
minh a vudng gde vdi mgi dudng thing cua (or) hay khdng ? 

5. Hay nhIc lai ndi dung dinh If ba dudng vudng gdc. 

6. NhIc lai dinh nghia : 
a) Gdc gifla dudng thing vd mat phlng ; 
b) Gdc gifla hai mat phlng. 

7. Mudn chiing minh mat phlng (or) vudng gde vdi mat phlng (P thi phai ehiing 
minh nhu thi nao ? 

8. Hay ndu each tfnh khoang each : 
a) Tfl mdt dilm din mdt dudng thing ; 

b) Tfl dudng thing a din mat phlng (or) song song vdi a ; 
e) Gifla hai mat phlng song song. 

9. Cho a vd fe la hai dudng thing cheo nhau. Cd thi tfnh khoang each gifla hai 
dudng thing cheo nhau nay bing nhung cdch ndo ? 

10. Chiing minh ring tdp hgp cac diem each diu ba dinh eua tam giac ABC la 
dudng thing vudng gdc vdi mat phlng (ABC) vk di qua tdm eua dudng trdn 
ngoai tie'p tam giac ABC. 
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BAI TAP 6 N TAP CHirONG III 

1. Trong cac menh dl sau ddy, menh dl ndo la dung ? 
a) Hai dudng thing phdn biet cflng vudng gde vdi mdt mat phlng thi chflng 

song song; 
b) Hai mat phlng phdn bidt cung vudng gdc vdi mdt dudng thing thi chflng 

song song; 

e) Mat phlng (or) vudng gdc vdi dudng thing fe md fe vudng gde vdi dudng 
thing a, thi a song song vdi (or); 

d) Hai mat phlng phdn bidt cung vudng gdc vdi mdt mat phlng thi chung song song; 
e) Hai dudng thing cung vudng gde vdi mdt dudng thing thi chflng song song. 

2. Trong edc dilu khing dinh sau ddy, dilu ndo Id dung ? 
a) Khoang cdch cua hai dudng thing ehio nhau Id doan ngdn nhdt trong cdc 

doan thing ndi hai dilm bdt ki nim trdn hai dudng thing dy vd ngugc lai; 
b) Qua mdt dilm cd duy nhdt mdt mat phlng vudng gdc vdi mdt mat phlng khdc ; 
c) Qua mdt dudng thing ed duy nhdt mdt mat phlng vudng gdc vdi mdt mat 

phlng khdc; 
d) Dudng thing ndo vudng gde vdi ca hai dudng thing cheo nhau cho trudc la 

dudng vudng gde chung eua hai dudng thing dd. 

3. Hinh ehdp S.ABCD ed ddy Id hinh vudng ABCD canh a, canh SA bing a vk 
vudng gde vdi mat phlng (ABCD). 
a) Chflng minh ring cdc mdt bdn eua hinh ehdp Id nhiing tam gidc vudng. 

b) Mat phlng (or) di qua A vd vudng gde vdi canh SC ldn Iugt edt SB, SC, SD 
tai B', C, D'. Chung minh B'D' song song vdi BD vk AB' vudng gdc vdi SB. 

4. Hinh ehdp SABCD ed day Id hinh thoi ABCD canh a vk ed gdc 'BP^ = 60°. 
Ggi O Id giao dilm eua AC vk BD. Dudng thing SO vudng gdc vdi mdt phlng 

(ABCD) vk S0 =—- Goi E Id trung dilm efla doan BC, F Id trung dilm cua 
4 

doan BE. 
a) Chflng minh mdt phlng {SOF) vudng gdc vdi mat phlng {SBC). 
b) Tfnh cdc khoang cdch tfl O vd A deh mdt phlng (SBC). 

5. Tfl dien ABCD ed hai mat ABC vk ADC nim trong hai mat phlng vudng gdc 
vdi nhau. Tam gidc ABC vudng tai A cd AB = a, AC = fe. Tam gidc ADC vudng 
tai D cd CD = a. 
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a) Chflng minh edc tam gidc BAD vk BDC la nhflng tam gidc vudng. 
b) Ggi / vd ^ ldn Iugt la trung dilm cua AD vd BC. Chiing minh IK Id dudng 

vudng gde chung eua hai dudng thing AD vk BC. 

6. Cho hmh ldp phuang ABCD.A'B'C'D'canh a. 

a) Chflng minh BC vudng gde vdi mat phlng {AB'CD). 

b) Xde dinh vd tfnh dd ddi doan vudng gdc chung cua AB' vk BC 

7. Cho hinh ehdp SABCD ed day la hinh thoi ABCD canh a cd gdc BAD = 60° 

vkSA = SB = SD=-!— 
2 

a) Tinh khoang cdch tfl S de'n mat phang {ABCD) vk dd ddi canh SC. 

b) Chiing minh mat phlng (SAC) vudng gdc vdi mat phlng (ABCD). 

e) Chung minh SB vudng gde vdi BC. 

d) Ggi <p Id gde gifla hai mat phang {SBD) vk (ABCD). Tinh tang>. 

CAU H 6 I TRAC NGHlfiM CHUONG III 

1. Trong cdc mdnh dl sau ddy, menh dl nao Id dung ? 

(A) Tfl AB = 3AC ta suy ra BA =-3CA. 

(B) Tfl AB =-3AC ta suy ra CB = 2AC. 

(C) Vi AB = -2AC -I- 5AD nen bd'n dilm A, B, C, D cung thude mdt mdt phlng. 

(D) Nlu AB = —BC thi B Id trung dilm eua doan AC 

2. Tim mdnh dl sai trong eae menh dl sau ddy : < 

(A) Vi ivM-H ]VF = 0 nen And hung dilm eua doan MF ; 

(B) Vi / Id hrung dilm cua doan AB ntn tfl mdt dilm O bdt ki ta ed 

OI = -(dA + OB) ; 

(C) Tfl he thflc ~^ = 2AC - 8AD ta suy ra ba vecto 1^, 'AC, AD ddng phlng ; 

(D) Vi AB + BC + dD + DA = d ntn bdn dilm A, B, C, D cflng thude mdt 
mat phlng. 
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3. Trong edc kit qua sau ddy, ke't qua ndo dung ? 

Cho hinh ldp phuang ABCD.EFGH ed canh bing a. Ta ed AB. EG bing 

(A) a^ • (B) a^yf2 ; 

(C) a'^ ; (D) ^ . 

4. Trong cdc mdnh dl sau ddy, menh dl ndo la dflng ? 
(A) Nlu dudng thing a vudng gde vdi dudng thing fe vd dudng thing fe vudng 

gdc vdi dudng thing c thi a vudng gde vdi c ; 

(B) Nlu dudng thing a vudng gdc vdi dudng thing fe va dudng thing fe song 
song vdi dudng thing c thi a vudng gde vdi c ; 

(C) Cho ba dudng thing a, fe, c vudng gdc vdi nhau tiing ddi mdt. Ne'u cd mdt 
dudng thing d vudng gde vdi a thi d song song vdi fe hodc c ; 

(D) Cho hai dudng thing a vd fe song song vdi nhau. Mdt dudng thing c vudng 
gdc vdi a thi c vudng gde vdi mgi dudng thing nam trong mat phlng {a, fe). 

5. Trong edc mdnh dl sau ddy, hay tim menh dl dung. 
(A) Hai mat phlng phdn biet cflng vudng gdc vdi mdt mdt phlng thfl ba thi 

song song vdi nhau. 

(B) Nlu hai mat phlng vudng gdc vdi nhau thi mgi dudng thing thude mat 
phang ndy se vudng gde vdi mdt phlng kia. 

(C) Hai mat phlng {d)vk{P vudng gdc vdi nhau vd clt nhau theo giao tuyin d. 
Ydi mdi dilm A thude (or) vd mdi dilm B thude (P thi ta ed dudng thing 
AB vudng gde vdi d. 

(D) Nlu hai mat phlng {d)vk{P diu vudng gde vdi mat phang (f) thi giao 
tuydn d eua {(X)vk{P nlu cd se vudng gdc vdi (;̂ . 

6. Tim mdnh dl sai trong cdc menh dl sau ddy : 
(A) Hai dudng thing a vd fe trong khdng gian cd cdc vecto ehi phuong ldn Iugt 

Id u vk V. Dilu kidn cdn vd du dl a vd fe ehio nhau Id a vd fe khdng ed dilm 
chung vd hai vecto U, v khdng cung phuong ; 

(B) Cho a, fe la hai dudng thing ehio nhau vd vudng gdc vdi nhau. Dudng 
vudng gdc chung cua a vd fe nim trong mdt phlng chfla dudng ndy vd vudng 
gde vdi dudng kia; ^ 

(C) Khdng thi ed mdt hinh ehdp tfl gidc S.ABCD ndo cd hai mdt bdn {SAB) vk 
(SCD) cflng vudng gdc vdi mdt phlng day ; 
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(D) Cho U, V Id hai vecto chi phuong cfla hai dudng thing clt nhau nim trong 
mat phlng (or) vd n Id vecto ehi phuong eua dudng thing A. Dilu kidn cdn 
vddud lAl (a ) ld« .M = 0 v d « . v =0. 

7. Trong cdc menh dl sau ddy, menh dl ndo la dflng ? 

(A) Mdt dudng thing clt hai dudng thing cho trudc thi ea ba dudng thing do 
cflng ndm trong mdt mat phlng. 

(B) Mdt dudng thing clt hai dudng thing cat nhau cho trudc thi ca ba dudng 
thing dd cflng nam trong mdt mat phlng. 

(C) Ba dudng thing clt nhau tflng ddi mdt thi cflng nim trong mdt mat phlng. 

(D) Ba dudng thing cdt nhau tflng ddi mdt va khdng ndm trong mdt mdt phlng 
thi ddng quy. 

8. Trong cdc mdnh dl sau, menh dl ndo la dflng ? 

(A) Hai dudng thing phdn biet cung vudng gdc vdi mdt mdt phlng thi song song. 

(B) Hai mdt phlng phdn biet cflng vudng gdc vdi mdt mat phlng thi song song. 

(C) Hai dudng thing phdn bidt cflng vudng gdc vdi mdt dudng thing thi 
song song. 

(D) Hai dudng thing khdng clt nhau vd khdng song song thi chio nhau. 

9. Trong edc mdnh dl sau, menh dl ndo la dflng ? 

(A) Hai dudng thing phdn biet ciing song song vdi mdt mat phlng thi song 
song vdi nhau. 

(B) Hai mat phlng phdn biet cflng vudng gdc vdi mdt mat phlng thi clt nhau. 

(C) Hai dudng thing phdn biet cflng vudng gdc vdi mdt dudng thing thi 
vudng gdc vdi nhau. 

(D) Mdt mdt phlng (or) vd mdt dudng thing a khdng thude (or) cflng vudng gdc 
vdi dudng thing fe thi {d) song song vdi a. 

10. Tim mdnh dl dflng trong cdc mdnh dl sau ddy. 

(A) D o ^ vudng gdc chung cua hai dudng thing ehio nhau Id doan ngln nhdt 
hong cdc doan thing ndi hai dilm bd't ki ldn Iugt nim trtn hai dudng thing 
d'y vd ngugc lai. 

(B) Qua mdt dilm cho trudc ed duy nhdt mdt mat phlng vudng gde vdi mdt 
mdt phlng cho trudc. 

(C) Qua mdt dilm cho trudc cd duy nhdt mdt dudng thing vudng gde vdi mdt 
dudng thing cho trudc. 
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(D) Cho ba dudng thing a, fe, c cheo nhau tiing ddi mdt. Khi dd ba dudng 
thing nay se nim trong ba mat phlng song song vdi nhau tflng ddi mdt. 

11. Khoang each gifla hai canh dd'i eua mdt tfl didn diu canh a bang ke't qua ndo 
trong cdc kit qua sau ddy ? 

( A ) f ; ( B ) ^ ; 

(C) ^ ; (D) a^. 

BAI TAP ON TAP CUOI NAM 

1. Trong mat phlng toa dd Oxy, cho cdc dilm A(l ; 1), B(0 ; 3), C(2 ; 4). Xdc 
dinh anh cua tam gidc ABC qua cdc phep bidn hinh sau : 

a) Phep tinh tiln theo vecto v = (2 ; 1); 
b) Phep ddi xflng qua true Ox ; 
e) Phep dd'i xung qua tdm /(2 ; 1); 

d) Phep quay tdm O gdc 90° ; 

e) PhIp ddng dang ed duge bing cdch thue hidn lien tilp phep dd'i xung qua 
true Oy vd phip vi tu tdm O ti sd k = -2. 

2. Cho tam gidc ABC ndi tilp dudng txbn tdm O. Ggi GvkH tuong flng la trgng 
tdm vd true tdm cua tam gidc, cdc dilm A, B', C ldn Iugt Id trung dilm cua eae 
canh BC,CA, AB. 
a) Tim phip vi tu F biln A, B, C tuong flng thdnh A, B', C 

b) Chflng minh rang 0,G,H thing hang. 
c) Tim dnh cfla O qua phdp vi tu F. 
d) Ggi A", B", C" ldn Iugt Id h^ng dilm cua cdc doan thing AH, BH, CH ; 

A^,B^,C^ theo thfl tu Id giao dilm thfl hai efla edc tia AH, BH, CH vdi 

dudng hdn (O); A!^,B'^, Cj tuong flng la chdn cdc dudng cao di qua A, B, C. 

Tim anh cua A, B, C, Aj, Bj, Cj qua phep vi tu tdm H ti sd - • 

e) Chung minh chfn dilm A, B', C, A", B", C", A[, Bj, Cj cflng thude mdt 

dudng hdn (dudng trdn ndy ggi Id dudng trdn 0-le cfla tam giac ABC). 
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3. Cho hinh ehdp S.ABCD cd ddy ABCD la hinh thang vdi AB Id ddy ldn. Ggi M 
la hung dilm eua doan AB, E la giao dilm cua hai canh bdn cua hinh thang 
ABCD va G Id trgng tdm cua tam gidc FCD. 

a) Chung minh ring bdn dilm S, E, M, G cung thude mdt mdt phlng (or) vd 
mdt phlng ndy clt ea hai mat phlng (SAC) vk (SBD) theo cung mdt giao 
tuyin d. 

h) Xde dinh giao tuye'n cua hai mat phlng {SAD) vk (SBC). 

c) Ldy mdt dilm K trtn doan SE vk ggi C = SC n KB,D' = SD n KA. 

Chiing minh ring giao dilm cua AC vk BD' thude dudng thing d ndi trtn. 

4. Cho hhih Idng hu tfl gidc ABCD A'B'C'D' cd E, F, M vk N ldn Iugt Id hung 
dilm cua AC, BD, AC vk BD'. Chiing minh MÂ  = EF. 

5. Cho hinh ldp phuong ABCD AB'CD' ed F vd F ldn Iugt Id hung dilm cua cdc 
canh AB vk DD'. Hay xdc dinh cdc thiit didn cua hinh ldp phuong cdt bdi cdc 
mat phlng (EFB), (EEC), (EEC) vk {EFK) vdi K Id hung dilm cua canh B'C. 

6. Cho hinh ldp phuong ABCD.A'B'C'D'cd canh bing a. 

a) Hay xdc dinh dudng vudng gde chung efla hai dudng thing chdo nhau BD' 
vk B'C. 

b) Tfnh khoang each eua hai dudng thing BD' yd B'C. 

7. Cho hinh thang ABCD vudng tai A vd B, ed AD = 2fl!, AB = BC = a. Trdn tia Ax 
vudng gdc vdi mat phlng (ABCD) ldy mdt dilm S. Ggi C, D' ldn Iugt Id hinh 
chilfu vudng gdc cua A trdn SC vk SD. Chflng minh ring : 

a) SBC = SCb = 90°. 

b) AD', AC vk AB cflng nim hen mdt mdt phlng. 

c) Chiing minh ring dudng thing CD' ludn ludn di qua mdt dilm cd dinh khi 
S di ddng trdn tia AJC. 
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HUdNG DAN GlAl VA DAP SO 

§2. 

1. 

2. 

CHUONGI 

DiSi^g M' = T-(M)<^'MM' = V. 

Lh. tam gidc GB'C sao cho cit tii gidc 
ABB'G vk ACC'G Ih cdc hinh binh htoh. 

Dimg D sao cho A 5 = G4. 

3. a) T:^ (A) = (2 ; 7), T- (B) = (-2 ; 3); 

b)C=T_^{A)=(4;3); 

c) d' c6 phirong trinh x-2y + S = 0. 
4. C6v6stf. 

§3. 
1. 

2. 

3. 

§4. 
1. 

2. 

3. 

A'(1;2),B'(3;-1) 
Dudng thing A'B' c6 phuong trtnh Id 
3x + 2y-l = 0. 
3x + y-2 = 0. 
Cdc cha V, I, E, T, A, iVI, W, 0 diu c6 
true d6i xiing. 

4'(1; -3), d' c6 phuong trtnh 
A : - 2 > ' - 3 = 0. 

Hinh binh hdnh vd hinh luc gidc ddu Id 
nhflng hinh c6 tdm dtfi xiing. 
Dudng th^g, hinh g6m hai dudng thing 
song song,... Id nhflng hinh c6 v6 s6 tdm 
ddi xiing. 

§5. 
1. 

§7. 
1. 

3. 

§8. 

1. 

Thuc hien li6n tifip ph6p dfi'i xiing qua EH 

vd ph6p tinh ti^n theo vecto EO., 
Sii dung tinh chdt ciia ph6p ddi hinh. 

Ld tam gidc ntfi trung dî m ciia cdc canh 
HA, HB, HC. 
Sir dung cdch xdc dinh tdm vi tu cua hai 
dudng trdn. 
Diing dinh nghla ph6p vi tu. 

1. 

Goi E Id didm d6i xiing vdi C qua tdm D. 2. 

^) 2(^,90°) (^) = ̂  = 

b) Dudng thing CD. 

B(0 ; 2). Anh ciia d Id dudng thing c6 
phuong trtnh x - y + 2 = 0. _ 

§6. 

1. a) Chiing minh OA.OA' = 0 vd OA = OA'. 

b) Ai(2;-3), Bi(5;-4). Cj(3;-1). 

Thuc hien lien tifip cdc ph6p bilfn hinh 
theo dinh nghia. 

Thuc hien lien tiê p phep d6i xiing tdm / vd 
phep yi tu tdm A, ti s6 2 &i bie'n hinh 
thang JLKI thanh hinh thang IHDC. 

Phuong trtnh cua n6 \l x^ + (y- if = 8. 

Thuc hien lien tiep phep ddi xiing qua 
dudng phdn gidc ciia gdc B vd phdp vi tu 

tdmB, tiso 
AH 

BAITAPONTAPCHUONGI 

a) Tam gidc BCO ; 
b) Tam gidc COD ; 
c) Tam gidc EOD. 

Goi A' \kd' theo thii tu Id anh ciia A\h.d 
qua cdc phep bie'n hinh tren. 
a) A'{\; 3), d' c6 phucmg trtnh : 

3JC + 3 ' - 6 = 0. 

b) A'tX ; 2), d' c6 phuong trtnh : 
3x-y-\=0. 

c) A'(l ; -2), d' c6 phuong trtnh : 
3x + y - l = 0 . 

d) A'{-2 •,-\),d'c6 phuong trtnh : 
;c - 3j - 1 = 0. 
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3. &){x-3f + {y + 2f = 9; 

h){x-\f + {y+\f = 9; 

c){x-3f + {y-2f = 9; 

A){x + 3f + (y-2f = 9. 

4. Diing dinh nghia ciia ph6p tinh tie'n vd 
phep ddi xiing true. 

5. Tam gidc BCD. 

6. (x--if+ (^-9)^=2,6. 

7. Â  chay tren dudng trdn {O") la anh ciia 

(O) qua phep tinh tie'n theo AB . 

CHUONG II 

§1. 
1. a)E,Fe (ABC) ^ EF cz (ABC); 

{leBC 
h) i => / e (BCD). 

[BC c (BCD) 
Tuong t u / £ (DEF). 

\d(z(/3) 

3. Gpi / = fifi n d2. Chiing minh / e ^3. 

4. Chiing minh BGg cdt AG^ tai di^m G vdi 
GA 

= 3. Ldp ludn tuong tu CG^, DGQ 

cung cdt AGj^ ldn luot tai cdc di^m 

G',G"vdi4^ = 3, - ^ = 3. 
GG/^ G G^ 

TCr dd suy ra di6u cdn chiing minh. 

5. a)Goi£ = AB n CD. 
Ta c6 ME = (MAB) n (SCD), 

N = SD nME. 
b) GoiI=AM n BN. Chiing minh/ e SO. 

6. a) Goi E = CD n NP. 
Chiing minh E = CD n (MNP). 
b) (MNP) n (ACD) = ME. 

7. a) (IBC) n (KAD) = IK. 
b) Ggi E = BI n MD, F = CI n DN. 
Ta CO (IBC) n (DMN) = EF. 

8. a) (PMN) n (BCD) = EN. 
b) Goi Q = EN n BC. 
Ta cd e = BC n (PMN). 

9. a) Goi M = A£ n DC. 
Ta CO M = DC n (CAE). 
b) Goi F = MC n SD. Thie't dien Id tii 
gidcAEC'F. 

10. a) Goi N = SM nCD. 
Ta CO N = CD n (SBM). 
b) Goi O =AC n BÂ . 
Tac6(SAC) n (SBAO = S a 
c) Goi I = SO n BM. 
Ta CO I = BM n (SAC). 
d)GgiR = AB n CD,P = MR n SC. 
Ta CO 7'= 5 C n (ABM); 

MP = (SCD) n (AAfB) 
§2. 

1. Ap dung dinh If vl giao tuyeh ciia ba 
mdt phing. 

2. a) Khi PR // AC, qua Q ve dudng thing 
song song vdi AC cdt AD tai S. 
b) Khi P/? cdt AC tai/ tac6S = /G n AD. 

3. a)A' = B N n A G . 
b) Chiing minh B, M', A' Id dilm cjiung 
ciia hai mdt phing (ABAO vd (BCD). Dl 
chiing minh BM' = M'A' = A'N diing tfnh 
chdt dudng trung binh trong hai tam gidc 
AfMM'vdBAA'. 

c) Ta c6 GA' = -MM', MM' =-AA' suy 

ra ke't qua. 

§3. 
1. a) Chiing minh 00' II DF vd 00'II CE. 

b) Goi / Id trung dilm ciia AB. Chiing 
TcmhMN IIDE. 

2. a) Giao tuylh ciia (ct) vdi cdc mdt ciia tii 
dien Id cdc canh ciia tii gidc MNPQ c6 
MN II PQ II AC vd MQ II NP II BD. 
b)ffinh binh hanh. 

3. (ci) cdt (SAB), (ABCD) theo cdc giao tuyeh 
song song vdi AB vd (o^ cdt (SBC) theo 
giao tuydn song song vdi SC. 
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§4. 
1. Diing tinh chdt "mdt mdt phdng cdt hai 

mdt phing song song theo hai giao tuydn 
song song". 

2. a) Chiing minh tvi gidc AA'M'M la hinh 
binh hdnh. 
b) Goi I = AM' nA'M. 
Tacd/ = A'Af n (AB'C). 
c) Goi 0=AB' nA'B. 
Ta cd OC = (AB'O n (BA 'C). 
A)G = OC nAM'. 

3. a) Dung tinh ehd't "ndu mdt mat phing 
chiia hai dudng thing a, b cdt nhau va a, 
b Cling song song vdi mdt mdt phing thi 
hai mat phang dd song song". 
b) Goi O Id tdm ciia hinh binh hdnh 

ABCD, Gj = AC n A'O. Chiing minh 
A'Gi 2 ^ ^ ^ 
—-i- = - . Tuong tu cho Go. 
A'O 3 ^ 

c) Gj, G21& luot Id trung dilm eiia AG2 

vdC'Gi. 

d) Thidt dien Id hinh binh hdnh AA'CC. 

4. tTng dung dinh li Ta-lit. 

B A I T A P O N TAP CHUONG II 
1. a)GoiG = A C n B D ; / / = A£ 'nBF. 

Ta cd GH = (AEC) n (BED). 
Goi/ = AD n BC ; K = AF n BE. 
Tac6IK=(BCE) n (ADF). 
b)GoiN = AM n IK. 
Ta cdN = AM n (BCE). 
c) Ndu cit nhau thi hai hinh thang da cho 
Cling ndm trong mdt mdt phing. Vd li. 

2. a)GqiE = AB n NP,F = AD n NP, 
R = SB r\ME,Q = SD n MF. 

Thidt dien Id ngu gidc MQPNR. 
Goi H = NP n AC, 
I = SO n MH. Tac6I = S0 n (MNP). 

3. a) Goi £ = AD n BC. 
Ta cd (SAD) n (SBC) = SE. 

b) Goi F = SE n MN, P = SD n AF. 
Ta cd P = 5D n (AMAf). 
c) Tii giac AMA f̂. 

4. a) Chii yA;«://DrvdA6//CD. 
b) / / la dudng trung binh ciia hinh thang 
AA C C nen////AA'. 
c) DD' = a + c - b. 

CHUONG III 
§1. 

1. a) Cae vecto ciing phuong vdi IA : 

1A', YB, IB', LC, LC, 'MD, 'MD'. 

b) Cac vecto ciing hudng vdi I A : 

^ , Zc, 'MD. 

e) Cdc vecto ngupc hudng vdi IA : 

IA', 'KB', 'LC', IAD'. 

2. ii)'AB+Wc'+DD'='AB + ^ + CC' 

= 'AC'. 

b) ^-WD-WD'='BD+DD^+WB' 

= BB'. 

c) 'AC+^'+DB+CD = 

='AC+CD'+D^'+WA 

= AA = 0. 

3. Gpi 0 Id tdm ciia hinh binh hdnh ABCD. 
Ta cd: 

SA + 5C = 2S0l, 

S6 + SD = 250j 

^SA + SC = SB + SD 

MiV = MB + BC + CvJ 

^2'MN = 'AD + 'BC 

^ ^ = -(AD + BC) 
2 
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''̂  MN = MA+AC+CN} 

'MN = 'MB+1D+'DN\ 

=>2Miv = AC + BD 

z^W^ =-(A^+ 'BD). 

5. d)jE = (^ + 'AC) + '^ = '^ + 'AD, 
vdi G Id dinh thii tu ciia hinh binh hdnh 
ABGC\\ 7S = JB + '^. 

Vdy A £ = A 5 +AD, vdi £ Id dinh thii tu 
ciia hinh binh hdnh AGED. 
Do dd AE Id dudng ch6o ciia hinh hdp 
cd ba canh Id AB, AC, AD. 

b) 'A3 = (M + '^)-'AD = 'AG-'m 

= DG. 
Vdy F Id dinh thii tu ciia hinh binh hanh 
ADGF. 

^- DA = DG + GA 

DB = DG + GB 

DC=DG+GC 

=>DA + DB + DC = 3DG 

vi GA + GB + GC = d 

7. a)Tacd M+/ iv = 0 

md 21M=1A + 1C, 2JN=1B + 1D 

suyra 1A + 1B + 1C + 1D = 0 

b) Vdi dilm P bd't ki trong khdng gian 
tacd: 

M = P A - W , S = F B - P / 

lc = ¥c-n ,1D = 'PD-7'I 

Vdy 1A+1B+7C+3 = 

= ¥A+JB+¥C+7D-4FI 

Md /A+7B+7C+/5 = O 

nen W = - ( FA + PB + PC + BD). 
4 

8, B'C = AC-AB' = AC-(AA' + AB) 

=c-a-b 

BC' = 'AC'-'AB=(AA'+'AC)-AB 

= a + c-b. 

9. JlN = m+sc+a^ (1) 
M ] V = M 4 + AB + BA/ 

=>2MAf = 2MA + 2AB + 2B]v (2) 
Cdng (1) vdi (2) ta dupe 

3 J ^ = / i ^ + 2M4. + SC + 2AB + CJV + 2Biv. 

0 0 

MN = -SC + -AB. 
3 3 

Vdy ba vecto MN, SC, AB ddng phing. 

10. T&C6KIIIEFIIAB. 
FGIIBCwkAC C (ABC). 

Do dd ba vecto AC, KI, FG ddng phing vi 

chiing cd gid ciing song song vdi mp (ci). 
Mdt phdng ndy song song vdi mp (ABC). 

§2. 

1. a) (AB, £G) = 45° ; b) (AF,^) = 60° ; 

c) (AB,DH) = 90°. 

^- *) 'AB£D = AB.(AD-AC) 

'AC.DB = 'AC.(AB-'AD) 

'AD^ = 'AD.{AC-'^) 

^'AB£D+'AC3B+'ADJBC = O 

*') AB.CD = 0, 'AC.DB = 0 

=> 'AD.^ = O => AD 1 BC. 

3. a) a vd ft ndi chung khdng song song, 
b) (2 vd c ndi chung khdng vudng gdc. 

4. a) 'AB. CC = 'AB.('AC' - 'AC) 

= 'm^'-'mjjc = ^ 
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Vdy AB L CC. 

b)MN = PQ= ^^ 

CC' 
vd MQ = NP= •^:^. ViAB 1 CCmd 

2 
MN II AB, MQ II CC nen MN 1 MQ.. 
Vdy hinh binh hdnh MÂ BG 1̂  hinh 
chfl nhdt. 

SA.BC = SA.(SC-SB) 

= SASC-SA.SB = 0 
=> SA 1 BC. 
TuongtutacdSB 1 AC,SC 1 AB. 

'AB.d0' = '^.(A0'-'Ad) 

='ABAO'-ABAO = O 

=> AB 1 00'. 
Tii gidc CDD'C Id hinh binh hdnh cd 
CC 1 AB nen CC 1 CD. 
Do dd tii gidc CDD'C Id hinh chfl nhdt. 

Ta ed S/^^c = - AB.AC. sin A 

= iAB.AcVl-cos2A. 
2 

VicosA = I ,,', ,, nen 
\AB\.\AC\ 

-2 — . 2 ,—. • 
^I^:;^^^IAB-.AC--(AB.AC)^ 

—.2 —.2 
AB .AC 

Dodd SABC =-\AB^-AC^-(AS-AC)^ 

8. &) AB.CD = AB.(AD-AC) 

= 'ABAD-'ABAC = O 
z^ AB L CD. 

b) Ta tfnh dupe 

M A 7 = - ( A D + BC) 
2 

= -(AD+'AC-'AB) 

AB.MN = -(AB.AD + AB.AC -AB^) = 
2 

= - (AB^ cos 60° + AB^ cos 60° - AB^) 
2 

= 0 

Vdy AB.MAf = 0, do dd MN 1 AB. 
Tuong tu ta chiing minh dupe MN 1 CD 
bdng each tfnh 

CD.'MN = -(AD-AC).('AD + AC-AB) 

= 0. 

§3. 
1. 

2. 

3. 

4. 

a) Diing ; b) Sai; 
e) Sai; d) Sai. 

^̂  ^ ^ ^ ^ n ^ B C K A D / ) 
BC IDI I 

b) BC 1 (ADI) ^BC 1 AH 
md/D 1 A//nen A// 1 (BCD). 

a) SOlACl 
=> SO 1 (ABCD) 

SO 1 BDJ 
b) AC 1 BD] 

=> AC 1 (SBD) 
A C l S O j 

BD 1 AC] 
\^ BDI (SAC). 

BD 1 SO J 

a) BCIOH] 
} =>BC1 (AOH) 

BCIOA] 

=> BC 1 AH. 
Tuong tu ta ehiing minh dupe CA 1 BH 
vd AB 1 CH, nen H Id true tdm ciia tam 
gidc ABC. 
b) Gpi K Id giao dilm eiia AH vd BC. Ta 
ed OH Id dudng cao ciia tam gidc vudng 
AOA: nen 

OH^ OA^ OK^ 
Trong tam gidc vudng OBC vdi dudng cao 
OK ta ed: 

1 1 1 
+ -OK'^ OB^ OC^ 

(2) 
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Tif(l)vd(2)tacd 

1 1 1 1 
-—+ — - + OH'^ OA 

5. a) SO LAC 

SO 1 BD 

b) 
ABISH 

ABISO 

OB^ OC^ 

• SO 1 (ABCD). 

AB ± (SOH). 

BD 1 (SAC) 
6. a) BDI AC] 

BDISA 

^BDISC. 

b) BD 1 (SAC) ma IK II BD nen 
IK 1 (SAC). 

7. a) BCIAB 

BCISA 
BC 1 (SAB) 

^AM IBCmdAM 1 SB ndn 
AM 1 (SBC). 

b) Chiing minh SB 1 (AMN) 
=> SB 1 AN. 

8. a) Gia sii ed hai dudng xidn SM vd SN 
bdng nhau. Khi dd ta cd hai tam gidc 
vudng S//Mvd S//N bang nhau. 
Do d6:SM = SN^HM = HN. 
b) Gia sir ed hai dudng xien : SA > SB. 
Tren tia HA ta ldy dilm B' sao cho 
HB' = HB, khi dd SB' = SB vd SA > SB'. 
Dung dinh If Py-ta-go, x6t hai tam 
gidc vudng SHA vd SHB' ta suy ra dilu 
edn chiing minh. 

§4. 
1. a) Dung ; b) Sai. 
2. CD = 26 (cm). 
3. a) Chiing minh BC 1 (ABD), suy ra 

ABD Id gdc gifla hai mdt phing (ABC) 
vd (DBQ. 
b) Chiing minh BC 1 (ABD). 
c) Chiing minh DB 1 A//vaDB 1 HK. 
Trong mat phing (BCD), ehiing minh 
HKIIBC'. 

4. Xet hai trudng hpp (d) cat (P) va (d) II (^. 
Ndu («r) cdt (P) giao tuydn A dupe xae 

dinh duy nhdt. Qua M cd mdt vd ehi mdt 
mdt phing (P) vudng gdc vdi A. 
Ndu (d) // Ofi) thi ta ed vd sd mdt phing (P). 

5. a) Chiing minh AB' 1 (BCD'A'). 
b) Chiing minh (ACCA') Id mdt phing 
trung true ciia doan BD vd (ABCD') Id mdt 
phing trung true eiia doan A'D. Hai mdt 
phing ndy cung vudng gdc vdi mat phdng 
(BDA') ndn cd giao tuydn AC vudng gdc 
vdi (BDA'). 

6. a) Chiing minh AC 1 (SBD) vd suy ra 
(ABCD) 1 (SBD). 
b) Chiing minh OS = OB = OD vd suy ra 
tam gidc SBD vudng tai S. 

7. a) Chiing minh AD 1 (ABB'A'). 

b)AC= 4^+b^+c^. 

8. Dd ddi dudng ehio ciia hinh ldp phuong 
canh a bdng av3. 

9. Chiing minh BC 1 (SA//) vd suyra BCISA. 
Tuong tu, chiing minh AC 1 SB. 

10. a)SO = ^ . 
2 

b) Chiing minh SC 1 (BDM) 
=> (SAC) 1 (BDM). 

a a 
c) Chiing minh OM = r- vd cd MC = -

md OMC = 90° ndn MOC = 45°. 

11- a) BD 1 ACl 

BDISC 

=> (SBD) 1 (SAC). 

b) Hai tam gidc vudng SCA vd IKA ddng 

BD 1 (SAC) 

dang nen IK = SC.AI ^ a 
SA ~2 

c) BKD = 90° \iIK = ID = IB= -• 
2 

SA 1 (BDK)\kMb = 90°, 

suy ra (SAB) 1 (SAD). 

§5. 
1. a) Sai; b) Diing ; e) Diing ; 

d) Sai; e) Sai. 
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2. a) Cdn ehiing minh SA 1 BC 
\hBC 1 (SAH) =i> BC 1 SE. 
{V6iE = AHnBC) 
Vdy AH, SK, BC ddng quy. 

b) Cdn chiing minh BH 1 (SAC) vd suy 
ra SC 1 (BKH), 

SC 1 (BKH) => SC 1 HK] 

BC 1 (SAE) ^BCIHKI 

^HK1(SBC). 

c) AE Id dudng vudng gdc chung cua 
SA\kBC. 

3. Khoang cdch d tii cdc dilm B, C, D, A', 
B', D' ddn dudng chdo AC diu bing 
nhau vi chiing diu Id dd ddi dudng cao 
ciia cdc tam gidc vudng bing nhau. 
AABC' = AAA'C=... 

Ta tfnh duoc c( = 
3 

4. a) Ke B/ /1 AC tai/ / , taedB//l (ACCA), 
ta tfnh duoc 

BH = 
ab 

4a^+b^ 
b) Khoang cdch gifla BB' vd AC ehfnh Id 

khodng cdch BH = 
4Jl fo^ 

5. a) Chiing minh B'D vudng gdc vdi hai 
dudng thing cit nhau cua (BA'C). 
b) Gpi / vd // ldn lupt Id trpng tdm cua 
AAcb' vd ABA'C" thi /// Id Idioang cdch 
gifla hai mdt phing song song (BA'C) vd 
(ACD-), 

/ / / = ^ = ^ . 
3 3 

c) Gpi d Id khodng cdch gifla hai dudng 

thing chlo nhau BC vd CD',d= ^ ^ • 
3 

6. Ve qua trung dilm K ciia canh CD 
dudng thing song song vdi AB sao cho 
ABB'A' Id hinh binh hdnh vdi K Id 
trung dilm cua A'B'. 

Chiing minh hai tam gidc vudng BCB' va 
ADA' bdng nhau. Tii dd suy ra BC = AD. 
Chiing minh tuong tu ta ed AC = BD. 

7, Khodng cdch tit dinh S tdi mdt ddy (ABC) 
bdng dd ddi dudng cao SH ciia hinh ehdp 
tam gidc dIu: Ta tfnh dupe : 

' = ^ SH= ^SA'^-AH^ =a. 

8. Goi/vd^ ldn luot Id trung dilm eua cdc canh 
AB vd CD. Vi ' /C = ID nen IK 1 CD. 
Tuong tu chiing minh dupe IK 1 AB. 
Vdy IK la dudng vudng gde chung eua AB 
\iCD. 

Dod6IK=^. 

BAI TAP O N T A P CHLTONG III 

1, a) Diing; 
c) Sai; 
e)Sai. 

b) Diing; 
d) Sai; 

b) Sai; 
d) Sai. 

2. a) Dung; 
c) Sai; 

3. a) Ap dung dinh If ba dudng vudng gdc ta 
chiing minh dupe bdn mdt ben cua hinh 
ehdp Id nhiing tam gidc vudng. 
b) Chiing minh BD 1 SC vd suy ra 
B'D' 1 SC. Vi BD vd B'D' cung ndm 
trong mdt phing (SBD) ndn BD IIB'D'. 
Ta chiing minh AB' 1 (SBC) 
=> AB' 1 SB. 

4. a) Chiing minh 
BCl(SOF)=i>(SBC)l(SOF) ; 

b) d(0, (SBC)) = 0H=^; 

d(A,(SBC)) = d(I,(SBC)) = IK 

= 20H=^-
4 

5. a) Ta ehiing minh BA 1 (ADC) => tam 
gidc BAD vudng tai A. 
Diing dinh If ba dudng vudng gdc ta ehiing 
minh BDC Id tam giac vudng tai D. 
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b) Chiing minh tam giac AKD cdn tai K 
vd suy ra KI ± AD. 
Chiing minh tam gidc IBC cdn tai / vd 
suy ra IK 1 BC. 
Do dd IK la doan vudng gde eua AD vd 
BC. 

BC'IB'C] 
6. a) , , l^BC' l (A 'B 'CD) 

BC'IA'B'J 
b) Doan vudng gde chung cua AB' vd 

BC la KI =—• 
3 

7. a) d(S, (ABCD)) = SH= ^ ^ . 
6 

SC = 
2-Jl 

b) Vi SH 1 (ABCD) vdi // e AC ndn 
(SAC) 1 (ABCD). 

c) Vi SB^ + BC^ = SC^ ndn SB ± BC. 

d) tanc? = = V5. 
HO 

BAITAPONTAPCUOINAM 

1. Gpi tam gidc A'B'C Id anh cua tam gidc 
ABC qua cdc phdp bidn hinh trdn, khi dd 
a)A'(3;2),B'(2;4).C(4;5); 
b )A ' ( l ; - l ) ,B ' (0 ; -3) ,C(2; -4) ; 
c)A'(3; l) ,B'(4;- l ) ,C'(2;-2); 
d)A'(- l ; l ) ,B ' ( -3;0) ,C' ( -4;2) ; 
e)A'(2;-2),B'(0;-6),C'(4;-8). 

2. a) F Id phdp vi tu tdm G, ti sd — • 

b) Dl S ring 0 Id true tdm ciia tam gidc 
A'B'C 

c) F(0) = Ol Id trung dilm ciia OH. 

d) Anh ciia A, B,C, A^, B^, Cj qua phdp 

vi tu tdm // ti sd - tuong ling Id A", B", 

e) Chiing minh A", B", C", Aj', Bj,Cj 

Cling thude dudng trdn (Oj). Sau dd 

chiing minh A', B', C ciing thude dudng 
trdn (Oj). Chdng han, chiing minh 

0^\=0^A'. 

3. a) Gpi (d) = (ES, EM), (d) cdt (SAC) vd 
(SBD) theo giao tuydn Id dudng thing SO 
vdi O = AC n BD. 
b)SE = (SAD) n(SBC). 
c) Goi O' = AC n BD'. Chiing minh 
O'e S0 = (SAC) n (SBD). 

4. Chiing minh tii gidc MNFE Id hinh binh 
hdnh. 

5. Gpi Sly Id hinh ldp phuang. 

- (EFB) n ^ = ABIF vdi FIII AB. 

- (EEC) r\S^ = ECFH vdi CF II EH. 

- (EEC) nS^ = EMC'FL vdi EM II EC 
wkFLIICM. 
- Thidt didn tao bdi (EFK) vd hinh ldp 
phuong Id hinh luc gidc diu. 

6. a) Gpi / Id tdm hinh vudng BCC'B'. Ve 
IK i BD' tai K. IK Id dudng vudng gdc 
chung ciia BD'vd B'C. 

b)KI=^-
6 

7. a) Sir dung dinh If ba dudng vudng gdc. 
b) Chiing minh AD', AC vd AB ciing 
vudng gdc vdi SD. 
c) CD' ludn di qua / vdi / = AB n CD. 

C , A. , DJ , C, . 
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BANG THUAT NGUT 
B 

Bieu thiic toa dp cOa phep tjnh tien 7 
Bleu thiic toa dp cCia phep ddi xCrng qua 
gdc toa dp 13 
Bilu thiic tea dp cCia phep ddi xiing qua 
toic 9 
Bong tuydt Von Kdc 41 

C 
Cdc tfnh chdt thC/a nhdn 46 

DI3n tich hinh chieu cCia mdt da giac 107 

K 
Khoang each giiia dudng thing 
vd mat phlng song song 
Khodng cdch giiia hai dudng thing cheo 
nhau 
Khodng cdch giijra hai mSt phlng song 
song 
Khodng each tii mot dilm ddn 
mdt di/dng thing 
Khodng cdch tCr m6t dilm den 
mdt mat phlng 
Kim tii thdp K§-dp 

M 
Djnh If ba dudng vudng goc 
oinh If Ta-let 
Dudng thing vudng gdc v6i 
mat phlng 
Dudng vudng goc chung cCia hai dudng 
thing cheo nhau 

G 
Giao tuydn 
Gdc giufa dudng thing 
vd mat phlng 
Gdc giiia hai dudng thing 
Gdc giiia hai mat phlng 
Gdc giiia hai vectd trong 
khdng gian 

H 
Hai dudng thing cheo nhau 
Hai dudng thing song song 
Hai dudng thing vudng gdc 
Hai mat phlng song song 
Hai mat phlng vudng gdc 
Hinh bdng nhau 
Hinh bilu diin 
Hinh chiiu song song 
Hinh ehdp 
Hinh ehdp cijt 
Hinh ddng dang 
Hinh hoc i<hdng gian 
Hinh hoc Frac-tan 
Hinh hoc Ld-ba-s6p-xki 
Hinh hoc 0-clit 
Hinh hdp 
Hinh hdp chu nhdt 
Hinh hdp diing 
Hinh lang tru 
Hinh lang trij diu 
Hinh lang trij diing 
Hinh ldp phuong 
Hinh tOf didn 
Hinh cd tdm ddi xiing 
Hinh cd true ddi xiing 

102 
68 

99 

• 117 

48 

103 
95 

106 

93 

55 
55 
96 
64 

108 
22 

45,74 
72 
51 
70 
31 
43 
40 
83 
82 
69 

110 
110 
69 

110 
110 
110 
52 
14 
10 

Mat phlng 
Mat phlng trung tn/c cilia mot 
doan thing 

P 
Phep bien hinh 
Phep chiiu song song 
Phep ddi hinh 
Phdp ddi xiing true 
Phep ddi xiing tSm 
Phdp ddng nhdt 
Phdp ddng dang 
Phdp quay 
Phdp tjnh tidn 
Phdp vj ti/ 
Phuong phdp tidn Qi 

Q 
Quy t ic hinh hdp 

S 
Su ddng phlng ciHa ba vecto 
trong khdng gian 

T 
Tdm ddi xiing 
Tdm vi ti/ ciia hai dUdng trdn 
Tdm vj tu ngodi 
Tdm vi tu trong 
Thdm Xdc-pin-xki 
Thidt didn 
Tfch vd hudng cCia hai vecto 
trong khdng gian 
Trijc ddi Xiing 
Tii didn diu 

V 

Vecto trong khdng gian 
Vecto chi phuong cOa 
dudng thing 
Vj trf tuong ddi cila dUdng thli 
vd mat phang 

115 

116 

116 

115 

115 
113 

44 

100 

4 
72 
19 
8 

12 
5 

30 
16 
4 

24 
81 

86 

87 

12 
27 
28 
28 
42 
53 

93 
8 

52 

85 

94 

60 
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MUC LUC 
• • 

Chuong I. PHEP Ddi HINH VA PHEP DONG DANG TRONG M^T PHANG 

§1. Phep bien hinh 
§2. Phep tjnh tie'n 
§3. Phep do! xufng true 
§4. Phep do! xufng tam 
§5. Phep quay 
§6. Khai niem ve phep ddi hinh va hai hinh bang nhau 
§7. Phep vj tLf 
§8. Phep dong dang 

Cau hoi 6n t$p chifdng I 
Bdi tdp dn ts'p chi/ong I 
C§u hoi trie nghidm chi/ong I 
Biti doc th§m : Ap dung phep bi§'n hinh d l gi^i toan 
Bai doc th&m : 0161 thieu ve Hinh hoc Frac-tan 

Trang 

4 
4 
8 
12 
15 
19 
24 
29 
33 
34 
35 
37 
40 

Chuong II. Dl/dNG THANG VA M îT PHANG TRONG KHONG GIAN. QUAN H% SONG SONG 

§1. Dai CLfOng ve diidng thing va mSt phlng 44 
§2. i-lai dudng thing cheo nhau vk hai dirdng thing song song 55 
§3. Dirdng thing va mdt phlng song song 60 
§4. Hai mat phlng song song 64 
§5. Phep chi^u song song. Hinh bilu diln cOa mdt hinh khdng gian 72 

Bai dgc th§m : Cdch bilu dien ngu gidc deu 75 
Cdu h6i dn tap chirong II 77 
Bai tap on tap chirdng II 77 
Cdu hoi trie nghiem chUOng II 78 
Ban c6 bi^t ? Ta-let, ngi/di diu tien phat hien ra nhdt thire 81 
Bai dgc tliem : Gidi thidu phi/ong phap tien d l 

trong viec xdy dirng Hinh hoe 81 

Chuang III. VECTO TRONG KHONG GIAN. QUAN Ht VUONG G 6 C TRONG KHONG GIAN 

§1. Vectd trong khdng gian 
§2. Hai dirdng thing vudng gde 
§3. Dirdng thing vudng gdc vdi mdt phlng 
§4. Hai mdt phlng vudng gdc 

B^n c6 biit ? Kim tir thap Kd-6p 
§5. Khodng cdch 

Cdu hdi dn tap chirdng III 
Bai tap dn tdp chirdng III 
Cdu hoi trie nghidm ehi/dng III 
Bai tap dn tap cudi ndm 
Hirdng din giai va dap so 
Bang thuat ngO 

85 
93 
98 

106 
113 
115 
120 
121 
122 
125 
127 
135 
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Chiu trach nhiem xudt bdn . 

Bien tap noi dung 

Bien tap tdi hdn 

Bien tap Id thuat 

Trinh bdy bia 

Minh hoa 

Sua bdn in 

Che bdn 

Chu tich HDQT kiem Tong Giam ddc NGO TRAN AI 

Pho Tdng Giam ddc kiem Tong bien tap NGUYEN QUY THAO 

DANG THI BINH - NGUYfeN DANG TRI TIN 

DANG THI BINH 

BUI NGOC LAN 

NGUYfiN MANH HUNG 

N G U Y I N M A N H HUNG 

PHONG SlfA BAN IN (NXBGD TAI TP. HCM) 

PHONG CHE BAN (NXBGD TAI TP. HCM) 

HINH HOC 11 

Ma so : CH102T0 

In 35.000 ban (QDIO); kho 17 x 24 cm. 
In tai Cong ti co phan in Nam Dinh. 
Sd in: 24. Sd XB: 01-2010/CXB/567-1485/GD. 
In xong va nop lUu chieu thang 6 nam 2010. 
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lUi m 
HUAN CHUONG HO CHI MINH 

VUONG MIEN KIM CUONG 
CHAT LUONG QUOC TE 

SACH GlAO KHOALdP 11 1 
1. TOAN HOC 

• DAIS6vAGlAlTiCH11 

• HiNH HOC 11 

2. VAT Li 11 

3. H O A H O C I I 

4. SINH HOC 11 

5. NGQ'VANII (tap mot, tap hai) 

6. LICH SU'11 

7. DIA LI I I 

8. TIN HOC 11 

9. CONG NGHE 11 

10. GlAO DUC CONG DAN 11 

11. GlAO DUC QU6C PHONG -AN NINH 11 

12. NGOAI NGCf 

• TIENG ANH 11 • TIENG P H A P 11 

• TIENG NGA 11 • TiENG TRUNG QU6C 11 

SACH GIAO KHOA LOP 11 - NANG CAO 

Ban Khoa hoc Tu nhien : 

Ban Khoa hoc Xa hoi va Nhan van : 

.TOAN HOC (BAI SO VAGIAI TICH 11, HINHHOCII) 

. VAT Li 11 . H O A HOC 11 . SINH HOC 11 

. NGU" VAN 11 (tap mot, tap hai) 

• UCHSCri l . D j A U ' l l 

. NGOAI NGU (TIENG ANH 11, TIENG PHAP 11, 

TIENG NGA 11, TIENG TRUNG QUOC 11) 

9 3 4 9 8 0 "0 0 5 6 7 5 Gia: 5.800 i 
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